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Preface 



At the dawn of the twenty-first century, the considerable influence of inherent 
uncertainties on structural behavior has led the engineering community to recog- 
nize the importance of a stochastic approach to structural problems. Issues related 
to uncertainty quantification and its influence on the reliability of the computa- 
tional models, are continuously gaining in significance. In particular, the problems 
of dynamic response analysis and reliability assessment of structures with uncertain 
system and excitation parameters have been the subject of extensive research over 
the last two decades as a result of the increasing availability of powerful computing 
resources and technology. This book focuses on advanced computational methods 
and software tools which can highly assist in tackling complex problems in stochas- 
tic dynamic/seismic analysis and design of structures. The selected chapters are 
authored by some of the most active scholars in their respective areas and represent 
some of the most recent developments in this field. 

This edited book is primarily intended for researchers and post-graduate students 
who are familiar with the fundamentals and wish to study or to advance the state 
of the art on a particular topic in the field of computational stochastic structural dy- 
namics. Nevertheless, practicing engineers could benefit as well from it as most code 
provisions tend to incorporate probabilistic concepts in the analysis and design of 
structures. The book consists of 16 chapters which are extended versions of papers 
presented at the recent COMPDYN 2009 and SEECCM 2009 Conferences. The 
chapters can be grouped into several thematic topics including dynamic response 
variability and reliability of stochastic systems, risk assessment, stochastic simula- 
tion of earthquake ground motions, efficient solvers for the analysis of stochastic 
systems, dynamic stability and stochastic modeling of heterogeneous materials. 

In Chapter 1, G.I. Schueller gives an overview of the well established determin- 
istic model reduction techniques (Guyan reduction, component mode synthesis) and 
approaches for efficient uncertainty propagation in structural dynamics. The recent 
advances in the combination of these two fields are reviewed and methodologies for 
the consideration of uncertainty when using model reduction schemes are presented. 
The capabilities of a Karhunen-Loeve expansion of the substructure matrices and of 
a random combination of substructures are investigated. It is shown that the pro- 
posed approaches can combine high accuracy with a substantial reduction of the 
computational cost compared to Monte Carlo simulation (MCS) of the full model. 
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In Chapter 2, S. Krenk and J. H0gsberg present a design principle for resonant 
control of a SDOF system by second order filters. The basic idea is the introduc- 
tion of a resonant force with frequency tuning that results in splitting the original 
resonant mode into two modes with equal damping ratio. The design procedure is 
developed for resonant displacement and acceleration feedback, respectively, based 
on a combination of "equal modal damping" and approximately equal response am- 
plitudes of the two modes. The procedure is extended to collocated resonant control 
of the lower modes of MDOF systems. An explicit design approach for the control 
parameters of MDOF systems is developed that includes the effect of the higher 
modes via a quasi-static approximation. The efficiency of resonant damping is illus- 
trated by application to a benchmark example for stochastic wind load on a high-rise 
building. 

S.K. Au presents a novel approach for improving importance sampling in the 
estimation of the first passage probability of nonlinear hysteretic systems subjected 
to stochastic earthquake excitations (Chapter 3). Instead of using fixed design point 
excitations, the importance sampling distribution is constructed using a stochas- 
tic process, called "adapted process". A stochastic control algorithm is developed 
for the adapted process where the objective function reflects the expected energy 
needed to next yield as well as the exit velocity. The variance reduction efficiency 
of the "optimal" control law is investigated through a numerical example involv- 
ing a SDOF elasto-plastic structure. It is shown that the proposed approach leads to 
substantial reduction of the "unit COV" of the importance sampling estimator while 
maintaining the required computational effort at a reasonable level (comparable to 
that of Markov Chain Monte Carlo-based approaches). 

Another approach to the solution of the first passage problem for earthquake 
engineering applications is provided by M. Barbato in Chapter 4. This chapter de- 
scribes the representation of the complex envelope process for transient response 
of linear structures and illustrates the use by the first passage problem. The Van- 
marcke and modified Vanmarcke approximate solutions to the first passage problem 
are compared with the classical Poisson approximation and MCS results for an ide- 
alized linear elastic model of a steel building. The failure condition is expressed 
in terms of inter-storey drifts outcrossing specified deterministic thresholds. The 
retrofit of the benchmark structure with viscous dampers is also considered, allow- 
ing to illustrate the use of the closed-form approximations of the failure probability 
for non-classically damped linear elastic systems. The results presented show that 
the two Vanmarcke approximations can improve considerably the estimates of the 
failure probability for the first passage problem when compared with the simpler 
Poisson approximation. 

A computationally efficient method for the stochastic analysis of large lin- 
ear structural systems subjected to seismic actions is developed by P. Cacciola 
and G. Muscolino in Chapter 5. The method is based on modal analysis for the 
evaluation of stochastic response along with a modal correction approach, which 
includes the contribution of the neglected modes. Furthermore, a previously devel- 
oped method for the evaluation of spectrum-compatible evolutionary power spectra 
of ground motions is presented. Some numerical results show the accuracy and 
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efficiency of the proposed technique for determining the spectral moments of the 
response. 

In Chapter 6, S.M. Elachachi et al. investigate the effect of soil spatial variability 
(correlation length, coefficient of variation) on the reliability of buried networks sub- 
jected to earthquake loading. The reliability analysis is performed using a Response 
Surface Model (RSM) and the reliability index is calculated for serviceability and 
ultimate limit states. The dynamic response of a buried pipe subjected to natural 
ground motion records is computed taking into account a longitudinal variability 
of the properties of the soil. It is shown that the magnitude of the induced stresses 
and thus the reliability of the pipe are mainly affected by four parameters: a soil- 
structure length ratio, a soil-structure stiffness ratio, a structure-joint stiffness ratio 
(relative flexibility) and the magnitude of soil variability (coefficient of variation). 

The problem of reliability-based optimization of structural systems under 
stochastic loading is treated by H. Jensen et al. in Chapter 7. In the proposed 
approach, a standard gradient-based algorithm with line search is used, allowing 
to explore the space of the design variables most efficiently. Subset simulation is 
adopted for the purpose of estimating the corresponding failure probabilities. The 
gradients of the failure probability functions are estimated by an approach based 
on the local behavior of the performance functions that define the failure domains. 
Numerical results show that only a moderate number of reliability estimates has 
to be performed during the entire design process. A numerical example with de- 
terministic system properties is provided to show the effectiveness of the proposed 
approach. 

Meta-models are a powerful tool for the solution of complex realistic problems in 
stochastic dynamics. L. Pichler et al. present a mode-based meta-model for the reli- 
ability assessment of linear dynamical systems (Chapter 8). The reliability analysis 
is carried out through the application of the meta-model for estimating the modal 
properties which are then subsequently required to perform a mode-superposition 
analysis. The proposed approach is proved to be accurate and computationally ef- 
ficient in both cases of deterministic and stochastic loading. The verification of the 
results for the reliability assessment carried out with the meta-model is performed 
with a full finite element (FE) analysis and shows a good agreement of the response 
over the whole duration of the stochastic ground acceleration. 

The effect of uncertain system properties on structural response and reliability is 
examined by G. Stefanou and M. Fragiadakis in Chapter 9. An efficient approach 
combining MCS with translation process theory is presented for assessing the non- 
linear stochastic response and reliability of a steel moment-resisting frame subjected 
to transient seismic actions. The structure is modeled with a mixed fiber-based 
beam-column element, whose kinematics is based on the natural mode method. The 
adopted formulation leads to the reduction of the computational cost required for 
the calculation of the element stiffness matrix, while increased accuracy compared 
to traditional displacement-based elements is achieved. The uncertain parameters 
of the problem are the Young modulus and the yield stress, both described by ho- 
mogeneous non-Gaussian translation stochastic fields. Under the assumption of a 
pre-specified power spectral density function of the stochastic fields, a parametric 
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investigation is carried out providing useful conclusions regarding the influence of 
the correlation length of the stochastic fields on the response variability and relia- 
bility of the frame. 

Although reliability analysis methods have matured in recent years, the num- 
ber of available techniques to evaluate the risk of complex structural systems is 
limited. In Chapter 10, F. Petrini et al. investigate the problem of Aeolian risk 
assessment of slender structures in the framework of performance-based wind en- 
gineering. A classification of the main sources of uncertainty is attempted and the 
importance of some of them (epistemic uncertainty of the aerodynamic coefficients, 
model uncertainty of aeroelastic forces, influence of model uncertainty on risk as- 
sessment) is examined with reference to an example case, a long span suspension 
bridge. 

The concept of evolutionary power spectrum is important in the context of 
stochastic simulation of earthquake ground motions. Chapter 1 1 by D. Schillinger 
and V. Papadopoulos presents a novel approach called "method of separation" for 
the accurate estimation of evolutionary power spectra of non-homogeneous strongly 
narrow-band stochastic fields encountered in various engineering applications. The 
method is developed for power spectra separable in space-frequency but can also 
efficiently treat a class of non-separable spectra. The method of separation is based 
on the geometrical similarity of functions. It leads to the estimation of evolutionary 
power spectra from a series of samples based only on sample mean square and on 
an estimate of the homogeneous Fourier power spectrum. The limitations of exist- 
ing methods (short-time Fourier, wavelet and Wigner-Ville transforms) are avoided 
and a very good localization in both space and frequency is achieved. Numerical 
examples including analytical benchmark spectra as well as spectra corresponding 
to measured geometric imperfections of I-section beams illustrate the superiority of 
the proposed approach in comparison to other established techniques. 

An energy-based envelope function is proposed in Chapter 12 by S. Sgobba et al. 
enabling to characterize the time-varying amplitude of strong ground motion and to 
generate realistic stochastic accelerograms corresponding to a given earthquake sce- 
nario. This envelope function is directly related to the Arias intensity of the ground 
motion and has a functional form similar to that of a lognormal probability density 
function. In conjunction with suitable peak factors, the envelope function may also 
be used to predict the distribution of PGA values corresponding to a given earth- 
quake scenario. 

The development of robust and efficient solution algorithms is crucial for the 
treatment of large-scale realistic problems involving uncertainties. A novel numer- 
ical algorithm for the solution of stochastic partial differential equations (SPDEs) 
arising in the context of stochastic mechanics is presented by H. Matthies and 
E. Zander in Chapter 13. The algorithm exploits the natural tensor product structure 
between basis vectors describing the physical/deterministic behavior and a basis de- 
scribing the stochastic response of the system. A sparse representation of input and 
output is achieved using singular value decomposition (SVD). This sparse format 
is preserved throughout the computation and is also used to reduce the amount of 
computation. A numerical example involving the ID diffusion equation is presented 
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to illustrate the efficiency of the approach. It is shown that for a sufficiently accurate 
representation of the solution, the required storage is reduced by 90% and by 
50-80% as intermediate storage is concerned. 

The problem of dynamic stability is treated in Chapter 14. J. Naprstek and 
C. Fischer investigate the dynamic stability behavior of a non-linear auto-parametric 
system with three degrees of freedom (used as a simple mathematical model of a 
slender structure on elastic subsoil exposed to strong vertical excitation). Certain 
intervals of the excitation frequency are identified where the semi-trivial solution 
loses its dynamic stability and the strong horizontal response components become 
important. Post-critical states of both deterministic and chaotic type are thoroughly 
analyzed with respect to excitation frequency and amplitude. It is observed that the 
response amplitudes can remain in acceptable limits when adequate excitation (in 
terms of frequency and amplitude) acts throughout a short time interval. It is mostly 
not the case when the excitation has an infinite duration and the response is ap- 
proaching to the steady state. 

The last two chapters of the book are devoted to the rapidly evolving area 
of stochastic modeling of heterogeneous materials. A. Ibrahimbegovic et al. 
(Chapter 15) discuss the failure analysis of civil engineering structures built of 
heterogeneous materials. The structured FE mesh approach (consisting of constant 
stress triangular element that can contain two different phases and phase interface) 
is proved to be much more efficient than the non- structured mesh representation 
of material heterogeneities for the case of 2D two phase materials. This feature is 
of special interest for probabilistic analysis, where a large amount of computation 
is needed in order to provide the corresponding statistics. One such case of prob- 
abilistic failure analysis is also considered in this chapter, where the geometry of 
the phase interface remains uncertain since it is obtained as the result of the Gibbs 
random process. This computation is further used to provide the appropriate proba- 
bilistic description of material parameters of phenomenological model of localized 
failure in terms of correlated random fields. Subsequent Monte Carlo computa- 
tions of failure phenomena in simple tension test performed with such probabilistic 
phenomenological model clearly show the capability of the presented approach to 
recover the size effects anywhere within a range between the two classical bounds 
which are Continuum Damage Mechanics and Linear Fracture Mechanics. 

The book closes with a stochastic mechanics approach by D. Schwarzer and 
C. Proppe for the calculation of the statistics of eigenfrequencies in heterogeneous 
beams made of metal foam (Chapter 16). The spatial variation of the linear elastic 
material properties of metal foam is quantified using random fields generated by 
the spectral representation and Karhunen-Loeve expansion methods. The probabil- 
ity distribution and the correlation structure of the random fields are derived from 
data. MCS of eigenvibration problems of beams of different length are performed. 
The computed eigenfrequencies are compared to experimental data. From this com- 
parison, it can be concluded that the heterogeneity of the material microstructure 
affects the macroscopic properties. The mean values of the eigenfrequencies are 
smaller than those of beams with homogeneous material of similar mean material 
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properties. A scatter of the eigenfrequencies is also observed, a fact that has to be 
taken into account when using parts consisting of metal foam. 

The book editors would like to express their deep gratitude to all contributors for 
their active participation in the COMPDYN 2009 and SEECCM 2009 Conferences 
and for the time and effort devoted to the completion of their contributions to this 
volume. Special thanks are also due to the reviewers for their constructive comments 
and suggestions which enhanced the quality of the book. Finally, the editors would 
like to thank the personnel of Springer for their most valuable support during the 
publication process. It is hoped that this book will convey the reader to the excite- 
ment, advances and challenges the computational stochastic dynamics community 
faces in the near future. 



June 2010 Manolis Papadrakakis 

George Stefanou 
Vissarion Papadopoulos 
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Model Reduction and Uncertainties 
in Structural Dynamics 



Gerhart I. Schueller 

in Cooperation with Barbara Goller and Helmut J. Pradlwarter 



Abstract Model reduction procedures for the purpose of reducing computational 
efforts in structural analysis are already well developed and widely used to com- 
pute the dynamic response of complex structural systems. For example the Guyan 
reduction might essentially reduce the size of the structural matrices, while com- 
ponent mode synthesis provides a means to consider first simpler substructures and 
to use its modal properties for deriving a reduced global structural model for com- 
puting the dynamic response. Moreover, component mode synthesis allows for an 
assembly of large finite element models consisting of substructures established by 
different working groups and hence has significant advantages in the design cycle. 

The above mentioned, frequently used finite element (FE) reduction procedures 
assume perfect, i.e. deterministic knowledge of all structural properties. However, 
the assumption of deterministically known structural properties is in most practical, 
real world cases, not realistic. Many items (e.g. stiffness, mass and damping param- 
eters, etc.) incorporated in the mathematical FE model of a structure are uncertain, 
i.e. are either not precisely known or might reveal unpredictable random behavior. 

This paper will give an overview of the well established deterministic reduc- 
tion techniques and approaches for the efficient uncertainty propagation. Finally, the 
recent advances in the combination of these two fields are reviewed and methodolo- 
gies for the consideration of uncertainty when using model reduction schemes are 
presented. The model reduction schemes considering uncertainties, which usually 
involve some simplifying assumptions, similar to their deterministic counterparts, 
are compared with the reference solution as obtained by direct Monte Carlo simula- 
tion (MCS), where the deterministic FE reduction scheme is applied together with 
randomly generated structural properties. 
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2 G.I. Schueller 

1 Introduction 

Model reduction is a commonly used technique in structural dynamics to facilitate 
the analysis of complex structural systems. The primary purpose of model reduc- 
tion techniques are the establishment of models which are simpler to manage and 
faster to analyze. Especially in a first stage of the design, approximate responses are 
often sufficient for further design decisions. Nowadays, and surely in the near fu- 
ture, structural analysis is almost exclusively performed by applying Finite Element 
software. Automated mesh generation usually produce a detailed fine mesh which 
involves a large number of degrees of freedom to represent local stress concentra- 
tion with sufficient fidelity. In structural dynamics, however, the response of many 
degrees of freedom can be safely represented by so called master degrees of freedom 
without noteworthy loss in accuracy. For large complex structures, the modeling of 
substructures and its global assembly provides many advantages, computationally 
and organizationally. For this purpose, various component mode synthesis proce- 
dures have been developed. These numerical methods speed up the development 
cycle and are especially useful in cases where many modifications of a structure 
need to be analyzed. 

The above mentioned methods are also very useful in case the robustness of the 
response prediction should be investigated. This issue of robustness arises from un- 
certainties regarding the adequacy of the mathematical (FE) model and from the 
parameter uncertainties applied within the FE model. Unfortunately, the adequacy 
of a FE-model for its specified purpose is generally difficult to validate and often re- 
quires expensive measurements for an objective decision process. The study of the 
robustness of the response predictions by incorporating uncertainties of the input 
parameters, however, is a feasible task. Structural engineers are expected to know 
which parameters are uncertain and to have some information on the variability of 
these uncertain quantities, e.g. lower and upper bounds, mean value, standard devia- 
tion and similar. Translating the available information into probability distributions 
allows to study the resulting uncertainties of the response. 

The model reduction techniques developed in the context of deterministic struc- 
tural analysis provide useful techniques when evaluating the resulting uncertainties 
of the structural response. Since uncertainty propagation is generally a compu- 
tationally intensive task, these techniques can be employed to keep the efforts 
computationally feasible and also within reasonable time constraints. These tech- 
niques need to be adjusted to the special needs in stochastic structural mechanics 
where the focus will be on stochastic structural dynamics. To study the response of 
uncertain linear dynamical structural systems, most attention has been paid to the so 
called random eigenvalue problem. Although, its efficient solution does not cover 
non-linear structural problems, it is certainly of central interest for many practical 
applications where larger linear structural FE model are used. There exist a large 
variety of approaches of which representative methods are selected to provide an 
informative overview on these methods. 
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2 Deterministic Procedures to Reduce Models 
2.1 General Remarks 

The increasing need of many industrial fields for highly accurate predictions gives 
rise to the development of finite element models of high complexity. The size 
of these models may lead to enormous computational efforts which may be even 
beyond the limits of hardware resources. Hence, it is necessary to reduce the com- 
putational costs by establishing surrogate models which approximate the full model 
and truncate unnecessary information. Another approach consists of the division 
of the model into substructures. The most commonly used approaches for model 
reduction will be discussed in the following subsections. 



2.2 Guyan Reduction 

Guyan reduction [21] is a substructuring approach which reduces the size of the 
model in a smaller problem by relating the displacements of the so-called slave 
degrees of freedom (DOFs) to the master DOFs. Hence, the governing equation in 
static analysis, Ku = F, can be written as 






Us 

UM 



Fs 
Fm 



(1) 



where the indices S and M refer to the slave and master DOFs, respectively. Under 
the condition that the slave DOFs are unloaded, the displacements of the master 
DOFs are given by 



um — [Kmm — KmsK^j KsmJ Fm ■ 
The slave DOFs are related to the master DOFs through 

us = -K7, KsmUm ■ 



(2) 



(3) 



Hence, the static analysis can be partitioned into two smaller problems, where the 
solutions for us and \xm involve no approximations. 

In dynamics, the application of the Guyan reduction to the determination of the 
structural response u = xe""' of an undamped system with harmonic excitation 
p^iiot of (jjg form 









M^MsM 



xs 

XM 



Fs 
Fm 



(4) 



yields the following solution for the slave DOFs 

xs = - [Kss - a^MssY [KsM - m^Msm] xm. 
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(5) 



This equation enforces a matrix inversion at each frequency step w which leads to a 
high computational effort. Hence, an approximation of Eq. 5 is performed such that 
the contribution of the mass matrix is neglected, which leads to 



xs = — Kcc Ksm'^m ■ 



(6) 



The application of Guyan reduction to dynamical systems therefore introduces some 
approximation errors. Approaches for the improvement of the Guyan condensation 
method in dynamics can be found in e.g. [5]. 



2.3 Component Mode Synthesis 

The basic idea of component mode synthesis (CMS) is the division of the full model 
into a set of substructures and to describe these component models in terms of 
some basis vectors. By enforcing equilibrium and compatibility along component 
interfaces, the substructures are assembled to the global model, which exhibits a 
considerably smaller size than the original problem. The most common approaches 
in CMS, which was originally introduced by Hurty in 1965 [23], are the fixed in- 
terface method with constraint modes (Craig-Bampton method) [9-1 1] and the free 
interface method with attachment modes [12, 13]. 



2.3.1 Fixed Interface Craig-Bampton Method 

The structural matrices are partitioned according to the boundary degrees of freedom 
(index B) and the interior degrees of freedom (index / ) which leads to the following 
form of the undamped equation of motion of one component a 
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(«) 



(7) 



The physical coordinates u*^"^ can be represented by component generalized coor- 
dinates, denoted p'^"^ using the transformation matrix B^"' 



.(«) 



gWpW. 



(8) 



In the Craig-Bampton method, the matrix B^"' is composed of fixed interface modes 
and constraint modes, where the fixed interface modes are obtained solving the 
eigenvalue problem 



K//0 = MijA^. 



(9) 
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The constraint modes are defined as the static reactions of the interior DOFs due to 
a unit displacement of one boundary DOF and zero displacement of the remaining 
boundary DOFs, and are given by 



^ = 



— K^/ K/g 



(10) 



Hence, the transformation matrix B'^"^ in the Craig-Bampton method is given by 



B 



(«) 



^k -K,7iKffl 







Ifl 



(11) 



where the index k refers to the number of kept normal modes. 

The transformation of the mass and stiffness matrix into the component modal 
space yields the component modal mass and stiffness matrix 



„(«) _ g(«)7']yj(Q:)g(a) _ 



niB/ msB 



M) 



g(a)7'j^(a)g(a) 



Ak 

kBB 



(12) 



The matrices m^B and k^B are the constraint modal mass and stiffness matrices 
and the matrix m/^ is a coupling matrix. The matrix A^ is a diagonal matrix com- 
posed of the eigenvalues that are retained. In case of many boundary DOFs as it 
appears in applications with line and surface coupling, the size of the FE-model 
can be dominated by the boundary DOFs and it might be desirable to reduce the 
size of the constraint and coupling matrices. One approach is given by the use of 
so-called characteristic constraint modes which form a highly reduced basis for the 
representation of the constraint modes [7]. 

As a next step, the substructure matrices a = 1 Nc are assembled to the 

global mass and stiffness matrix in the modal space. 
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(13) 



The displacements at the juncture DOFs of two components a and P which have a 
common boundary are constrained by 



.(«) 



.(/3) 



(14) 



Hence, a relation to impose the coupling constraint has to be established such that 

P = Sq, (15) 
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where the vector p contains the complete set of generalized components using all 
components of p'^"-* , a = 1, . . . Nc and the vector q contains the set of independent 
generalized coordinates (i.e. the redundant coordinates are excluded). The matrix S 
is then used to establish the global mass and stiffness matrices 

Mf^* = SVS. Kf^* = S^^S. (16) 

The reduced eigenvalue problem can now be solved 

Kf^d'^i-ed = Mf^*A,ed^red. (17) 

2.3.2 Component Modes for Unconstrained Components 

An alternative approach to define the transformation matrix B^"^ is given by the 
use of the free normal modes in combination with the attachment modes. The 
free interface modes are obtained by solving the eigenvalue problem which involves 
the full component matrices (i.e. corresponding to interior and boundary DOFs). 
The attachment modes are defined as the static deformation of the interior DOFs 
due to a unit force applied at one boundary DOF and with the remaining DOFs 
unloaded. In case the component exhibits rigid body motion, it must be sufficiently 
constrained and the rigid body modes are then added separately. An alternative 
approach of defining attachment modes in combination with rigid body motion 
consists of the use of inertia relief modes, where the details can be found in [3 1 , 43] . 
Although the discussion of the inclusion of damping is beyond the scope of this 
presentation it should be noted that also the damping matrix can be included in the 
CMS approach (see [4, 22]), where improvements of these original versions can 
be found, e.g. in [14]. In case of general viscous damping, complex component 
mode synthesis is required [37,42], whereas applications in context of non-linear 
hysteretic elements are shown in [40]. 



2.4 Meta-Models 

Apart from substructuring techniques the use of surrogate models offers the possi- 
bility to reduce the computational efforts considerably while still achieving highly 
accurate approximations. Response surfaces were introduced by Box and Wilson in 
1951 [6] and developed into an indispensable tool for many scientific and techni- 
cal applications in the development, improvement and optimization of the design. 
The scope of such a surrogate model is the representation of a relationship between 
several input variables and an output quantity. There is a wealth of different ap- 
proaches available where the most commonly used meta-models are based on linear 
or polynomial regression, on a least-squares formulation or on kriging and radial 
basis functions. Comparisons of different approaches and examples for applications 
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can be found in e.g. [15,20,24,45,54]. A thorough treatment of various approaches 
for the formulation of response surfaces can be found, e.g. in [8, 34]. 

Similarly to the response surface method, a so-called meta-model, which repre- 
sents a functional relation between the input parameters and the model properties, 
has been developed in order to approximate the eigenfrequencies and eigenvectors 
of large dynamical systems (see e.g. [39]). This meta-model can be used for the as- 
sessment of the variability of the structural response and also for optimization and 
reliability analysis. 

The basic idea of this approach is the approximation of an eigenvector <pj^ in 
the j'-th simulation as a linear combination of the neighboring modes of a reference 
solution 

4''= E ^f'/'f- (18) 

/ =k—m/^ 

where the parameters a^ = {«A:,(},=^„ represent the coefficients of the linear 
combinations of the reference modes ^^ ' and are obtained by projecting the vec- 
tor (f)j^ onto the subspace spanned by the reference eigenvectors. The assumption is 
that in case of small variability of the input parameters in combination with well sep- 
arated modes the eigenvectors differ only slightly from the nominal solution which 
was also shown in e.g. [53]. The corresponding eigenfrequency is given by 

a)l^^ = (l + A)J°\ (19) 

Hence, the modal characteristics of each simulation can be described by cn^, , A 
and the reference solutions o\ , 4»^°'. With respect to the relationship between 
these quantities and the structural input parameters, a linear approximation suffices 
to be sufficiently accurate. The matrix representing the functional relation is based 
on a calibration set and can be calculated using several procedures, such as the least- 
squares method, regression, optimization or soft computing methods. 



3 Stochastic Analysis 
3.1 Uncertainty Modeling 

Engineers are aware that their established models represent only an approximation 
to reality and that there are various sources of uncertainties in the modeling process, 
such as the uncertainties in the model parameters and the simplifying assumptions 
made to reduce the complexity of the model. Hence, in order to give confident pre- 
dictions of the target structural responses the consideration of uncertainties becomes 
an indispensable step in the design process. It has been recognized already in the 
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1920s that the modeUng process should account for a quantitative assessment of 
the uncertainties [32]. Comprehensive surveys of the developments of theoretical 
aspects and their practical applicability can be found, e.g. in [46-49]. 

Most uncertainty quantification schemes are based on the description of the un- 
certainties as random variables, stochastic processes or random fields. A random 
variable X is described by its probability density function f{x) (PDF) and the prob- 
ability that the parameter takes a value within a certain interval [a, b'\ is given by 
the integral 



u 



P(a <X <b)= / f{x)dx, (20) 



where this formula can be extended to multi-dimensional space. Typical examples 
for random variables are the Young's modulus, the thickness, etc. 

A random variable /(x, t) which varies in time is called a stochastic process. 
Examples are given by the uncertainties associated with wind, earthquakes, etc. 
A dependence of the uncertain quantity on the spatial coordinate is modeled by 
a random field, e.g. a spatially varying Young's modulus. 

The variation of a random variable in time or space can be represented by a 
Karhunen-Loeve (KL) expansion which is given for a Gaussian random variable in 
the form 

m 
X(^) = .T™(^)+^?,x<^)(^), (21) 

7 = 1 

where the variable (p may refer to the time or a spatial coordinate. The functions 
x^^^((p) and x^^^{(p) are deterministic functions and ^/ is a realization of a standard 
normal distribution. The definition of the basis functions x^^^ (cp) is performed such 
that only a few terms m are necessary to represent X{(p) with high accuracy. In struc- 
tural dynamics, the Karhunen-Loeve expansion is mainly used for the representation 
of random fields and random processes, applications in the characterization of the 
structural response can be found in e.g. [55], where a reduction in phase space is 
performed by using KL-expansion. 

In addition to approaches which consider uncertainties on the physical level, i.e. 
by considering the scatter of the physical model parameters, an approach has re- 
cently been proposed which takes uncertainties on a global level into account. This 
method is referred to as a non-parametric approach [51, 52] and defines the matrix 
entries of the reduced numerical model as random variables. This reduced numerical 
model is obtained with the truncated modal basis of the full nominal model. 



3.2 Simulation Techniques 

Several approaches have been developed in order to capture these different types 
of uncertainties. The most versatile approach to capture uncertainties is the Monte 
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Carlo simulation (see e.g. [16]). However, due to the associated large computational 
efforts, already the analysis of moderate sized problems may meet the limits of 
computational feasibility. Hence, large research efforts have been ongoing towards 
the minimization of the analysis time. 

One way to accomplish this goal is the development of advanced simulation al- 
gorithms which are directed towards "controlled" sampling, i.e. towards guiding the 
samples into the domain of interest, which is e.g. the failure domain in case of re- 
liability analysis. In case the domain of interest is known or can be computed by 
gradient based algorithms, methods such as importance sampling (see e.g. [50]) or 
line sampling [29] are very efficient procedures. In other cases, as e.g. for strongly 
non-linear responses, subset simulation [2] is an accurate and powerful technique. 

The second approach in order to reduce the computational costs is the paralleliza- 
tion of the analysis. The importance of parallel computing in stochastic structural 
mechanics has long been emphasized (see e.g. [17]). In the field of structural dynam- 
ics, Johnson et al. [25] investigated the performance of massively parallel platforms 
for the Monte-Carlo simulation of stochastic dynamics problems. Applications of 
parallel processing in context with uncertainty quantification in structural dynamics 
can be found in e.g. [26, 54] and referring to reliability analysis in e.g. [38]. 

The third approach is concerned with the minimization of the computational 
costs of one simulation. This can be achieved by using local approximation methods 
based on the perturbation method or Neumann expansion series which are widely 
used in computational stochastic analysis [28]. The perturbation method is based 
on a Taylor expansion of the structural matrices, the load vector and the vector of 
the structural response. The computational efforts grow with the number of uncer- 
tain parameters and with the order of the expansion. In case of small coefficients of 
variation, a linear approximation of the response turns out to predict the structural 
response sufficiently accurately. The Neumann expansion takes advantage - simi- 
larly to the perturbation approach - from a reference solution and is based on the 
approximation of the solution using a few basis vectors which span the precondi- 
tioned stochastic Krylov subspace as shown in [35]. Hence, the Neumann method 
constitutes a special case of a stochastic reduced basis method as proved in [27]. 

Another stochastic reduced basis method which approximates the solution in 
the random dimension - and not in space as described above - is given by the 
Polynomial Chaos decomposition scheme [18]. The key ingredient of the chaos 
expansion is to represent the random entities by an orthogonal basis defined in a 
Hilbert space. Applications of Polynomial Chaos in dynamics, specifically for the 
random eigenvalue problem, are shown in e.g. [19,56]. A comparison of different 
subspace projection techniques can be found in [44]. 

The goal of reducing the computational costs of one single simulation can also 
be reached by using the substructure techniques described in Sect. 2. Hence, recent 
advances and new developments in the combination of uncertainty quantification 
methods and model reduction techniques are addressed in the following. 
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4 Model Reduction Taking into Account Uncertainties 
4.1 Introduction 

Component mode synthesis represents an appealing framework for the quantifica- 
tion of uncertainty in build-up structures due to the computational savings that occur 
in each simulation [3]. In addition, the substructures are usually statistically inde- 
pendent since they are manufactured by different companies and finally assembled. 
Hence, this makes it possible to independently analyze the components with the 
option of applying different uncertainty propagation procedures to the components. 

Component mode synthesis is also particularly advantageous for the application 
of perturbation approaches in order to estimate the variability at the global level. 
Due to the almost linear relationship between the structural parameters and the com- 
ponent modal properties, as well as between the component modal properties and 
global modal properties, it is possible to accurately approximate the variability of the 
global modal properties and frequency response functions by linear approximations. 
This local modal/perturbational approach was proposed in [30]. Another approach 
for the assessment of the variability of the eigenfrequency and eigenvectors using 
the advantages of substructuring is presented in [41], where a special form of CMS 
is proposed which is oriented towards an efficient computation of eigenvectors and 
eigenvalues. 

A further possibility for the consideration of uncertainty that is offered by CMS 
methods is based on the Karhunen Loeve expansion of the substructure matrices 
where the sparse structure of the modal substructure matrices leads to a compu- 
tationally efficient uncertainty propagation method. This novel approach will be 
discussed in detail in the next section. 

In addition, a second approach will be proposed that uses the advantages of sub- 
structuring by randomly combining independently simulated substructures. Hence, 
in addition to the probability density functions of the physical parameters, also the 
random combination, expressed by discrete uniform distributions for the set of sub- 
structure matrices, introduces variability in order to capture the uncertainty by which 
the structure is affected. Finally, the combination of the approximation methods and 
substructuring constitutes a straight forward combination of advanced techniques 
for uncertainty propagation and model reduction schemes. These approaches will 
be described in the following. 



4.2 Karhunen-Loeve Expansion of the Substructure Matrices 

4.2.1 Introduction 

The idea of this approach consists of capturing uncertainties not on the physical 
level but rather in the modal space of each substructure. The special form of the 
Craig-Bampton substructure matrices with its high sparsity (see Eq. 12) makes it 
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computationally advantageous to define the entries of the substructure matrices in 
the modal space as random variables and to reproduce the variability of the physical 
parameters on the matrix level. 

In order to calibrate the uncertain reduced substructures, samples of substructures 
are generated by considering the scatter of the physical parameters. Based on this 
sample set of each substructure, the second order statistics of the entries of the re- 
duced matrices can be estimated. The vectors of the mean values and the covariance 
matrices are then used to represent the entries using a Karhunen-Loeve expansion as 
introduced in Sect. 3 for random processes and random fields. As opposed to random 
processes and random fields the Karhunen-Loeve representation does not discretize 
the process in time or space but in the random dimension by transforming a num- 
ber of correlated matrix entries into a smaller number of uncorrelated variables (i.e. 
principal components). 



4.2.2 Calibration Set for the Structural Matrices 

(a) (a) 

As a first step, a set of substructure matrices /a and k ■ with the corresponding 
transformation matrix BV , for j = 1 ,...,/ is generated, where / denotes the 
number of simulations forming the calibration set. This yields the vectors x^^ and x'y 
which are composed of the non-zero entries of the modal mass and stiffness matrix 
of one simulation, where the symmetry of the matrices leads to a reduced number 
of entries to be stored. 

When generating the calibration set for the modal mass matrix it should be noted 
that in contrast to the matrices m^^ and k^B the coupling matrix m/^ is a function 
of the normal modes. Hence, the entries of this matrix obtained from two different 
simulations are only physically comparable if the sequence of the mode shapes is 
the same in both simulations. Hence, mode pairing has to be adopted, which can be 
performed using e.g. the widely applied modal assurance criterion (MAC) that has 
been introduced in [ 1 ] . 



4.2.3 Calibration Set for the Matrix of Eigenvectors and Constraint Modes 

The number of non-zero entries of the transformation matrix B'^"^ is too high in 
order to efficiently use the vectors x* and x* for the calibration set since the com- 
putation of the eigensolution of the covariance matrix may lead to an infeasible 
computational effort for larger systems. Hence, the idea is to represent the random 
eigenvectors ^ j and constraint modes ^ j by linear combinations of basis vec- 
tors, i.e. 

^j = ^""^Qj. ^j = ^""^Pj (22) 

These basis vectors ^ j and ^ j are an approximation to the full space of eigenvec- 
tors and constraint modes, which are obtained in every simulation. The coefficients 
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Qy and Fj are obtained by solving a least squares problem. The construction of the 
reference subspaces ^"'^ and (^"^^ is based on the extraction of important compo- 
nents of the set of random eigenvector bases and random constraint mode bases. The 
extraction of the important component can be carried out by projecting the eigen- 
vectors and constraint modes of the current simulation onto the subspace X, i.e. 

, I ' X,, (23) 

The initialization of the subspace can be performed using the orthonormal eigen- 
vectors of the first simulation. The same procedure is employed for the constraint 
modes. If the eigenvector or constraint mode can not be represented with a certain 
accuracy by the current basis vectors, then the subspace is augmented. 



4.2.4 Karhunen-Loeve Representation of the Matrices 

The vectors forming one simulation x'^, x'y , x^ and x^ of each substructure (the 
index a has been omitted) are assembled to one simulation vector xj'''^'^' . The 

vectors x-!^'"'^' \ j = I J form the calibration set of each substructure and 

./ -^ 

are used for the estimation of the mean vector x^'^''^'^,^) ^nd the covariance ma- 
trix C^i^''''^'^^ An eigenvalue solution of the covariance matrix yields the basis 
vectors for reproducing the uncertainty in the calibration set. The most important 
directions are associated with the largest eigenvalues which leads to the following 
representation of the matrix entries for any k > J: 

Nkl 

^<M,.,Q,p) ^ -(/x,.,e,p) + £ ^. vx,-^,-, (24) 

1 = 1 

where A, and <pi denote the /th eigenvalue and eigenvector of the covariance matrix 
with Nkl ■« A^, and A^ is the length of the vector x^''''^'''^ 



4.2.5 Assembly of the Global Matrices 

The representation of the substructure matrix entries by a KL-expansion allows for 
an efficient simulation of the matrix entries. Hence, in each simulation, the vector 
xii^'K^'Q'P) is simulated as described above. Then, the modal mass matrix fi and the 
modal stiffness matrix k can be established according to the structure in Eq. 12. 
These substructure matrices are assembled to the global reduced matrices according 
to the Craig-Bampton reduction scheme (see Eqs. 13-16). 

An example-based verification of this approach where the results are compared 
with direct Monte Carlo simulation will be presented in Sect. 5. 
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4.3 Random Combination of Substructures 

In the approach presented here, a random samphng strategy is applied in order to ob- 
tain a statistical assessment of the quantity of interest using only a moderate sample 
size of e.g. 30-50 samples. The idea consists of the generation of a pool of random 
substructure matrices and to combine these substructure matrices randomly. 

More specifically, J^"' structural matrices of the substructure a are generated 
and an equal probability is assigned to each realization j 

/'•"' = 4t- (25) 

^J J (a) ^ ' 

The global structural matrices are composed of the substructures a = 1 , . . . , Nc , 
where Nc denotes the number of components. These samples are generated us- 
ing direct Monte Carlo simulation. In order to represent the variability with a few 
samples it can also be advantageous to use Latin Hypercube sampling. The random 
combination of the substructures introduces some additional variability in the struc- 
tural response which makes the approach particularly advantageous in case of many 
substructures. This method aims to imitate the randomness associated with random 
sampling. Once the set of substructures is selected, the global reduced structural 
matrices are assembled by applying the Craig-Bampton method (see Eqs. 13-16). It 
should be noted that this approach can also be used if mode switching occurs and is 
thus also applicable for the higher frequency range. An example-based verification 
of this approach will be given in Sect. 5. 

4.3.1 Stochastic Reduced Basis Approximation (SRBA) 

The simulation of the set of substructures needed for the above approach may lead to 
large computational efforts if dealing with complex substructures. The most time- 
consuming part concerns the solution of the eigenvalue problem. Therefore it is 
advantageous to apply approximate solution schemes. Among these approximation 
methods, the Stochastic Reduced Basis Approximation (SRBA) introduced in [36], 
which constitutes a reduced basis formulation for the efficient solution of large- 
scale eigenvalue problems, will be in the focus of this manuscript. The eigenvalue 
problem is given by 



Ko + ^e,K,- 



; = 1 



<l>(0) = X(0) 



Mo + ^^/M,- 



( = 1 



0(e), (26) 



where Ko and Mo denote the nominal mass and stiffness matrices, ^f^j ftK/ and 
12f=i '^/M, are the perturbations in the mass and stiffness matrix and ^{0) and 
X(0) are the modal properties of the perturbed system. In the present application, 
these structural matrices do not refer to the full system, but to the substructures of 
the investigated structure. 
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The basic idea of this approach consists of the representation of the basis vectors 
for approximating the random eigenvalue solution by the eigenvectors of the nom- 
inal solution and their first order derivatives. Therefore, the approximation for a 
perturbed eigenvector can be written as 

0(») = ?i(e)0o + ^2(»)X^e/^. (27) 

where denotes the vector of the uncertain parameters of the structural matrices, 
0Q is the eigenvector obtained from the baseline eigenvalue problem and ^ are the 
partial derivatives of the eigenvector evaluated at the nominal solution. In order to 
compute the undetermined coefficients ^i(^) and ^2(0), the approximation of the 
eigenvectors in Eq. 27 is used in the random eigenvalue problem as stated in Eq. 26. 
This leads to a 2 x 2 eigenvalue problem of the form 

KR{e)z{e) = Xie)MRie)Z{e), (28) 

where the explicit formulation of the elements of the reduced matrices Kr(0) and 
MR{e) can be found in [36]. 



4.4 Linear Interpolation of Substructure Matrices 

Another approach for the simulation of structural matrices by means of a set of 
previously generated structural matrices consists in the representation of structural 
matrices as a linear combination of matrices. Hence, instead of taking one simulated 
matrix for each substructure randomly from the sample pool, these matrices are 
approximated using two previously generated matrices. In this way, a meta-model 
for constructing efficiently structural matrices and for solving the corresponding 
eigenanalysis in a reduced space can be constructed. 



4.4.1 Generation of the Sample Pool 

First, a set of input points and their associated substructure matrices K(^ ) and M(^ ) 
are generated as discussed in Sect. 4.3, where the «-dimensional vector 6 represents 
a point in the standard normal space. For these simulations and for the nominal 
solution ^^ ^ = the classical general eigensolutions have been computed. 

kO)^0) ^ M^J^^'-J^A'-J\ < 7 < /. (29) 

As opposed to the approach in Sect. 4.3, a new simulation is not generated by taking 
one simulation of each substructure from the pool, but by using two samples of each 
substructure. 
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4.4.2 Approximation of Structural Matrices and Eigenvectors 

Any random point 6^ ' ,k > J lying in a two dimensional subspace spanned by two 
randomly selected points from the sample pool can be represented as 



)W - 



^W ^^j^imJ+^2^ 



(m) 



)(«) 



(30) 



where O^""' and 6^"' are two previously sampled points, i.e. 1 < m,n < J. The 
radius R of the point 6^ \k > /is distributed according to a chi-square distribu- 
tion and the angle a, which defines the direction in this two-dimensional subspace 
follows a uniform distribution in the interval [0. In]. Hence, Eq. 30 is written as 



0^ ' = (cosavi -I- sinavs) R, 



(31) 



where Vi is the normalized vector 0^'"' and defines with V3 an orthonormal basis 
for the subspace (see Fig. 1). 

The associated structural stiffness and mass matrices are now defined as 

MC^l^'^)) := M^*^^ = m(°)[1 - ^1 - ^2] + ^iM^™^ + ^2M^"\ (32) 

K{e^'''>) := K^'^) = k(°'[1 - ^1 - ^2] + ^iK^™^ + ?2K("', (33) 

where M^'"^ and K^'"'> denote M(0'^"''') and KC^^™'), respectively. Moreover, the 
following linear approximation makes sense, because it approximates the eigenso- 
lution in the close neighborhood of the established solutions for ^^'' , j e [0, /] 
very well. 



m\ 



JlW 



i(0) 



^{e^^') ^^' = ^"-^'[l - ^1 - ^2] + ?i<?^"'^ + ?2^ 



(m) 



■An) 



(34) 



The quality of the approximation for points ^ ' , which are distant from the two 
points 6 ^'"' and 6 ^"', must be investigated by numerical tests. 

In the following, however, it is not assumed that these values are accurate, but that 

~ (k) 
they establish the correct subspace, in which the vectors 4^ describe the subspace 



Fig. 1 Representation of 
0'*' by the two samples 0''"' 
and 9"" 
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spanned by the eigenvectors of the matrices M^*^^ and K^^^ . This assumption implies 
that the correct eigenvectors are a linear combination of the vectors in the matrix 

, which can be represented by 

This transformation matrix Q^'^^ can be determined by the reduced eigensolution 

kWqW = mfO^^^A^^^ (36) 

where the reduced matrices read 

<' = ^(^'^kW^^'^ (37) 

Mf = ^^''^mW^^'\ (38) 

The reduced eigenvalue problem provides also the eigenvalues. 



5 Numerical Example 
5.1 Problem Statement 

As a numerical example a satellite structure is used. This model is divided into the 
following ten substructures (shown in Fig. 2 [33]): 

• Substructure 1: adapter 

• Substructure 2: central cylinder 

• Substructure 3: lower platform 

• Substructures 4-9: panel no. 1-6 

• Substructure 10: upper platform 

The connections between the substructures are modeled using elastic springs lead- 
ing to a total number of 187 springs with 3 translational and 3 rotational DOFs. 
On each of the six panels, concentrated masses are added in order to model some 
equipment. The uncertainties of the structural parameters, i.e. of spring stiffnesses, 
concentrated masses, thicknesses, Young's moduli and densities, are considered, 
where truncated Gaussian distributions with a coefficient of 20% (spring stiffnesses) 
and 2.5% (concentrated masses, thicknesses, Young's moduli and densities), respec- 
tively, are assumed. A fine mesh is adopted to model the build-up structure leading 
to approximately 36,000 DOFs. This size of the structural matrices makes it possible 
to explore also the scalability of the proposed algorithms in addition to investigating 
their accuracy. 
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Fig. 2 Numerical 
example [33] split into 
ten substructures 
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As a reference solution 1,000 Monte Carlo samples are generated and com- 
pared with the four methods presented in the previous section. The quantities of 
interest are the statistics of the eigenvalues. For the methods that are based on a 
random combination of substructures, a set of 50 substructure matrices is generated 
and combined randomly in order to assess the statistical description of the output 
quantities of interest. In order to capture the randomness with few samples, Latin 
Hypercube sampling is adopted. 



5.2 Results 



5.2.1 Karhunen-Loeve Expansion of the Substructure Matrices 



Figure 3 shows the comparison of the histograms of the first six eigenfrequencies. 
The second and third mode have closely spaced eigenfrequencies, for which reason 
only one peak is visible. The mean values of the six eigenfrequencies (apart mode 
no. 5) can be predicted well using the KL-decomposition of the substructure matrix 
entries. The standard deviation leads to an underestimation of the reference scatter 
as obtained with direct MCS of the full model. 
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Fig. 3 Histograms of the first six eigenfrequencies obtained witii the approach using KL- 
decomposition (dashed line) and the reference solution (solid line) obtained with 1 ,000 simulations 



5.2.2 Random Combination of Substructures 

As a next step, the results obtained by randomly combining substructure matrices 
(see Sect. 4.3) are compared with the reference solution. The results in Fig. 4 reveal 
a good agreement with the reference statistics of the eigenfrequencies. Hence, the 
random combination of substructures introduces additional variability with respect 
to the variability given by the sample pool of substructure matrices. This leads to an 
accurate representation of the statistics of the eigenfrequencies while only a small 
number of assemblies of substructure matrices with associated eigensolution have 
to be performed. 



5.2.3 Stocliastic Reduced Basis Approximation (SRBA) 

The results shown in Fig. 5 are also obtained by randomly combining substructure 
matrices as described in the previous case. However, for this analysis the genera- 
tion of the sample pool is performed with a decreased computational effort since 
the modal parameters of the substructure matrices are approximated as described in 
Sect. 4.3. 1 . The small variability of the Young's modulus and density combined with 
the fact that no mode switching occurs at the substructure level leads to a high accu- 
racy of the employed approach. As observed in the previous analysis, the histograms 
of the first six eigenfrequencies show good agreement. 
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Fig. 4 Histograms of the first six eigenfrequencies obtained with the approach using the random 
combination of substructures {dashed line) and the reference solution (solid line) based on 1 ,000 
simulations 
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Fig. 5 Histograms of the first six eigenfrequencies obtained with the approach using SRBA and 
the random combination of substructures (dashed line) and the reference solution (solid line) ob- 
tained with 1 ,000 simulations 
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Fig. 6 Histograms of the first six eigenfrequencies using the approach applying linear interpola- 
tion of the structural matrices {dashed line) and the reference solution {solid line) obtained with 
1,000 simulations 



5.2.4 Linear Interpolation of Substructure Matrices 

The last comparison is devoted to the approach involving a linear interpolation of the 
substructure matrices. The results as shown in Fig. 6 are obtained by applying the 
method as presented in Sect. 4.4. The two supporting points are selected randomly 
from a set of 50 previously simulated input vectors and corresponding structural 
matrices and matrices of eigenvectors. The new simulation is enforced to lie in this 
subspace, where the radius is a realization of a chi-square distribution and the angle 
is sampled from a uniform distribution in the interval [0. Ijt]. 

The figure reveals that high accuracy can be obtained with the employed approx- 
imation and that the statistics of the reference solution can be reproduced. The good 
agreement of the second peak which involves second and third eigenfrequencies 
shows that this method has no apparent difficulty with the effects of mode switch- 
ing. As opposed to the other methods presented, this approach is applied on the full 
structure and not on the components where no mode switching occurs. In addition, 
the results also show that the tails of the histograms obtained with direct MCS of 
the full model and the approximation method show good agreement. 



5.2.5 Computational Efforts 



Finally, the savings in the computational costs are analyzed. Figure 7 shows the 
computational costs for the FRF-computation, which shows remarkable time 
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Fig. 7 Comparison of the computational costs of the adopted approaches as a function of the 
number of simulations 



savings for the methods where efficient uncertainty propagation methods are com- 
bined with substructuring. It can be observed that the three methods described in the 
previous section do not start from the origin due to the necessary preparatory work 
for the analysis which comprises the generation of a pool of substructure matrices, 
the determination of the parameters of the KL-expansion or the computation of 
the derivatives of the eigenvectors. But the time for one simulation is considerably 
smaller than the time needed for one run of the full model. 



6 Conclusions 



In this manuscript the well established and most commonly used deterministic re- 
duction techniques are discussed. Special attention was given to the widely used 
Guyan reduction and the Craig-Bampton method. Methods for the quantification 
and efficient propagation of uncertainty are summarized and approaches which 
combine stochastic analysis with reduction techniques are reviewed. The use of 
deterministic reduction techniques within a stochastic analysis is especially ad- 
vantageous in view of the computational savings, but also regarding the additional 
possibilities for uncertainty consideration. 

Two new procedures which combine the advantages of efficient simulation strate- 
gies and of substructuring are proposed and verified by means of a numerical 
example. The results show that high accuracy can be achieved while cutting down 
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the computational costs remarkably. Future developments will be oriented towards 
the parallelization of the approaches which offers an additional possibility to de- 
crease the wall clock time even further and to make probabilistic analysis efficient 
also for highly complex dynamical systems. 
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Resonant Damping of Flexible Structures 
Under Random Excitation 

Steen Krenk and Jan H0gsberg 



Abstract Structural vibrations are often dominated by resonant response, and 
increased efficiency in the damping of these vibrations can often be attained by 
using the resonant properties of these modes. A typical example is the 'tuned mass 
absorber' . While the original design procedure was based on properties of the fre- 
quency response graph, it has recently been demonstrated that the problem can be 
generalized and solved by use of the complex root-locus properties. The basic prin- 
ciple in this formulation is the introduction of a resonant force with frequency tuning 
that results in splitting the original resonant mode into two modes with equal damp- 
ing ratio. Here the basic principle of resonant absorbers is presented in concise form 
and generalized in two ways. First the principle of resonant absorbers is presented 
in a general form in terms of sensors and actuators, recording the motion and im- 
posing appropriate forces, respectively. A general design procedure is developed for 
resonant displacement and acceleration feedback, respectively, based on a combi- 
nation of 'equal modal damping' and approximately equal response amplitudes of 
the two modes. This leads to explicit design formulae for the parameters of the con- 
trol system. The optimal calibration leads to a plateau of near-equal amplification 
in a frequency interval around the original natural frequency. In multi-degree-of- 
freedom structures the sensor picks up the total deformation from all the modes 
that are active at the location of the sensor, and the actuator force acts on all these 
modes. A quasi-static correction is developed that identifies the part of the sensor 
signal associated with the mode to be damped and the reduced effect of the actuator 
on this mode. This correction takes the form of explicit modifications of the for- 
mulae for the optimal control parameters, while retaining the original format. The 
efficiency of resonant damping is illustrated by application to a benchmark example 
for stochastic wind load on a high-rise building. It is demonstrated that the present 
resonant damping technique based on a single collocated sensor is competitive with 
more heavily instrumented configurations using the classic LQG technique. 
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1 Introduction 

There are many situations within structural dynamics, in which there is a need for 
limiting undesirable oscillations at one or more resonance frequencies, e.g. earth- 
quake response, bridge vibrations, space structures and instruments. In the structural 
dynamics community this has typically been dealt with by using the concepts from 
the tuned mass absorber, described e.g. by Den Hartog [1]. The idea is to mount 
an additional mass with suitable stiffness and damping to introduce a resonant rel- 
ative motion and to optimize the damping of this relative motion. The traditional 
design procedure is based on the frequency response curve of an idealized single 
degree of freedom structure. First the frequency is tuned to balance the magnitude 
of the resonances of the two modes generated by the combined motion of the ideal- 
ized structure and the suspended mass, and then the damping is chosen to provide 
suitable extraction of energy without eliminating the relative motion. 

Within the area of structural control the effect is typically obtained by actuators 
that are controlled by applying a suitable algorithm to signals obtained from sensors 
on the structure. In this setting the resonant control is typically obtained by a suitable 
filter that introduces an additional resonance, represented by an additional pole in 
the complex frequency plane. Common design procedures are based on placement 
of the complex poles to obtain maximum modal damping, and the intensity of the 
actuator force is controlled via a gain parameter [2]. In the case of resonant control 
identification of a suitable format containing a gain parameter is a central part of the 
design problem. 

A common characteristic of most of the work on resonant control from a control 
theory perspective is its focus of the location of the poles in the complex plane. 
However, optimal response characteristics also require optimal coupling between 
control and structure, and may also involve the load - properties that do not show 
up directly in the root locus diagram. In a recent analysis by Krenk [3] the original 
response curve design format of the tuned mass damper was recast into root locus 
format, and it was demonstrated that a key to the efficiency of the classic design 
procedure is that the two modes generated by interference have identical modal 
damping ratio. This turns out to be a convenient starting point for the design of 
resonant dampers. The first step is to select the resonant frequency of the device to 
produce the 'equal modal damping split'. The remaining parameters should then be 
chosen to provide a level plateau with suitable damping. This in turn implies that 
the two involved resonance frequencies are not too closely spaced, as this would 
produce undesirable constructive interference. This was demonstrated for the tuned 
mass absorber in [3] and extended to a more general format for resonant damping 
in terms of sensors and actuators in [4] . 

In the case of a flexible structure the motion monitored by the sensor will contain 
components that are not associated with the mode to be controlled. This problem 
has been addressed in connection with a tuned mass absorber on a multi-degree-of- 
freedom structure by Ozer and Royston [5,6], who included the additional degree of 
freedom by use of the Sherman-Morrison formula and established an analogy with 
the single degree of freedom system and the design procedure of Den Hartog. In its 
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general form the procedure is rather cumbersome, involving an iteration process. In 
this paper a simple explicit correction is developed for control of the low-frequency 
modes. The effect of the higher frequency modes is taken into account by including 
the corresponding quasi-static terms in the two equations for the simple control 
problem. The procedure and its efficiency are demonstrated by application to a high- 
rise building under wind load. 



2 Resonant Response Format 

The control problem is illustrated in Fig. 1 . The structure is represented by a mass m 
with displacement x{t). The external load on the structure is represented by the force 
F{t). The control is accomplished via a sensor signal y{t) used to control an addi- 
tional force Fc{t). Figure la illustrates the case of a flexible structure, with the first 
mode being represented by the mode shape vector ui and the modal amplitude xi . 
A single-degree-of-freedom representation is obtained, if this mode is considered 
without including interaction with higher modes. This case will be considered first 
in Sects. 3 and 4. In some situations it is important to account for the fact that the 
modal response uiXi{t) only constitutes part of the total motion. In this case im- 
proved damping properties may be obtained by correcting for the contributions from 
higher frequency modes as discussed in Sect. 5. 

The analysis and design of the system will be carried out in the frequency 
domain. For this purpose the time dependence is represented via the complex ex- 
ponential function exp{ia)t), where (a is the angular frequency, that will typically 
be complex valued, corresponding to attenuated response. The controller force Fc 
is obtained from the control variable y, which in turn is obtained by filtering the 
response x. This can be expressed in the general frequency format 



G.„(ft)).x -I- G_ty(co)y = F/m, 
Gyx{cji>)x + Gyy(co)y = 0, 



(1) 




Fig. 1 Structure with sensor 
and control force: (a) Flexible 
MDOF structure and 
(b) control loop 
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where F is the external force, and m is the structural mass. Gxx, Gxy, ■ ■ ■ are fre- 
quency dependent transfer functions, illustrated in Fig. lb. 

The quality of the control is associated with its ability to limit the response of the 
structure around the resonance frequency cOs- The response x follows from elimina- 
tion of the control variable y between the equations in (1), whereby 

Gy, F 

(2) 



GxxG yy - GxyGyx TTl 



Clearly, the magnitude of the control force Fc needed to reduce the resonant re- 
sponse is also of importance. It follows from (1) in the form 

Fc = -m Gxyy = r^ r r r ^- ^^^ 

It is seen that the frequency functions Gxy and Gyx only influence the response x and 
the control force Fc through the product GxyGyx- Interchange of Gxy with Gyx may 
lead to a redefinition of the control variable y, but leaves the structural response x 
and the control force Fc unchanged. 



2.1 Structure and Resonator Representation 

For a structure without internal damping the natural angular frequency cOs is given 
in terms of the stiffness k and mass m as 

0)^ = k/m. (4) 

Thus, the free response of the structure is governed by the frequency function 

G„(«) = «2 _ ^2^ (5) 

In this formulation the effect of structural damping has been omitted because it is 
usually small for structures needing additional damping devices and furthermore 
it complicates the analysis considerably. A simple combination format for struc- 
tural and controller induced damping has been obtained in [7] for the tuned mass 
absorber, corresponding to the case of acceleration feedback in the present context. 
The controller consists of an oscillator defined by the second order filter function 

Gyy{cD) = 0)^ -co^ + 2i^ca>cCo, (6) 

where coc represents a characteristic angular frequency, and the non-dimensional 
parameter ^c defines the bandwidth of the filter. In the case of a tuned mass vibration 
absorber cOc and ^c are simply the undamped natural frequency and the damping 
ratio of the suspended mass system if connected to a rigid support [1,3]. 
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2.2 Feedback Filters 

It is desirable that the control force ratio Fd F vanishes at zero and infinite fre- 
quencies. Within the present format this implies that the product G„Gyx can contain 
cubic, quadratic and linear terms, but neither a constant or a quartic term. This con- 
dition is satisfied by generalized acceleration and displacement feedback. In the 
following these two feedback forms are treated separately, using general expres- 
sions containing the terms from both formulations. 

In the generalized acceleration feedback format the motion is monitored via the 
acceleration, e.g. by an accelerometer, corresponding to the feedback function 

G,,(«) = «2. (7) 

The product GxyGyx is limited to a cubic polynomial. The actuator is controlled by 
a feedback function with an imaginary part to enable tuning of the phase, 

Gxy(oi) = ao)^ + pii^cOOcO), (8) 

with gain parameters a and p. The design problem consists in the determination of 
optimal combinations of the frequency ratio cDc/cOs, the bandwidth parameter ^e, 
and the two gain parameters a and p. 

In the case of displacement feedback the displacement is sampled directly, cor- 
responding to a constant frequency function 

G,,,(«) = wl (9) 

where the frequency cDc from the resonant controller has been used for dimensional 
reasons. The actuator frequency function Gj,. combines a quadratic and a linear term 
in ft) in order to enable tuning of the phase, 

Gvv(ftj) = aco^ + yli^cCDsO). (10) 

Here the structure reference frequency cOs has been used, and two non-dimensional 
gain factors a and y have been introduced. 

These cases of acceleration feedback and displacement feedback can be com- 
bined via the product formula 

G^v(«)Gv,t(ftj) = aco^CD^ + 2i^caicCD(PcD^ + ycDc(^s), (H) 

which covers both cases by setting y = and P = 0, respectively. The denominator 
then follows from combining the response functions Gxx and Gyy from (5) and (6) 
with this expression: 

GxxGyy - GxyGyx = 0)'^ - [cof + {1+ Q! ) w^ ] co^ + cof 0)^ 

-li^cCOcO) [(1 + PW-m^s + V^sWc] ■ (12) 
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The roots of this quartic polynomial determine the complex resonance frequencies, 
and thereby the damping properties of the resonant modes. 



3 Root Locus Diagram 



The following root locus analysis generalizes that of the tuned mass absorber pre- 
sented in [3]. Let the four roots of the characteristic equation be denoted Wi, . . . ,ft)4, 
and assume that there is a parameter combination for which Wi and m-i lie in the first 
quadrant. The corresponding modes will then have equal damping ratio, if o}\ and 
0)2 lie on the same line containing the origin of the complex plane as illustrated in 
Fig. 2. This implies that they are inverse points in the complex plane with respect to 
some real- valued frequency wq, i.e. 



0)2 
ft>o 



ft>0 



(13) 



where &;* denotes the conjugate of o}\. The reciprocal relation between (d/wq and 
Wo/w suggests the following format of the characteristic equation. 






(14) 



This equation contains two coefficients, and it turns out to be convenient to express 
these in terms of the real-valued parameters ^ and A as shown. The corresponding 
polynomial form follows from multiplication with (aioft))^, 



tt) 



- (2 -F 4^2) ^2^2 + ft,^ _ 4/A^<Wow(w^-'Wo) = 0- 



(15) 



It is seen that the reference frequency (Wq is defined by the constant term of the nor- 
malized characteristic polynomial. The special property of equally damped modes 
as expressed by the inverse root relation ( 1 3) is equivalent to imposing a balance be- 
tween the cubic and linear terms, whereby they cancel at the frequency ft) = ift^o- 



Imlwl 



(04 



Fig. 2 Complex roots (ji\ , £1)2 
and (D3 , (Hi, as inverse points 
of the circle | n) | = (Mq 



^^^ 



Re[(ul 



-ft)0 



ft)0 
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Fig. 3 Root locus diagram: (a) § = 0.4, A = 0, 0.05, 0.10, . . .; (b) § = 0, 0.05, 0.10, 

X= iV2 



The root locus diagram of the quartic equation ( 1 5) is easily analyzed by reverting 
to the quadratic format (14). This format permits determination of the expression 
inside the parenthesis, and co then follows from solving a quadratic equation, see 
e.g. [3,4] for details. The results are illustrated in Fig. 3. For A = there is no 
damping, and the natural frequencies cdi and a>2 appear as points on the positive real 
axis. When increasing A for a fixed value of the parameter ^ < 1, the roots move 
into the complex plane as illustrated in Fig. 3a. It follows from the inverse point 
property, illustrated in Fig. 2, that the two roots a>i and a>2 have equal argument, 
corresponding to equal damping of the corresponding free modes. This situation 
changes at the bifurcation point coh, which is reached for A = 1. The roots then 
branch off along a circle with radius \a)\ = coq. One branch reaches a branch point 
on the imaginary axis and the other follows the circle towards the real axis. 

The parameter values of interest in connection with control and damping of struc- 
tures correspond to the first part where the roots are inverse points in the circle, i.e. 
the parameter interval < A < 1 . In this parameter interval the two complex roots 
have the form 

coia = \coia\(Vl^+i^), (16) 

where ^ is the common damping ratio of the two modes. A simple expression for the 
modal damping ratio ^ in terms of the system parameters A and ^ can be obtained 
by using the fact that the coefficient of the cubic term in (15) is the sum of the four 
roots dJi , . . . , (1)4. When using the special properties of the four roots illustrated in 
Fig. 2, the following expression is obtained for the damping ratio 



r = 



A^ 



l/lf^+ _«o_\ 
2 V Wo |«iK 



A^ 



(17) 



where the latter approximation is valid for small values of ^, typical of practice. 

It may appear desirable to choose A corresponding to the bifurcation point, as this 
introduces maximum damping in the modes. However, this also implies identical 
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angular frequency of the modes and thereby leads to constructive interference of 
the two modes. As it turns out, an optimal balance between the obtained damping 
and a suitable separation of the vibration frequencies leads to the parameter value 
A = i \/2- The local part of the corresponding root locus diagram is illustrated in 
Fig. 3b. The two roots coi and coj move into the complex plane along curves forming 
an angle of ±45° with the real axis, leading to a modal damping ratio of 



? - l^^^ 



(18) 



The following task is to express the optimal properties in terms of the filter param- 
eters and to optimize the corresponding response amplitudes. 



4 Optimal Parameters 



The root locus analysis of the previous section has identified a characteristic angular 
frequency cdq and determined a condition for equal modal damping in terms of coq . 
The characteristic frequency is determined from the constant term in the polyno- 
mial (12), 

COq = MsCOc- (19) 

The condition of equal modal damping consists of the vanishing of the imaginary 
part of the denominator (12), when evaluated at the reference frequency cd = coq. 
This gives the equation 



ycOsCOc = (1 + P)o)q. 



(20) 



Substitution of the reference frequency coo from (19) then gives the controller fre- 
quency as 

oic = y—i-- (21) 



Fig. 4 Equal displacement 
amplification at three 
frequencies 
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Table 1 Optimal parameters for resonant damping in terms of /i or y 
Parameter Acceleration feedback Displacement feedback 



<Mc 


«./(!+ ;6) 


«./(! + y) 


o^o 


U>c(Os 


Ci>i.(i>s 


a 


P 


v(\-v) 


tl 


1 /8 


Y2 + y 


2 1 + ^8 


4 1 + y 



and the reference frequency by 



These expressions are included in Table 1 , containing the full set of optimal param- 
eters for the two cases. 

The principle for determination of the optimal value of the remaining two pa- 
rameters a and i,c is quite simple, although the computations are a bit elaborate. 
Both parameters are determined from properties of the frequency response (2). An 
optimal response curve is illustrated in Fig. 4. It turns out that for both the cases 
under consideration the frequency response curve for \xk/ F\ has two points at fre- 
quencies a)A and &)£, marked by the symbol -I-, where the amplitude is independent 
of the control damping ratio parameter ^c ■ The parameter a is determined by the 
condition that the amplitude x(a))k/ F at the two frequencies oja and cdb are equal. 
This determines the parameter a as 

a = P , Y = (23) 

in the case of acceleration feedback, and 

a = y{l-y) , p = Q (24) 

in the case of displacement feedback. This principle has been used by Den Hartog 
[1] to determine the frequency ratio of a tuned mass absorber, which is a special 
case of acceleration feedback. In [3] it was demonstrated that for the tuned mass 
absorber, this criterion is equivalent to the equal modal damping criterion discussed 
in Sect. 3. In the general case(s) considered here, the equal modal damping criterion 
determines the frequency Wc of the controller, while the equal amplification criterion 
then determines the gain parameter a. 

The idea of a resonance damper is that the amplitude should be limited around 
the resonance frequencies. A particularly simple and robust way of obtaining near- 
uniform amplification in an interval around the resonance frequencies is to require 
the amplification at the reference frequency wq, marked by the symbol x in Fig. 4, to 
be equal to that at wa and (Db, [3]. This condition is used to determine the remaining 
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Fig. 5 Frequency response amplitude: fi,y = 0.01 ( ), 0.05 ( ), 0.1 (- 

0.2 (- X -). (a) Acceleration feedback, (b) displacement feedback 



-) and 



parameter ^c ■ For acceleration feedback this leads to 



r = 



1 



2 l + P 



while displacement feedback gives 



^'c 



4 l + y ' 



Y 



P = 0. 



(25) 



(26) 



These optimal parameters are included in Table 1 . 

The response characteristics of the two types of devices are illustrated in Fig. 5. 
They are quite similar with maximum values 



X k 
~F~ 



fl/P 



and 



xk 
~F~ 



Illy 



(27) 



for the two cases. 

The present parameter calibration has the interesting property that each of the 
equally damped modes have approximately half of the damping ratio t,c introduced 
in the controller. This follows from the generic result (17), when applied to the 
present calibrated filter combination, 



?^ \i>c 



ft)0 



He 



(28) 



This approximate result, initially derived for the tuned mass damper in [3], is very 
accurate for realistic damping ratio values. It serves as a convenient starting point 
in designing an appropriate resonant filter, when a desired modal damping ratio ^ is 
prescribed. 
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5 Multi-Degree-of-Freedom Systems 

Results for single-degree-of- freedom systems can often be calibrated so that they are 
representative for modal behavior in multi-degree-of-freedom systems. The typical 
problem is that the individual mode only accounts for part of the motion registered 
by a control sensor, and similarly the actuator force excites other modes as well, 
as illustrated in Fig. la. This is the so-called 'spillover' problem. A formulation of 
truncated modal analysis in which the motion represented by a small number of 
selected modes is supplemented by a quasi-static representation of the remaining 
modes goes back to the seventies, see e.g. [8]. In the following a quasi-static correc- 
tion procedure is developed for resonant control. 



5.1 Background Mode Correction in MDOF Systems 

Let a multi-degree-of-freedom system be represented by the stiffness matrix K and 
the mass matrix M. The displacements are denoted q and the corresponding external 
loads F. In addition to the external load an actuator with control signal r] is connected 
to the structure as described by the connectivity vector w. The connectivity vector 
w contains the number 1 at the appropriate degree-of-freedom, if it is connected to 
the surroundings, and a set of numbers 1 and —1 for two degrees-of- freedom that 
are connected by an actuator. The corresponding frequency equation is 

(K - a>^M)q = F -yvGgn(o))r]. (29) 

The actuator is assumed to be controlled by a collocated signal, i.e. a signal gener- 
ated by a sensor attached to the same degrees-of-freedom as the actuator. Thus, the 
actuator signal r] is controlled by the frequency equation 

Gr^r^(a))7] = -Gr,gico)w'^q. (30) 

A modal representation of the response is introduced in the form 

q = Euy-^7- u^Muyt = Sjk, (31) 

j 

where Uy denotes the j'th mode shape vector, and xj the corresponding modal 
amplitude. The second equation, where Sjk denotes Kronecker's delta, normalizes 
the modes corresponding to unit modal mass. The following analysis concentrates 
on control of the first mode, and an important parameter then is 

vi = w^ui, (32) 

representing the displacement of the mode shape vector Ui across the actuator. 
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Control of the first mode is based on the corresponding modal equation, 
following from (29) by pre-multiplication with the mode shape vector uf , 

Gqg(co)xi + viGgr,(co)r] = Fu (33) 

where the modal frequency response is given in terms of the undamped modal fre- 
quency wi as 

GggiOj) = OJ^-OJ^ (34) 

and Fi = uf F is the corresponding external modal load. 

In the control equation (30) the displacement across the actuator w^q con- 
tains contributions from background modes as well as the mode to be controlled. 
For flexible structures it is important to include the effect of these 'background 
modes'. A representation of this effect is obtained by constructing an approximate 
form of the displacement vector q from inversion of the homogeneous equation of 
motion (29), 

w^q = -w^(K - M^M)-'^wGgr,((i>)ri. (35) 

The inverse of the dynamic stiffness matrix can be expanded in terms of the mode 
shape vectors, whereby 

(K-«2M)-i =J2^^ ^ ^^ + E^- (36) 

J -I 1 7=2 ./ 

In the second, approximate form, the contributions from the higher modes have 
been replaced by their static counterparts. When using the full expansion at zero 
frequency, 

^—' 0), 

.1 1 



the summation in (36) can be eliminated, whereby 

■ 03 



(K - o?m)-^ ^ -^ + (k- - '^). (38) 



In this form the term in the parentheses represents the effect of the higher modes. 

When this representation is substituted into the expression (35) for w^q, the 
following form is obtained 

w^q ~ - ^ -h Kx Ggnico) r] = i;i.x;i - Ki Ggnioj) r], (39) 

L iJqg(CO) J 

where the denominator Ggg (w) is the frequency function (34) of the first mode, and 
the modal response xi has been introduced from the homogeneous form of (33). 
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The parameter Ki , representing the effect of the higher modes, is defined as 



Kl 



I 

w^(k"1 - "^^Iw = w^K-^w - {vi/a)if . (40) 



The parameter ki has a direct physical interpretation. The first term is the displace- 
ment between the degrees of freedom of the sensor for a unit force exerted by the 
actuator, and the second term subtracts the part associated with the first mode. It is 
convenient to represent this parameter in the normalized form 

K = {cai/vif Ki = {coi/vif w^K-^w - 1, (41) 

giving the relative extra flexibility contained in the higher modes. 

The final form of the control equation for the first mode is now obtained by sub- 
stituting the approximate displacement representation (39) into the control equation 
(30). The combined set of equations for the first mode and the controller then takes 
the form 

Ggg(co)xi + viGgr,(<J^) rj = Fl 
viG,jg{ci>)xi + [Cjrjico) - KiG,jg{co)Ggr,{(i>)]r] = 0. (42) 

It is seen that the resonator frequency function G,,,,(ft)) is modified by the term 
KiG,jg(ci>)Gg,j{co), and the coupling is modified by the coefficient Vi, representing 
the modal displacement across the actuator as defined in (32). 



5.2 MDOF System with Acceleration Feedback 

The calibration procedure consists in establishing an equivalence with the optimal 
control of the SDOF system presented in Sect. 4. The modal frequency function and 
the resonant controller are represented in the form 

Gggia) = m\ — cci^, Grfq{oi) = a>^ — co^ + 2i ^jjCDjjCO . (43) 

In the case of acceleration feedback the sensor and actuator functions are given as 

Grjgico) = ft)^, v\Ggr,(0Ji) = tt^W^ + P„ 2i^,jC0r,a . (44) 

The calibration of optimal parameters consists of finding expressions for the con- 
troller frequency &),, and damping ratio ^rj as well as the gain parameters a,, and /S^ 
in terms of a common gain parameter. 
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The first step is the identification of the equivalent frequency and damping 
parameters of the controller, represented by the terms in the square brackets in (42), 

G,„(tt)) - KiGr,g{ai)Gg,ji(») 

[l + Ka,^ico,,/cDi)^]co^ + 2i^r,a>r,co[ 1 - KPr,(cjt)/cOi)^]. (45) 



«„' 



The last term in this expression is cubic in w, and does not fit into the format estab- 
lished for the SDOF system. This term is mainly important around resonance, and 
thus the factor (co/coi)^ is set equal to 1 in the last square brackets. In the original 
SDOF format the frequency function of the controller was introduced in normalized 
form, and therefore the present modified frequency format is rewritten in normalized 
form with unit coefficient to w^, 



Gjjjjico) - Ki G,jg{co)Ggr,i(D) = [l + ar,K{cOr,/cOif] 



CO. 



2 



X-K^r, 



^ — ft)^ + 2it,„a)„a) 

_\ + Kar^{cOr, / CO\y I + KUr^^COr, / CO\r 



(46) 



The terms in the square brackets are now identified with the frequency function 
Gj.y(ft)) given in (6). This gives the two relations 

""c = TT r I M ' ^^'^^ = ^"'^vy- /' ,2 - (47) 

1 + Kan{cOn/cjt)i)^ 1 + A:a^(ft>^/a)i)^ 

Similarly the product Gxy{co)Gyx from the SDOF formulation (11) with y = can 
be identified with the off-diagonal product of the modified formulation, taking the 
form 

vlGr^g{m)GgrJ(M) uP- . 2 , « TS- 1 ./ION 

1 -I- /CQ!^(w^/tt)i)'^ 1 -I- A:a^(ft)^/wi)^ '- ' -' 

Comparison with G^j(ft))Gy,:(ft)) from (11) gives the two relations 

2 "''% as. Prt^n^r, ,.„N 

01(0^ = ■ r , pi,c(t)c = 7- (49) 

1 -f /CQ!^(w,,/tt)l)2 1 -I- A:Q!^(tt)^/ft;i)2 

The four relations in (47) and (49) permit a parametric expression of the optimal 
MDOF gain parameters a^, /5^ and the controller frequency w^ and the damping 
ratio t,jj. It turns out to be convenient to formulate the parameter representation in 
terms of the equivalent SDOF gain parameter p. 

The gain parameter a^ is determined by eliminating ay^ between (47a) and (49a), 
whereby 

ar, = a = fi, (50) 
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where the last relation follows from (23). The gain parameter fi,, follows similarly 
by eliminating ^eWe between (47b) and (49b), 

^^ = ih- '''' 

These relations imply that a^ > Prj, when the effect of increased flexibility from 
background modes is included. The classic tuned mass damper [1,3] can be rep- 
resented by the present acceleration feedback format with a = p. It follows that 
this relation puts limitations on the optimality of the tuning, when applied to MDOF 
systems with influence from background modes. 

The frequency ratio of the MDOF controller a)rj/a>i is determined from (49a), 
when written in the form 

("^y = (^fc^y = 1 + .^(^)^ (52) 

In this relation the frequency ratio Mi/Mc = I + fi corresponds to the optimal 
tuning frequency ratio (21) of the SDOF system. The equation then gives the optimal 
MDOF frequency as 

The effect of the background modes is represented by the first factor. It vanishes for 
K = and leads to an increase in the tuning frequency o),, with increasing influence 
of the background flexibility. 

The damping ratio ^^ is found from (49b) in the form 



Pri 



1 + 



<-y 



^ccoc. (54) 



This relation can be rewritten by use of the j6 -ratio from (51) and the frequency ratio 
from (53). The result of the reduction is 

1+kP ^c^i 

{i + PV 

The damping ratio ^c corresponds to optimal damping of a SDOF system and is 
given by (25). Also in this case the effect of the background modes is represented 
by the first factor. 
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6 Damping of Wind Excited Building 



The efficiency and characteristics of the filtered acceleration feedback approach are 
illustrated in terms of the wind-excited benchmark building introduced in [9]. The 
height of the building is 306.1 m and it has 76 stories. The structure is modelled by 
76 simple 2D beam elements, where the rotational degrees-of-freedom have been 
eliminated by static condensation. This leaves 76 degrees-of-freedom representing 
the horizontal displacement of each floor, see [9] for further details on the model. 
The time domain equations of motion for the structure with resonant control can be 
written in the compact form 



M*z(f) + C*z(0 + K*z(f) = F*(f), 



(56) 



where the augmented vector z = [(l^ , r]]^ contains the structural degrees-of- 
freedom and the control variable. The system matrices follow directly as 



2^„C0r, 



M* = 


M 0" 

-w^ 1 


' 


c* = 


C 

.0^ 


K* = 


"k k/ 

0^ 




, F* = 


_ 



(57) 



where the external force vector F„, represents the wind loading and is a 76 x 1 
zero column vector. The actuator force, included in the last column of C* and K*, 
follows from the last term in (29) which can be computed via the control variable as 



Thus, the uncontrolled case is recovered for a,j = P,j = 0. 



(58) 



6.1 Design of Resonant Control 



The mode shapes uj and natural frequencies coj of the undamped structure are 
shown in Fig. 6 for the first three modes. In the following the first mode is con- 
sidered as the target mode for the resonant control. A force actuator is used to apply 
the desired resonant control. To demonstrate the influence of the background modes 
two locations of the force actuator are considered, as shown in Fig. 7. The largest 
relative displacement of mode 1 occurs between the top floors, and this actuator lo- 
cation is in the following referred to as case (a). The smallest relative displacement 
occurs between the two bottom floors, which is case (b). In both cases the actuator 
is placed in a Chevron brace so that the relative motion over the actuator is equal 
to the relative motion between the adjacent floors. Hereby, the connectivity vectors 
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»[ = 1.01 rad/s coj = 4.81 rad/s cot, = 12.52 rad/s 






Fig. 6 Undamped mode shapes and natural frequencies for first three modes 
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Fig. 7 76-story building with a force actuator in a Chevron brace acting between (a) top and (b) 
bottom floors 



for case (a) and (b) are w = [0, ... — 1, 1]"^ and w= [1.0,. ..,0]"^, respec- 
tively. For mode 1 the non-dimensional flexibility factor is a: = 1 .2125 for case (a). 
For case (b) it is /<: = 10.371 and thereby almost an order of magnitude larger than 
for case (a). 

The sequential design procedure is described via the first eight columns of 
Table 2, where the desired modal damping ratio ^jg^ of the target mode acts as 
the initial design variable. In the table four design situations with t,des = 0.04, 0.06, 
0.08 and 0.10 are presented. Because of the equal split of modal damping it follows 
from (28) that the damping parameter of the resonant control should be twice the 
desired damping ratio: ^c = '^.des- Hereafter, the gain parameter /J can be found 
by (25). The gain parameter can also be expressed directly in terms of the desired 

modal damping ratio as 

e. 
^des 



?> = 






(59) 
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Table 2 Mode 1 damping ratios for 76-story building witli resonant force actuator 



Actuator between top floors: k = 1.2125 

0.04 0.08 0.0130 0.9872 0.0128 0.0130 0.9949 0.0819 

0.06 0.12 0.0297 0.9712 0.0286 0.0297 0.9881 0.1265 

0.08 0.16 0.0540 0.9488 0.0506 0.0540 0.9780 0.1757 

0.10 0.20 0.0870 0.9200 0.0787 0.0870 0.9640 0.2317 



0.0403 0.0429 

0.0401 0.0357 

0.0610 0.0648 

0.0606 0.0507 

0.0826 0.0858 

0.0819 0.0643 

0.1058 0.1052 

0.1046 0.0771 



Actuator between bottom floors: k = 10.371 

0.04 0.08 0.0130 0.9872 0.0114 0.0130 1.0590 0.0974 



0.06 0.12 0.0297 0.9712 0.0227 0.0297 1.1527 0.1862 
0.08 0.16 0.0540 0.9488 0.0346 0.0540 1.3469 0.3543 
0.10 0.20 0.0870 0.9200 0.0457 0.0870 1.8909 0.7818 



0.0405 0.0505 

0.0402 0.0164 

0.0620 0.0657 

0.0612 0.0170 

0.0852 0.0717 

0.0843 0.0164 

0.1078 0.0716 

0.1086 0.0153 



The rest of the design parameters are expressed in terms of /J. The frequency of the 
resonant filter in the single-degree-of-freedom case follows from Table 1 as a)c = 
a>i/(l + P), and finally the parameters a^, P,j, w^ and ^^ for the multi-degree-of- 
freedom system are determined from (50), (51), (53) and (55), respectively. 



6.2 Root Locus Analysis 

The free vibration properties are illustrated in terms of a root locus analysis, where 
the complex valued natural frequencies o) are plotted in the complex plane for in- 
creasing gain p. The natural frequency is obtained by solving the corresponding 
eigenvalue problem that follows from the frequency domain representation of the 
equation of motion in (56) when both the external loading F and the structural damp- 
ing C are omitted. Figure 8 shows the root loci for the two modes associated with 
the first vibration form of the structure. The solid curve represents the trajectories 
of the two natural frequencies of mode 1 when including the background flexibil- 
ity, while the dashed curves represent the case without quasi-static correction. The 
markers represent the complex natural frequencies for the four cases in Table 2: 
i;^^^ = 0.04, 0.06, 0.08 and 0.1. 

Figure 8a shows the root locus diagram when the actuator is operating between 
the top floors and it is observed that the solid curves follow the 45° trajectories 
similar to the ideal case in Fig. 3b. The actual modal damping ratios are given in the 
last two columns in Table 2. It is seen that for k = 1.2125 the two damping ratios 
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Fig. 8 Root locus diagram for mode 1. (a) Force actuator between top floors and (b) between 
bottom floors 



are practically identical and equal to the desired value f j^^ = 0.04, 0.06, 0.08 and 
0.1. In the case without quasi-static correction for higher modes (k = 0) the optimal 
equal split property is not attained, resulting in a reduced damping efficiency of the 
control. This effect can also be seen for the dashed loci in Fig. 8a, where the right 
trajectory develops too little damping. 

Figure 8b shows the root locus diagram when the actuator is attached between 
the bottom floors. The large flexibility parameter k = 10.371 implies that the solid 
trajectories in the figure deviate slightly from the ideal curves for large damping 
ratios. However, as seen in Table 2 the two damping ratios are still equal, although 
slightly larger than the desired values. In this case the importance of the quasi-static 
correction becomes clear when comparing to a: = 0. In that case the left dashed 
locus in Fig. 8b is very large while the right is very small. As seen from the last 
column of Table 2 the balance between the two damping ratios is completely lost 
in this case. Thus, when the actuator is located where the relative modal deforma- 
tion is small, the K-value becomes relatively large and the associated correction for 
background modes is critically important. 



6.2.1 Response Analysis 

The root locus analysis describes the behavior of the modal damping properties, 
where robust design relies on equal modal damping, which defines the filter fre- 
quency ft)c as shown in Sect. 4. However, the remaining control parameters a and ^c 
are determined to secure optimal frequency response characteristics, as shown in 
Fig. 4. The efficiency of the resonant control strategy for harmonic excitation of 
multi-degree-of- freedom structures has been demonstrated in [4], and the present 
example therefore verifies the performance of the resonant control strategy for ran- 
dom loading, in this case represented by wind excitation. The time history of the 
wind load is presented in [9] and has been obtained by wind tunnel tests. The wind 
load on the top floor is shown in Fig. 9. 

The time domain equation of motion (56) is solved by the standard (average ac- 
celeration) Newmark time integration procedure, see e.g. [10]. The time increment 
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t-[s] 



Fig. 9 Wind load history for top floor 



At = 0.1333s is dictated by the sampling frequency of the wind data and cor- 
responds to approximately 47 time increments per mode 1 vibration period of the 
structure. Structural damping is contained in C and yields 1% of critical damping in 
the first five modes, see [9]. 

In [9] a total of 12 performance criteria are presented, describing the root mean 
square (rms) and the peak values of the response of both the structure and the control 
force. Only some of these criteria are used in the present example. The maximum 
rms values of the structural response are evaluated in terms of the top floor response 



/i 



/4: 



'gJ5/'Jgj5' 



Jl = 



>qJ6 



K 



76' 



(60) 



where cigj and dgj are the rms displacement and acceleration of the j'th floor, 
while superscript refers to the case without control. Note that the acceleration 
criterion is based on floor 75, since floor 76 is the roof and therefore unoccupied. 
The third performance criterion describes the power consumption of the actuator 
and is determined by the time integral 



J^ = J f f (Ht)Fcit)ydt, [/3] = kNm/s, 



(61) 



where x = w'^q is the velocity of the actuator and T = 900 s is the total length of 
the simulation. The integral is computed by the trapezoidal rule. 
The peak response of the structure is described by 



J4 — '4pj5/'4pj5, J5 — Ipje/qpje- 



(62) 



where qpj and qpj are the peak acceleration and displacement of the j'th floor. 
The peak power consumption of the actuator is finally defined as 



/e = max x(t)Fc(t) , [Jf,] = kNm/s, 



(63) 



where I 



denotes the absolute value. 
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Table 3 Perfonnance criteria for resonant controller 



^des J\ 


Ji 


h 


J4 


Js 


/6 


Actuator between 


top floors: k = 


= 1.2125 








0.04 0.468 


0.601 


7.029 


0.474 


0.709 


43.096 


0.06 0.391 


0.557 


7.729 


0.422 


0.695 


44.184 


0.08 0.341 


0.533 


8.287 


0.416 


0.668 


54.342 


0.10 0.304 


0.520 


8.737 


0.397 


0.648 


69.063 


Actuator between bottom floors: 


K = 10.371 








0.04 0.464 


0.598 


7.912 


0.461 


0.707 


46.543 


0.06 0.389 


0.553 


9.402 


0.412 


0.694 


52.036 


0.08 0.344 


0.529 


11.108 


0.409 


0.679 


63.216 


0.10 0.318 


0.514 


13.081 


0.398 


0.668 


96.043 


Sample controller [9] 










0.369 


0.578 


11.99 


0.381 


0.717 


71.96 



The six performance criteria are summarized in Table 3 for the two actuator lo- 
cations and the four desired damping ratios also used in the root locus analysis. The 
bottom row in the table gives the corresponding performance criteria for the LQG 
sample controller in the benchmark paper [9]. It is seen that the structural rms val- 
ues Ji and J2 are reduced with increasing desired damping and good performance 
is observed compared to the LQG reference case in [9]. It should be noted that the 
reduction in structural response is practically the same for the two actuator loca- 
tions. In general it is observed that the influence of k is mainly on the power needed 
to realize the required actuator force, in the Table represented by J3 and J^. It is 
also noted that the reduction in the peak values is not as significant as for the rms 
values. This is because the resonant controller is designed with respect to stationary 
response, whereby the ability to reduce peak response from transients, such as wind 
gusts and earthquakes, is limited. 



7 Conclusions 

A design principle for resonant control of a SDOF system by second order filters 
has been presented. It covers the two cases of modified acceleration feedback and 
modified displacement feedback and includes the classic tuned mass damper as a 
special case of acceleration feedback. A set of explicit formulae is obtained for the 
optimal control parameters by combining the root locus property of equal modal 
damping with optimal response curve characteristics. 

The procedure is extended to collocated resonant control of the lower modes of 
MDOF systems. In this case the response recorded by the sensor typically includes 
contributions from the motion of higher modes. An explicit design procedure for 
the control parameters of MDOF systems has been developed that includes the ef- 
fect of the higher modes via a quasi-static approximation. A numerical example 
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in the form of a benchmark problem involving turbulent wind load on a high-rise 
building illustrates the potential of resonant control, and demonstrates the impor- 
tance of including a quasi-static correction of the control parameters, in particular 
when the control force is applied close to the supports of the structure. 
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Importance Sampling of Nonlinear Structures 
Using Adapted Process 



Siu-Kui Au 



Abstract The reliability analysis of nonlinear-hysteretic structures subjected to 
uncertain earthquake excitations is an important but challenging problem in stochas- 
tic structural dynamics and performance-based earthquake engineering. The 'first 
passage probability', i.e., the probability that some response quantities of interest 
(e.g., interstory drifts) exceed specified threshold levels, is often of concern. Direct 
Monte Carlo simulation is a versatile method for estimation, but it is not efficient 
when the failure probability is small, which is often encountered in engineering ap- 
plications. Importance sampling is a popular variance reduction technique where 
a change of distribution is applied in order to achieve a higher failure rate in the 
samples and hence variance reduction. Its success hinges on a proper choice of a 
user-defined 'importance sampling distribution'. A popular choice makes use of 
'design point excitations' that are local most probable points within the failure 
region in the stochastic load space. Design point excitations participate in the ex- 
citation to create large response, leading to a larger failure rate in the samples. Their 
use has lead to tremendous variance reduction for linear systems. For nonlinear- 
hysteretic systems, however, recent research shows that the gain in efficiency is 
much less than their linear counterpart, essentially because plastic excursions cause 
random phase shifts in the response that de-synchronize it from the design point 
excitations, undermining their effectiveness in creating large response. This work 
presents a new approach for constructing the importance sampling density for es- 
timating the first passage probability of nonlinear-hysteretic systems subjected to 
stochastic earthquake excitations. Instead of using fixed design point excitations, the 
importance sampling distribution is constructed using an 'adapted process' whose 
future action can be updated based on information up to the present. Choosing 
the adapted process involves designing an adaptive control force algorithm in a 
stochastic environment that targets to drive the response to first passage failure based 
on information up to the present. Theoretical and computational issues related to the 
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proposed importance sampling method shall be investigated. A stochastic control 
algorithm for generating the adapted process is presented and its variance reduction 
capability is appraised. 



1 Introduction 

Determining the first passage probability of nonlinear hysteretic structures remains 
a challenging computational problem in stochastic dynamics [1-5]. The complexity 
involved is featured by a large number of random variables (theoretically infinite), 
nonlinear/hysteretic behavior and a large number of degrees of freedom. The first 
renders geometric intuitions in low dimensions less useful or sometimes misleading 
in high dimensions [6, 7]. Nonlinearity, hysteresis and a large number of degrees 
of freedom make the understanding of system behavior more involved and in many 
cases analytical solution almost impossible. 

Importance sampling method is an established variance reduction technique for 
estimating the expectation of functions of random variables [8,9]. Its success hinges 
on the choice of importance sampling distribution (ISD). In structural reliability 
research, many schemes for constructing the ISD have appeared in the literature. 
A popular choice is a weighted sum of Gaussian distributions centered among de- 
sign points [10, 1 1] or random pre-samples [12-14]. Importance sampling has been 
successfully applied to static reliability problems but the same is not true for dy- 
namic reliability problems that often involve a large number of random variables in 
the stochastic description of the excitation. 

A recent benchmark study by Schueller and co-workers [15] indicated that ad- 
vanced Monte Carlo methods have shown promise for tackling complex systems. 
Subset Simulation, line sampling, and collectively methods that make use of Markov 
Chain Monte Carlo have demonstrated their variance reduction capability while re- 
taining certain robustness in applicability. These methods explore the progressive 
failure nature of reliability problems and do not significantly rely on knowing sys- 
tem behavior. The benchmark study also revealed a big gap between the extent of 
variance reduction that can currently be achieved for linear systems versus nonlinear 
hysteretic systems. For example. Problem 3 in the benchmark study indicates that, 
using Subset Simulation [16] or line sampling [17] that are based on Markov Chain 
Monte Carlo, one can achieve a unit c.o.v. (standard error = unit c.o.v./square root 
of no. of samples) of 30-40 for a target failure probability of the order of 10""*. 
This translates into about 5,000 samples to achieve a 50% c.o.v. in the failure prob- 
ability estimate. In contrast, using methods such as importance sampling or line 
sampling that incorporate information about system behavior, one can achieve for 
linear systems a unit c.o.v. of 2-5 regardless of failure probability level, i.e., at most 
100 samples required to achieve 50% c.o.v. in the estimate. A large variance reduc- 
tion has been achieved for linear systems but there is much room to improve for 
general nonlinear systems. Notably, linear system behavior is analytically tractable 
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and very efficient importance sampling methods have been developed [18-20]. For 
nonlinear-elastic systems, bounds for the maximum response have been obtained 
[21]; the design points have been recently obtained and applied to random vibra- 
tion analysis [22]. The analysis of nonlinear-hysteretic systems is most difficult, 
although hysteretic structures are frequently encountered in applications. The de- 
sign points are not known analytically and the geometry of the failure region is far 
more complex than that of an elastic system. Westermo [23] considered maximizing 
the input power within the class of excitations spanned by the displacement and ve- 
locity response. Approximate periodic solutions were obtained numerically for the 
critical response of single-degree-of-freedom (SDOF) elasto-plastic systems. Equiv- 
alent linearization [24] has been applied for approximate solution in the frequency 
domain [25,26]. 

The trade-off between efficiency and robustness of a simulation method justi- 
fies methods to be more application-focused to improve efficiency at the expense 
of generality in application. An effort was initiated to develop an importance sam- 
pling method for nonlinear hysteretic structures. The ultimate aim is to achieve a 
level of variance reduction similar to that for linear systems, or otherwise find out 
what methods do not work and the reasons behind. The first attempt was to deter- 
mine the design points of single-degree-of-freedom (SDOF) elasto-plastic structures 
and use them to construct an importance sampling density, speculating significant 
variance reduction similar to the linear case. It turned out that efficient solutions 
for design points are possible in this case [27, 28]. Using the design points for im- 
portance sampling, however, led to only limited variance reduction compared to 
the linear case [29]. Further investigations showed that the actions of the design 
points were rendered ineffective by random phase shifts associated with plastic ex- 
cursions as well as opposing plastic excursions that cancelled out each other. This 
suggested naturally a design point that could 'adapt' and synchronize its actions 
with the response. 

Although a 'stochastic design point' sounds subtle at first glance because the 
design point plays the role of the mean shift of the importance sampling distribu- 
tion, detailed arguments support its legitimacy when its components bear a causal 
property. Such a process is in fact called an adapted process, and its concept is long- 
rooted in the celebrated Girsanov Theorem [30]. The use of adapted process opens 
up new variance reduction possibilities for hysteretic structures and, in general, 
complex causal systems. A stochastic control algorithm is presented in this work for 
the adapted process, which appears a natural choice because designing the adapted 
process is equivalent to designing a control law to achieve certain purposes with 
minimum energy under a stochastic environment where the future response is influ- 
enced not only by the control force but also by random white noise disturbances. 
Although stochastic control is an established area, 'off-the-shelf control laws are 
not available for first passage problems. An optimal control law (in some heuristic 
sense) is developed and its variance reduction efficiency shall be investigated. 
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2 Importance Sampling Method 

Consider a SDOF elasto-plastic structure subjected to white noise excitations. The 
displacement response of the elasto-plastic structure follows the governing equation 

x(t) + 2^0) x{t) + Fr = W(t), x(0) = x(0) = (1) 

where (a and ^ are the natural frequency and critical damping ratio of the associated 
linear system at low amplitudes; 7v is the restoring force that follows an elasto- 
plastic hysteretic rule: dFr = CD^dx if |^r| < co'^bo and dFr = otherwise; bo is 
the first yield displacement. The white noise excitation is modeled digitally in the 
time domain by 



lirS 
W{ti)=^^^Zi (2) 

where Af is the sampling time; S is the spectral intensity; {Z, : i = !....,«} are 
independent and identically distributed (i.i.d.) standard Gaussian random variables. 
Failure is defined as the first passage of the displacement response over the double 
barrier ibp within a given duration of interest nAt: 

PF = pi[j \x(ti)\ > fef j = £ [/(Z € F)] (3) 

The last expression in (3) views the failure probability as an expectation of the 

n 

indicator function I(Z€F) where F = {z € R" : [J \x(ti\z)\ > bp} denotes 

the failure region; x(?/; z) denotes explicitly the response at the i-th time step to 
the realization of white noise corresponding to z = [zi , . . . . Zn]- The expectation 
is taken with Z = [Zi. .... Z„] distributed as a standard Gaussian vector, i.e., with 
probability density function (PDF) 




</>„(z) = (2:rr«'^exp --> zf (4) 



Importance sampling [8, 9] is a popular technique for variance reduction in re- 
liability problems, especially for rare failure events where the computational effort 
required by direct Monte Carlo is prohibitive. The idea is to generate samples from 
a properly chosen distribution that leads more frequently to failure. Let /(z), called 
the importance sampling density (ISD), be a PDF whose support covers the failure 
region. By a change of probability distribution from 0„ to /, the failure probability 
is expressed as 
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/ 



Pp = E[I(Z € F)]= / /(z e F)^-^f{z)dz = E 



/(z) 



. /(Z') 



'«(z) 

(5) 

where in the last expectation Z' is distributed as / instead of (/>„ . The failure proba- 
bility is then estimated via statistical averaging by 



N 

rf)„( A;, 1 

(6) 

T I 7,1. I 
k=l 



^-^Ew...^ 



with {Zjt' : A: = 1 , . . . , A^} being i.i.d. (independent and identically distributed) sam- 
ples generated according to /. For a proper choice of/, Pp is an unbiased estimator 
for Pp. Its statistical error is often measured by its coefficient of variation (c.o.v.), 
S, defined as the ratio of its standard deviation to its mean. Due to the use of i.i.d. 
samples, 8 is inversely proportional to VN and can be expressed as 






where A is the c.o.v. of /(Z' e _F)(^„(Z')//(Z'), referred as the 'unit c.o.v.' of the 
importance sampling estimator. The unit c.o.v. A is sample-size independent and is 
often used for measuring the efficiency of the sampling method [15, 31]. It can be 
readily shown that the following identity holds, which provides insights for variance 
reduction [7]: 

A^ + 1 = -^ (8) 

Qf 

where A^^p is the conditional c.o.v. of the 'importance sampling quotient' 
i?(Z') = 0„(Z')//(Z') given that Z' e F; Qp is the probability that Z' e F, 
referred here as the 'failure rate' (to distinguish it from the failure probability Pp). 
For direct Monte Carlo, Qp = Pp (no improvement in failure rate) and A^^p = 
(since R = (p„/f = (pn/cpn = 1) and so A^ = l/Pp - l = (l - Pp)/Pp 
which checks with the classical expression for unit c.o.v. of direct Monte Carlo 
estimator. The identity in (8) suggests two general objectives in the choice of ISD: 
(1) to increase Qp hy producing more samples in the failure region and (2) to 
reduce A^ip by a proper choice of the functional form of /. The former has been 
the major consideration in the structural reliability literature, although the latter 
has important significance for stochastic simulation problems that are featured by 
a large number n (theoretically infinite) of random variables [6, 7]. Most often, 
the ISD is chosen as a Gaussian PDF or a weighted sum of Gaussian PDFs with 
unit covariance matrix; the choice of ISD then reduces to the choice of the mean 
vector(s) of the Gaussian PDF(s). 
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2.1 Distribution Shifted to a Fixed Point 



Consider first the classical case when the ISD is chosen as a Gaussian PDF centered 
at some fixed point z = [zi , . . . , £„], i.e., 



/(z) = ,^„(z-z) = (2jr)-"/2exp 



-^Efc-20^ 



z = l 



(9) 



The failure probability is then expres 


sedas 






Pf =Ef 


L /(Z') J 


= E 


^«(z + Z)" 

I <Pn{T) J 

« \ — 1 


= E 


/ (z + Z e F) exp 1 


r 1 " " \ 

\ ^ i=\ i=\ /J 





(10) 



where under E [•] the vector Z is distributed as a n-dimensional standard Gaussian 
vector with independent components. The failure probability is then estimated by 
averaging the term inside the expectation over i.i.d. samples of Z. Note that dur- 
ing importance sampling the structure is subjected to the forcing corresponding to 
Z' = z + Z, which represents the combined action of the design point excitation and 
the white noise (Z). 



2.2 Distribution Shifted to an Adapted Process 

Consider now allowing z = [zi, . . . ,Zn] to depend on Z = [Zi,...,Z„] and 
viewing {z,-: i = 1,2, . . .} as a discrete-time stochastic process. Specifically, zi is 
fixed, and for every ; = 1, 2, . . ., z, + i depends only on {Zi, . . . , Z,} but not on 
{Z, + i, Z,+2, . . .}. That is, the next future value depends on the information only 
up to the present. In the theory of stochastic process z = [zi, . . . , Zn] is called an 
adapted (or predictable) process. In our context, z may be viewed as an adaptive 
control force in a stochastic environment. In contrast to a design point that is a fixed 
vector, the choice of z as an adapted process involves the design of a set of rules 
(control law) defining how a realization of the process is generated. 

For a given adapted process z, consider a transformation from Z to Z' defined by 



Z' = z(Z') + Z 



(11) 



where the sequence {Zi', Zj' , . . .} is generated sequentially from {Zi, Zj, . . .} as 
follows: 



Zi' = Zi + zi; Z2' = Z2 -t- Z2(Zi'): Z3' = Z3 + z3(Zi', Z2'); 
Z4 = Z4 + za{Z\ ,Z2 ,Z^); . . . 



(12) 
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In general, for i > I, 

Zi + i' = Zi + i + z, + i(Zi', . . . , Zi') = Zi + i + z, + i(Z'(')) (13) 

where Z'^'^ = [Z/ , Z,'] denotes the components of Z' up to the /-th time step; 

a similar notation applies for other processes. 

To obtain the PDF for Z', note that during importance sampling, {Z\ , . . . , Zn} 
arei.i.d. standard Gaussian. Given {Zi', . . . , Z,'},z,-(-i(Z'^'^) is already determined, 
and hence Z, + i' in (13) is Gaussian with mean z, + i(Z''^'') and unit variance. The 
conditional PDF of Z, + i' given Z'^'^ = [zi' , . . . , Zi'] is thus given by 

p(zi + i'W^'^) = </'i(z, + i' -z, + i(z'('')) (14) 

where (pi (•) denotes the one-dimensional standard Gaussian PDF. Here, the lower- 
case letters denote the input argument of the PDF for the random vectors denoted by 
upper-case letters. We also use />(■) to denote a generic probability density function, 
and p{-\) for the conditional counterpart. The joint PDF for the random vector Z' 
can be obtained by sequentially conditioning on Z''^'^ (/ = « — 1, « — 2, . . .): 

n 

p{z') = ;7(z'W) = ;,(z;|z'(«-i));7(z'(«-i)) = •■• = p(zi')Ylpizi'W^'-'^) 

1=2 

(15) 
Using (14), this becomes (abbreviating z,(z'^'~^^) as z,) 



piz') = </>! (zi'-zi) n Mzi'-Zi) = (pni^'-i) = (2;r)-"/2 exp 



1=2 



(16) 



2 

z = l 



which is the same expression as if z were fixed. 

In summary, it is legitimate to make a change of distribution to a Gaussian PDF 
centered at a stochastic vector z when it has a causal structure; the corresponding 
PDF takes the same form as the one with a shift of a deterministic mean vector. 
The resulting ISD is no longer Gaussian in z', however, because z now depends 
on z'. Provided that ||z|| < oo almost surely, the importance sampling estimator is 
valid with a finite variance. The continuous-time or infinite dimensional {n —^ oo) 
analogue of this result is the Girsanov Theorem [30, 32]. 



3 Stochastic Control Approach 

The adapted process acts as a feed-forward control force in the time domain. Its 
design involves the specification of a stochastic process, or a control law, in contrast 
to the choice of design point excitation that only involves specification of a fixed 
vector. Two issues need to be resolved: (1) to specify a practical design goal and (2) 
to design an algorithm that meets the specified goal. Ideally, the design goal is to 
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minimize the unit c.o.v. A of the failure probability estimate. This is not practical, 
however, because A is analytically intractable; computationally the estimation of A 
is even more difficult than the failure probability. A practical goal is one that can 
be readily analyzed so that specific algorithms can be devised. According to (8), 
A can be reduced by increasing Qp and reducing ^r\f- As Qf and I^r\f are 
difficult to analyze and control directly, we shall work with their proxies instead. 
We take the energy of adapted process as a proxy for A/}|f , which can be reasoned 
from the variance of the exponential term in (10). The design goal is to grow the 
response to excursion with as less energy as possible. These two objectives are often 
conflicting. For a given class of control strategy one does not know a priori the 
optimal combination of Qf and I^r\f that minimizes A. A prudent choice should 
trade-off between Qf and 1^r\f in order to reduce A. 

An attempt was made in [33] to design the adapted process using heuristic rules, 
which was theoretically simple because it only involved a set of logic rules and the 
algorithm parameters could be assigned in an intuitive manner. The decision rule 
was based on the adapted process acting alone and ignored the effect of the white 
noise excitation that actually acts together with the adapted process. It is thus of in- 
terest to explore possible gain in efficiency when the decision rule takes effect of the 
white noise into account. A stochastic control approach provides a rigorous machin- 
ery for this, which turns out to be more generic and allows for further development. 

We first focus on the up-crossing problem and then extend the results to apply 
for a double-barrier problem. We consider the stochastic control problem of driving 
the response to have large positive plastic excursion, assuming the current state is 
in the linear regime. The objective is to drive the response from the current state in 
the linear regime to yielding. This objective does not directly address the original 
objectives in the first passage problem but it simplifies the design of controller. For 
the purpose of deriving the control law we shall work in continuous-time as the 
derivation is more elegant. Under importance sampling the governing equation in 
the linear regime is given by 

x{t) + 2^a)x(t) + a}^x(t) = W(t) + u(t) (17) 

where x(t) is measured relative to the current neutral axis; u(t) is the adapted 
process in the time domain, related to that in the standard Gaussian space by 
u{ti(;) = ^/ijiS/ At Zk- Interpreting in the Ito sense, x follows the stochastic differ- 
ential equation 

dx = [u — ii(x, x)\dt + a dB (18) 

where /U,(%,x) = co'^x+2^cox,a = \/2jtS and dB = Wc// is the standard Brownian 
motion increment (£[(fif5)^] = dt). 

Consider designing a control force that depends on the current state (x{t), x{t)). 
For a given future realization define the objective function as 

1 f" 
J{u) = -\ u{sfds + Xxr-X2[x{r)]+ (19) 



i-) = \[- 
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where Ai, A2 > are positive constants to be specified; r = mf{s > t: \x(s)\ > bo} 
is the (random) time at which the response exits the linear-elastic regime, assuming 
{x{t),x(tj) is in the linear-elastic regime; [•]+ = max(-,0) gives the value of its 
argument when positive and zero otherwise. The objective function J{u) increases 
with the energy of the adapted process u until yielding. It also increases with the 
time until yielding, through the second term in (19). The third term decreases with 
the exit velocity at positive yielding (with positive plastic displacement) and is zero 
if yielding occurs with negative exit velocity (and hence causing negative plastic 
displacement). The third term thus favors positive yielding and remains neutral to 
negative yielding. 

Since J(u) depends on the stochastic future the actual objective function for 
design shall be expressed through its expectation conditional on the current state: 



'"[Ur 



E[J(u)\x{t),x(t)] = e\- / u(s)^ds + Xit - X2lx(r)]+ 



x(t),x{t) 



(20) 



Minimizing E[J{u)\x{t),x{t)] will therefore achieve three objectives through 
the three terms discussed, respectively: (1) reducing the control effort to yielding; 
(2) reducing the time to yielding; and (3) promoting positive yielding. Relative im- 
portance of these three objectives are controlled by a proper choice of the parameters 
Ai and Xj- We shall come back to this after we have derived the control law. 



3. 1 Bellman 's Equation 

The minimization should be performed on the space of all admissible control strate- 
gies that depend only on the information up to the present. The stochastic control 
problem corresponds to one of an indefinite time horizon, i.e., the time span over 
which the performance is evaluated is not fixed but is dependent on the stopping 
time r. With a time invariant system it can be argued that the control law and the 
minimum of the objective function depend only on the current state but not explicitly 
on time t [34]. Let V(x. x) be the minimum, i.e., 

V(x,x) = imnE[J{u)\x,x] (21) 

u 

Assuming V is sufficiently smooth to apply Ito Calculus, 

dv dv ,. 1 d^v , 

dV = -—dx + -—dx + - ^rrrCf dt ill) 

ax ax 2 d.T^ 

On the other hand, by noting that u(t) is determined once the current state 
(x(?), i:(f)) is known, it can be argued using the principle of dynamic programming 
[35] that 

V{x{t),x(t)) 

= mm\ {^-^ + Xi\ dt + E[V{x(t +dt),x(t +dt))\x{t),x{t)]\ ^ ' 
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Using 

V(x(t + dt),x{t + dt)) = F(x(0,i(0) + dV (24) 

and taking conditional expectation, one obtains 

E[V{x{t + dt),x{t + dt))\xit),x{t)] 



dV . dV , , .,, 1 a^F 



V(x,yi) -\- -—xdt -\- —r\ii — [Ji{x,ii)\dt -\ ^rr^^cr dt (25) 



2 



'dx dx '2 dx 

where the quantities on the RHS are evaluated at time t. Substituting into (23) and 
noting that V{x, x) on both sides cancel out, one arrives at the Bellman's equation 
[35] that governs the optimal choice of M(f) given state information at time t: 

minl—x+—[u-iJ.(x,x)] + --—a^ + -u'- + Xi\ =0 (26) 

Solving for the minimum gives the optimal control force 

dV{x,x) 

u {x,x) = (27) 

ax 

and the resulting Bellman's equation reads 



dv dv ^ , la^i/ 1 /ai/\2 

x+^u-ji{x.x)]+--—o^--[-^\ +Ai=0 (28) 



dx dx '2 dx^ 2\dx) 

Because of the way V is related to the control force, it is often called the 'control 
potential' . The Bellman's equation in (28) is a nonlinear partial differential equation 
(PDE) on the state-space domain (— Zjq, ^o) x (— oo, +00). Note that only the first 
two terms of / are reflected in (8). The third term of /, which is related to the exit 
velocity, is reflected in the boundary conditions for V: 

V{bo, x) = -X2X for X > and V{-bo, i) = for i < (29) 

The Bellman's equation belongs to a class of PDEs that can often be solved 
numerically by iteration, despite its nonlinearity. We next present the numerical 
solution for V by means of a method called Jacobi iteration [34]. The partial deriva- 
tives are approximated by their finite difference on a mesh of the domain. For this 
purpose it is important to recognize the flow of information from the boundary con- 
ditions to affect the solution within the domain. For x > 0, the right boundary 
X = bois constrained and so information should flow leftward, suggesting a forward 
difference for dV/dx. Similarly, for x < 0, F is constrained on the left boundary 
X = —bo and so a backward difference should be used for dV/dx. For x = 0, dV/dx 
does not appear in the equation. By similar reasoning, we approximate dV/dx by 
forward, central and backward difference for x > 0, x = and x < 0, respectively. 
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Approximating the partial derivatives in (28) by their finite difference and minimiz- 
ing, one obtains the optimal control force as the finite difference approximation of 
the control potential. The resulting Bellman's equation is 

ViJ = Pi ViJ+i + PiVij-i + PiVi+ij + Bij (uif + Ai) (30) 

where 

3 3 

Pk = Pk I J2 p^'' ^'-j = V ^ P'' ^^^^ 

r=\ r=\ 

and. 



2Axj,/^' ■^^ 2Ax,-,y^ Ai:,-,,- ' " " Axt 



a , a Ui i — iij i , IX,- 1 

P^' = T7—2- P^ = W7—2 - -""ITT^^ P^ = X^ '^'^'J > (32) 



^^ ~ 2Ax,-,/ 2Ax,-,y ' P^ ~ lAxif lAxij ' 

po,' = for Xij = (33) 



, (T^ M,- ,- — W,,- ,- , (T^ , |x,-| 



We have dropped the dependence on (i, j) in pf^ and pj^' to simplify notations. 
Note that Vij in (30) cannot be solved explicitly because Uij- depends on Vjj. 
Nevertheless, the equation suggests solution for Vij- through the following iteration: 

^ij -Pi ^ij+i+Pi Kj-i+P3 •/,- + i,,- + «,:,,- (M,-,y + Ai) (35) 

where a superscript '(«)' denotes that the quantity is calculated using value at the 
«-th iteration. Convergence of this iterative scheme is ensured by requiring that 
Pi + Pi + pT ~ 1 ^'^'^ Pi ' Pi ^ P" > ^' since then the mapping from the 
matrix F^") = [V^"j']ij to ^^"+1^ = [vl'j'^%j is a contraction. The first require- 
ment is automatically satisfied by the definition of p]^ ■ The second requirement 
can be enforced by limiting uij to lie within I /ij" — -jj, /xj" + ;5j ) . The control 
law obtained in this manner is optimal only among the space of all those that make 
the iterative scheme convergent. The bounds on m, y are inactive when Ax -^ 0. 
This means that when the bounds are found to be active the converged solution is 
only suboptimal and it can be improved by refining the mesh on x (reducing Ax). 

The parameters X\ and A2 control the relative importance of the three objectives 
in the design of the optimal control law. In principle they can be chosen to maximize 
variance reduction, although such choice is not trivial and may not be worthwhile 
to pursue. For effective variance reduction it is sufficient to assign their values to 
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the right order of magnitude. As a simple choice, we may require the three terms in 
E[J(u)\x, x] to be of the same order of magnitude, which suggests 



Ai 



= 0(^)andA, = 0(J-) (36) 



where E is the energy of the linear-elastic design point that pushes the structure from 
rest to the level x = b al time Iq. The time to may be taken as some reasonable time 
at which the response is expected to go from the linear regime to yielding. Note that 
the linear-elastic design point can be obtained easily from the unit impulse response 
function. The assignment of X i and A2 need not be precise, as the aim is to specify 
them just to the right order of magnitude. 



3.2 Double Barrier Problem 

For single-barrier problems, e.g., up-crossing failure, one can use an adapted process 
designed for up-crossing and then apply importance sampling using fixed point. 
For double-barrier crossing problems, one can use an average of ISD based on the 
up-crossing and down-crossing adapted process to account for failures due to up- 
crossing and down-crossing, respectively: 

/(z)=i<^(z-z+)+i</.(z-r) (37) 

where z_(. and z_ denote the adapted process for up- and down-crossing respec- 
tively. By symmetry the up-crossing and down-crossing adapted process in the time 
domain are given by: 

+ dV(x,x) _ dV{-x,-x) 

M = ^. , M = ^. (38) 

ax ax 

Using the ISD in (37), the failure probability is given by 

Pf = 2Ef [I(Z' e F)R{Z')] (39) 

where the expectation is taken with Z' distributed according to / and 



R{z') = 



i0(z'-z+) i(piz'-z-y 



(40) 



2 0(z') 2 (P{z') 

Evaluating the expectation in (39) to account for the bimodal nature of / gives 

Pf = E+ [/(Z' e F)R{Z')] + E- [/(Z' e F)R{Z')\ = 2E+ [/(Z' e F)R(Z')] 

(41) 
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where the subscript ' + ' in the first expectation denotes that Z' is distributed as 
(/)(z — z+); similar notation applies for the second expectation. The second equality 
makes use of the observation that the up-crossing and down-crossing expectations 
are the same, due to symmetry. 



4 Numerical Investigation 

Consider an SDOF elasto-plastic structure with a) = 2ji, ^ = 1% and yield 
displacement bo=l- Failure is defined as first passage over the double barrier 
x = ±bF, bp = 3, within a duration of interest tp = 20 s. The spectral intensity 
of the white noise is assumed to be S = 0.86, for which the response standard 
deviation at 20 s is approximately equal to 1. 



4.1 Control Law 

We first study the characteristics of the control law. Here we set Ai = A2 = 2, which 
is found to yield a reasonable failure rate. Other values of X 1 and X2 shall be consid- 
ered later when variance reduction is investigated. Figure 1 shows the contour of the 
control potential V(x, x) and the corresponding control law u(x. x). These are com- 
puted by Jacobi iteration on a 40 x 400 (x, x)-grid shown in the figure. As enforced 
by the boundary conditions, V is identically zero along the lower-left boundary 
and it decreases with x along the upper-right boundary. It is seen that V behaves 
differently in the upper and lower quadrants, partly due to the different boundary 



Fig. 1 Contour of control 
potential V{x, x) and control 
force u{x,x) 
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conditions imposed in the first and third quadrant. In the lower quadrants (third 
and fourth) it is essentially zero, while in the upper quadrants (first and second) 
it roughly decays radially with x and x/w, which is akin to the total energy. The 
control law u{x, x) shown in Fig. lb, which is just —dV/dx, shows a peak in the 
upper quadrants and a trough in the lower quadrants, although the former is more 
pronounced. The contour shows that the control law is not directly proportional to x. 
It does not increase monotonically with x even within the increasing region the rate 
is not constant. This suggests that a constant gain feed-forward rule can be far from 
being optimal. When x is small the control law is small regardless of x. This is 
the region where the stochastic effect of the white noise dominates and so saving 
control effort is a good strategy. 

We next investigate the manner in which the control law drives the response to 
first passage failure. As a reference Fig. 2 shows the design point excitation that 
targets to drive the response to first passage failure at 20 s, computed using an ef- 
ficient algorithm documented in [27]. The design point excitation initially grows 
the response by resonance. It then applies positive pulses to create positive plastic 
displacements that accumulate until failure while avoiding negative plastic displace- 
ments. The design point excitation is effective in generating large response only in 
the absence of white noise. During importance sampling where the excitation con- 
sists of the design point excitation and white noise, previous studies reported that its 
actions are not effective, leading to a small failure rate [29]. 

Figures 3 and 4 show two typical samples of the control force u{t), the cor- 
responding response x{t) and hysteretic history of restoring force. Note that the 
response x{t) is due to the combined action of the control force and white noise 
(not shown). The samples of control force exhibit two properties that are impor- 
tant to generating response effectively: (1) resonance and (2) asymmetry that avoids 
negative plastic displacements. Their adapted stochastic nature promotes synchro- 
nization with the response and maintains their effectiveness. 




Fig. 2 Design point excitation (first passage failure at 20 s) 
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Fig. 3 Random sample of u{t) and corresponding x(t) (not failed) 




Fig. 4 Random sample of u{t} and con'esponding x{t) (failed at 17.5 s) 



4.2 Variance Reduction 



We first investigate the robustness of the control force (for the purpose of impor- 
tance sampling) with respect to the choice of Ai and Xj- We consider different 
combinations of their values and perform importance sampling in each case. The 
combinations covered Ai = 1, 1.5 and A2 = 1.5, 2, 2.5. In all cases the contour 
of control law was found to be qualitatively similar. The unit c.o.v. was esti- 
mated with one hundred thousand (100,000) samples. The results are summarized 
in Table 1. For each combination of Ai and A2 the values of the unit c.o.v. A, fail- 
ure rate Qf and conditional c.o.v. A^i^ are shown. Variance reduction is assessed 
in term of the unit c.o.v. A, whereas its mechanism can be analyzed with Qf and 
Ar\f, through the identity in (8). Here, the values of Ai and A2 chosen, in multiples 
of their respective scales, are of the order of 1 . The values chosen are intended to 
illustrate the effect of A 1 and A2 on efficiency, and the trade-off between trade-off 
of Qf and Ar^f that possibly leads to a minimum A. 

As shown in Table 1, the failure rate Qf increases with both Ai and A2. This is 
expected because in the objective function Ai reflects the importance of the time to 



62 S.-K. Au 

Table 1 Variance reduction for different choice of A < and A 2 





XiixE/cobo) 


Qf,^,^r\f 


1.5 2 2.5 


A, (xE/to) 1 
1.5 


5%, 9.8, 2.0 12%, 9.7, 3.2 24%, 13.6, 6.6 
9%, 9.0, 2.5 21%, 7.6, 3.4 38%, 12.8, 7.9 


Table 2 Previous reports on variance reduction 


Method Failure rate 2 ;? Unit c.o.v. A Conditional c.o. v. A/i|f 


Direct MCS 2.4 x 10"^^ 204 
IS-design point [29] 5% 38 8.4 
IS-adapted [33] 14% 20 7.4 



next yield, while A2 reflects tlie importance of exit velocity. The higher the value of 
X 1 , the more important it is to shorten the time to next yield and hence the higher 
the power the control law will spend. On the other hand, a high value of A2 targets 
a high exit velocity, which again increases the power. 

The conditional c.o.v. A^^p increases with the failure rate because it roughly 
increases with the energy of the adapted process (control force). The rate of increase 
is not uniform and can be quite drastic for high failure rates. The net effect is that 
variance reduction is better achieved with a balance between the failure rate and the 
conditional c.o.v. As shown in Table 1, the value of unit c.o.v. is similar for different 
combinations of Ai and A2. No optimization with regard to (Ai, A2) is intended in 
this work, although it is observed that variance reduction is highest around A 1 = 1.5 
and A2 = 2. It is more important for the variance reduction capability to be robust 
to the choice of (Ai, A2) than to locate the optimal value of (Ai, A2) because the 
optimum is likely to be problem dependent. 

The unit c.o.v. in other range of values of Ai and A2 can be expected from their 
roles in the method. Essentially, as their values initially increase from zero they tend 
to decrease A because in that range they can increase the failure rate significantly 
while overweigh the accompanying increase in Ajj|f . At the other extreme if they 
are very large too much effort is spent on driving the response to plastic excursions 
and their large energy will lead to exponentially large Ar^f. The resulting detrimen- 
tal increasing effect on A can hardly be compensated by the increase in the failure 
rate Q p ■ The range of values of A 1 and A2 shown in the Table 1 is the 'interesting' 
region where the effects of Qp and Ar\p are trading off. 

We next investigate the variance reduction capability of the proposed importance 
sampling method. As a reference the failure probability has been estimated by direct 
IVIonte Carlo with one million samples to be 2.4 x 10~^ (c.o.v. = 20%). The fail- 
ure probability has been previously estimated by importance sampling with design 
points [29] and importance sampling with adapted process designed heuristically 
with updating at stationary points [33]. Table 2 summarizes the reported variance 
reduction efficiency. 

The values of unit c.o.v. reported in Table 1 are generally smaller than those 
reported previously, reflecting a progress in variance reduction. In particular, for 
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a similar failure rate the conditional c.o.v. of the proposed method is significantly 
smaller than that of the adapted process developed in the previous work ([33], last 
row), demonstrating the effectiveness of the stochastic control law. To make a com- 
parison in terms of computational efforts, suppose a. S = 30% c.o.v. in the target 
failure probability of 2.4 x 10~^ is desired. This means the average number of sam- 
ples required is A^ = A^/S^ ~ lOA^. Based on the values of A reported in Tables 1 
and 2, the number of samples for direct MCS, importance sampling using design 
points [29], importance sampling using previous heuristic rules [33] and the present 
work are 416 x lO'', 14 x lO'', 4 x lO'' and 1 x lO''. Here, for the present work 
we have used a representative value of A = 10. These numbers show a progressive 
improvement in variance reduction using importance sampling technique. 

Finally, the computational efforts required by different methods on the problem 
are summarized in Fig. 5, which shows the number of samples required to achieve 
a c.o.v. of 50% in the failure probability estimate. As a baseline the computational 
effort required by direct Monte Carlo (straight line) grows in an exponential man- 
ner with decreasing failure probability. Since direct Monte Carlo is the most robust 
method, any method that performs to the right of the line, and hence is less effi- 
cient, should be disposed of. The scattered dots show the performance of methods 
that make use of Markov Chain Monte Carlo (MCMC), e.g.. Subset Simulation and 
line-sampling, as reported in Schueller & Pradlwarter [15]. Along the effort on im- 
portance sampling for elasto-plastic structures, the triangles show the performance 
using design points [29], which have similar efficiency as methods using MCMC. In 
an overall sense it is inferior to methods using MCMC because it is less robust. The 
squares and the stars show the performance using adapted process constructed based 
on heuristic rules and stochastic control theory, respectively. They show a progres- 
sive improvement in efficiency, although not as drastic as importance sampling for 
linear structures. 
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5 Conclusions 

An importance sampling method based on adapted process has been presented. 
There is great flexibility in the design of the adapted process, although a stochastic 
control approach has been adopted in this work. While the ideal design goal for the 
purpose of solving the first passage problem is not clear, it has been set heuristically 
and seemed to work well. Given such goals, the actual algorithm that generates the 
adapted process as a stochastic process is derived following a stochastic control ap- 
proach. The objective function reflects the expected energy needed to next yield 
as well as the exit velocity. This objective is heuristic but it simplifies design of 
the controller. Determining the optimal controller involves solution of a control po- 
tential that satisfies the Bellman's equation. The Bellman's equation is a nonlinear 
PDE on the state-space of response, and it is numerically solved by Jacobi iteration 
method. When the control potential cannot be solved analytically, as is often the 
case, it implies that the method will suffer from the curse of the state-space dimen- 
sion for MDOF structures. In view of this, a viable strategy is to use control law 
that only depend on partial observation of the response state. For example, the un- 
observed states of the structure may be estimated by filtering techniques in order to 
allow the Bellman equation to be written in terms of the observable states, which can 
be of much lower dimension than the full states of a general MDOF structure. The 
resulting control law will be suboptimal to the one that uses full-state information, 
but its design is much more manageable. After all, by speculation a good design that 
can systematically cope with the complexity of the hysteretic phenomenon suffices 
to bring out the merit of importance sampling. 
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Use of Time- Variant Spectral Characteristics 
of Nonstationary Random Processes 
in the First-Passage Problem for Earthquake 
Engineering Applications 



Michele Barbato 



Abstract In this work, the spectral characteristics of non-stationary random 
processes are applied to the time-variant first-passage problem in structural 
reliability. The first-passage problem consists in computing the probability of a 
response quantity exceeding a deterministic threshold in a given interval of time 
when the parameters defining the structural system and/or the loading are random 
quantities. The Vanmarcke and modified Vanmarcke approximations of the failure 
probability are expressed herein as integrals in time of the closed-forms of the 
corresponding hazard functions. These closed-forms refer to linear elastic systems 
subjected to a time-modulated coloured noise base excitation and are obtained using 
the corresponding closed-form solutions for the time-variant bandwidth parameter 
of the system response processes. These approximate solutions to the first-passage 
problem are compared with the classical Poisson approximation and Monte Carlo 
simulation results for an idealized linear elastic model of a three-story one-bay 
shear-type steel building. The retrofit of this benchmark structure with viscous 
dampers is also considered, allowing (1) to illustrate the use of the newly available 
closed-form approximations of the failure probability for non-classically damped 
linear elastic systems and (2) to show an example of practical use in structural en- 
gineering of the presented analytical derivations. The earthquake base excitation is 
modelled as a filtered white noise process defined by the well-known Kanai-Tajimi 
equation and time-modulated by the widely-used Shinozuka and Sato modulating 
function. The failure condition is expressed in terms of interstory drifts outcrossing 
specified deterministic thresholds. The results presented in this study show that 
the two Vanmarcke approximations can improve considerably the estimates of the 
failure probability for the first-passage problem when compared with the simpler 
Poisson approximation. 
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1 Introduction 

The dynamic behaviour of structural and mechanical systems subjected to uncertain 
dynamic excitations can be described, in general, through random processes. The 
probabilistic characterisation of these random processes can be extremely complex, 
when non-stationary and/or non-Gaussian input processes are involved. However, 
specific applications may require only an incomplete description of the considered 
stochastic processes, based on the process spectral characteristics [1, 2]. In par- 
ticular, the so-called non-geometric spectral characteristics (NGSCs) [3-6] can be 
employed to evaluate the time-variant central frequency and bandwidth parameters, 
which characterise in a synthetic way a non-stationary stochastic process (NSSP). 
The NGSCs have been proved appropriate for describing NSSPs and can be effec- 
tively employed in structural reliability applications, such as the computation of 
the time-variant probability that a random process out-crosses a given limit-state 
threshold [7]. 

In this work, exact closed-form analytical solutions for the NGSCs of NSSPs 
representing the response of single- and multi-degree-of-freedom (SDOF/MDOF) 
linear elastic structural models subjected to time-modulated coloured noises are il- 
lustrated and employed. These solutions were derived and presented in a previous 
work by the author [6], based on the extension of NGSCs to complex- values stochas- 
tic processes [5]. These NGSC closed-form solutions correspond to the following 
significant advances in random vibration theory: (1) the presented solutions are in 
analytical form, while previous exact solutions required numerical solution of inte- 
gral expressions [7-9]; (2) the input process is generalized from a time-modulated 
white noise to a time-modulated coloured noise; and (3) the structural models con- 
sidered here include not only proportionally damped but also non-proportionally 
damped SDOF/MDOF linear elastic systems. The NGSCs are used in this study to 
compute exactly and in closed-form the time-variant central frequency and band- 
width parameter of the response processes of both classically and non-classically 
damped MDOF linear elastic systems subjected to earthquake base excitations 
modelled as time-modulated coloured noise models. These closed-form solutions 
are then used to compute the classical and modified Vanmarcke approximations 
of the first-passage problem failure probability [10-12], with particular focus on 
earthquake engineering applications. For the sake of simplicity and without loss of 
generality, all random processes considered in this study are zero-mean processes. 
For these processes, the auto- and cross-covariance functions coincide with their 
auto- and cross-correlation functions, respectively. 



2 Central Frequency and Bandwidth Parameters 
of Non-Stationary Stochastic Processes 

A non-stationary stochastic process (NSSP) X(t) can be expressed in the general 
form of a Fourier-Stieltjes integral as [1] 
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in which t = time, co = frequency parameter, j = V— T, Ax(co,t) = complex- 
valued deterministic time-frequency modulating function, and dZico) = zero-mean 
orthogonal-increment process defined so that 

E[dZ*(cL>i) ■ dZ(cL>2)] = 't'(o)i) ■ S(cl>i — ^2) ■ dcL>idcL>2 (2) 

where £[■] = mathematical expectation, <P(ft)) = power spectral density (PSD) func- 
tion of the embedded stationary process Xsit), defined as 
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S{-) = Dirac delta function, and the superscript (•)* denotes the complex-conjugate 
operator The process X(t) has the following evolutionary power spectral density 
(EPSD) function: 

0xx(m, t) = A\(cD, t) ■ 0((a) ■ Axica, t) (4) 

It is also convenient to define the process Y(t) as the modulation (with mod- 
ulating function Axico, ?)) of the stationary process Ysit) defined as the Hilbert 
transform of the embedded stationary process Xs(t) [13, 14] i.e.. 



/ 



00 

J cot 



Y(t) = -j / signCw) -AxiMj)- e"^' ■ dZ(a)) (5) 



For each NSSP X{t), two sets of non-geometric spectral characteristics (NGSCs) 
can be defined as follows [5] 



Cik^XxiO 



Cik,XY{t) 



/oo 
't>x(nxmio),t) ■ da) = CxV)xm{t) 
-00 

/oo 
-00 



(6) 



where Cjf(/)x(*)(0 = cross-covariance of random processes X^^'(t) and X^ '{t), 
and C;f(/)7(/t)(0 = cross-covariance of random processes X^'^{t) and F^^-*(f), in 
which 

iy('")(f)= ^"^(0 W = X,Y\ m = i,k (7) 

df" 
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The evolutionary cross-PSD functions <Px<'> w(*> (^' W = X.Y and i.k = 
0, 1, . . .) are given by 

^x('>w<'t)('^'0 = A*^(^){co,t) ■ 0(a)) ■ A^(k){(»J) (8) 

where [5] 

A^uAc^J) = e-J'" ^[Aw(a)J) ■ eJ'"] (9) 

Herein, it is assumed that the time-derivative processes in Eq. 6 exist in the mean- 
square sense. In the particular case when i = k = n , the cross-covariance in 
Eq. 6i reduces to the variance of the «th time-derivative of the process X(t), i.e., 

CxMxwit) = CT^(„)(f). 

The four NGSCs Coo,jfx(0> c^^xxit), coi,zz(0 and Coi,xf(0 are particularly 
relevant to random vibration theory and time-variant reliability applications. In 
fact, coo,xx(0 and Cii,xx(0 represent the variance of the process and of its first 
time-derivative (i.e., a|-(f) and o^{t)), respectively, Coi,xx(0 denotes the cross- 
covariance of the process and its first time derivative (i.e., C^^j^it)), and Coi,xf(0 
represents the cross-covariance of the process X{t) and the first time-derivative of 
the process Y{t) (i.e., C^j,(?)). Notice that the definitions in Eq. 6 for Coo,xx(0' 
C\\,xx{t), CQ\^xx{t) and Coi,xf(0 are valid for both real- valued and complex- valued 
NSSPs [5]. In the case of real-valued NSSPs, these definitions are equivalent to the 
one proposed in [3,4]. The NGSCs Coo,xxit), cn^xxU) and Coi,xy(0 are used in the 
definition of the time- variant central frequency, (adt), and bandwidth parameter, 
q(t),oftheNSSPX{t)sis[5] 

. . _ coi^f(0 _ C^HO .,„. 

<^c(t) = -7- = 2/>x ^^^> 

cm,xx{t) cr^(0 

'■X 



^^-^^r ^00,^(0 -^.^co ^r-4(^fe(o' '''' 



The time-variant central frequency and bandwidth parameter are useful in de- 
scribing the time-variant spectral properties of a real-valued A^^SP X{t). The central 
frequency fiJcCO provides the characteristic/predominant frequency of the process 
at each instant of time. The bandwidth parameter q{t) provides information on 
the spectral bandwidth of the process at each instant of time. Notice that a NSSP 
can behave as a narrowband and a broadband process at different instants of time. 
For complex-valued NSSPs, the complex-valued central frequency and bandwidth 
parameter defined in Eqs. 10 and 1 1 lose the simple physical interpretation available 
for real-valued NSSPs, even though the computation of the corresponding NGSCs 
is instrumental to the solution of problems requiring a state-space representation. 
In addition, the bandwidth parameter q{t) plays an important role in time-variant 
reliability analysis, since it is an essential ingredient of analytical approxima- 
tions to the time- variant failure probability for the first-passage reliability problem 
[11,12,15-19]. 
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3 Spectral Characteristics of the Stochastic Response 
of SDOF/MDOF Linear Systems Subjected 
to Non-Stationary Excitations 

In this section, the spectral characteristics of the response processes of SDOF/MDOF 
linear systems subjected to non-stationary excitations are introduced. First, complex 
modal analysis is briefly reviewed and the complex modal response processes are 
computed. Then, the spectral characteristics of the (real- valued) response processes 
of linear systems are obtained from the spectral characteristics of the complex 
modal response processes. Finally, the closed-form solutions for the spectral char- 
acteristics are presented for linear elastic systems subjected to time-modulated 
coloured noise excitations. 



3. 1 Complex Modal Analysis 



A state-space formulation of the equations of motion for MDOF linear systems 
is useful to describe the response of both classically and non-classically damped 
systems [20]. The general (second-order) equations of motion for an n-degree-of- 
freedom linear system are, in matrix form. 



MU(0 + CU(f) + KU(0 = VF{t) 



(12) 



where M, C, and K = « x « time-invariant mass, damping and stiffness matrices, 
respectively; U(0 = length-« vector of nodal displacements, P = length-« load dis- 
tribution vector, F(t) = scalar function describing the time-history of the external 
loading (random process), and a superposed dot denotes differentiation with respect 
to time. The matrix equation of motion, Eq. 12, can be recast into the following 
first-order matrix equation 



Z(0 = GZ(f ) + VF{t) 



(13) 



where 



z(0 = 



u(0 
t(t) 



(2nxl) 



(14) 



"nxn 



In 



-M-iR-M^'C 



(2nx2n) 



(15) 



P = 



0«xl 

M~ip 



(2«xl) 



(16) 



72 M. Barbato 

The subscripts in Eqs. 14-16 indicate the dimensions of the vectors and matrices 
to which they are attached. Using the complex modal matrix T formed from the 
complex eigenmodes of matrix G, the first-order matrix equation given in Eq. 1 3 
can be decoupled into the following In normalised complex modal equations 

Si{t) = Xi-Si{t) + F{t), i = \,2....,2n (17) 

where S = [Si (t) 82(1) ■ ■ ■ S2n (01^ = normalised complex modal response vector, 
A, (/ = 1, . . . , 2«) = complex eigenvalues of the system matrix G, and the super- 
script i-)^ denotes the matrix transpose operator. The response of the linear MDOF 
system can be obtained as 

Z(0 = TrS(f) = tS(0 (18) 

in which F = diagonal matrix containing the 2« modal participation factors F,, 
defined as the ith component of vector T~^P = [Fi F2 . . . F2n]^ , and T = T7^ = 
effective modal participation matrix. Assuming that the system is initially at rest, 
the solution of Eq. 17 can be expressed by the following Duhamel integral: 

Siit)= I e^'-^'-^'* ■Fir)-dr, i = l,2,...,2n (19) 

It is worth mentioning that the normalised complex modal responses Si (t), i = 
1, 2, ... ,2;;, are complex conjugate by pairs. In the case of a non-stationary loading 
process, the loading function F{t) can be expressed in general as (see Eq. 1) 

/oo 
AF(co,t)-e-''^' ■dZ(m) (20) 

-00 

It can be shown that the normahsed complex modal responses are given by 

/oo 
As^iM.O-e'"" -dZico), i = l,2,...,2n (21) 

-00 



where 
As, 



'.{co,t)=j e'^^'-J'^'''^'-'"'' ■AF{a),z)-dr, i = l,2,...,2n (22) 

J— CO 



3.2 NGSCs of Response Processes of MDOF Linear Systems 
Using Complex Modal Analysis 

The state- space formulation of the equations of motion is also advantageous for 
the computation of the NGSCs of response processes of both classically and non- 
classically damped MDOF linear systems. If only Gaussian input processes are con- 
sidered, only few spectral characteristics are needed to fully describe the response 



Time- Variant Spectral Characteristics in Earthquake Engineering 



73 



processes of MDOF linear elastic systems, since the response processes are also 
Gaussian. In particular, if Ut (t) denotes the /th DOF displacement response process 
of an MDOF linear elastic system subjected to Gaussian excitation, the only spectral 
characteristics required, e.g., for reliability applications, are {i = 1, 2, . . . , «) 



■coo,c/,c/,(0 = 0-^,(0 
cii,c/,[/,(f) = 0-^ (f) 

Co 1,(7,- (7,(0 = Cjj.fj.(t) 

.coi,(7/#;(0 = Cfj.^.it) 



(23) 



where ^ is the first time-derivative of the process ^ defined as (see Eq. 5 and 
[13,14]) 



/OO 
signico) ■ Au, (tt), ■ e^'"' • dZ{m), i = l,2,...,n 
-OO 



(24) 



and AuiiMj) = time-frequency modulating function of the process (/,(?)■ Similarly 
to the response processes (see Eq. 14), the following auxiliary state vector process 
can be defined 



^ 
^ 



(25) 



(2«xl) 



Using complex modal decomposition, the cross-covariance matrices of the re- 
sponse processes and the auxiliary processes can be computed as 



E[Z{t)Z^(t)] = t*£'[S*(OS^(0]t'^ 
E[Z(t)S'^(t)] = t*£[S*(0-S'^(0]t^ 



(26) 
(27) 



where the components of the vector process I^ = [X'i(0 •£'2(0 
defined as 



/. 



Si (0 = -;• / signico) ■ As^ (co, t) ■ e'"" ■ dZ(a)), i = \,2 



^2nit)V are 



(28) 



Equations 26 and 27 show that all quantities in Eq. 23 can be computed from 
the following spectral characteristics of complex-valued non-stationary processes 
{i,m = 1,2,... ,2n) 



E[S*(t)-S,n{t)] = Cs,sAO 

E[S*(t)-Sm(t)] = Cs,Ejt) 



(29) 



Notice also that knowledge of the spectral characteristics in Eq. 29 allows com- 
putation of the zero-th to second-order spectral characteristics of the components 
of any vector response quantity Q(?) linearly related to the displacement response 
vector U(f ), i-e-, Q(f ) = BU(0, where B = constant matrix. 
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3.3 Response Statistics ofMDOF Linear Systems Subjected 
to Modulated Coloured Noise 

Time-modulated coloured noises constitute an important and widely used class of 
non-stationary dynamic load processes. The expression given in Eq. 20 describing 
a general non-stationary loading process reduces to 

Fit) = AF(t)-Pit) (30) 

where the time-modulating function ApiO is frequency-independent and the pro- 
cess P(t) is a coloured noise with PSD function having the following general 
expression (i.e., rational function) 

N . 
0(a)) = SoT7 ^ (31) 

where A^ and Wk (k = 1,2. .... N) = complex-valued constants and So = real- 
valued scaling constant. In the sequel, it is assumed that the time-modulating 
functions have the following general expression 

M 
AF{t) = H{t)^aqe''"' (32) 

q = l 

in which aq and bq {q = 1,2,..., M) = real-valued constants, and H(t) = unit- 
step function. 

Substituting Eq. 32 into Eq. 22 yields (/ = 1,2,..., 2«) 



M ( 
9=1 ( 



-j-i(o-a>i^)-t _ -^ 



^iq 



(33) 



where o),- = — jA/ and a),^ = o), -|- jbq. The spectral characteristics defined in Eq. 
29i can be computed using Cauchy's residue theorem as [21] (/ , m = 1,2,..., 2«) 

M M N 
C5,-5„(0 = 5o ^ ^ ^ «,«.^,.(^*+*^>' 
q=\s=\k=\ 

■ I [e-' ■('"'"■' ~'"'*«^'' -I- l] . j'l''"^'^ 



in which 


3 






r = l 


(35) 




3 


(36) 



r = \ 
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3 

r = l 

where coi = 00* 0)2 = coms, <^3 = % and 

311'""'^= ^- , r,p,u= 1,2,3 ry^pj^u (38) 

{cOr - COp) ■ {cOr - (W„) 



while 

3(w) 



I(a>) = max 



|3M 



,0 



(39) 



and 3(-) = imaginary part of the quantity in parentheses. Madsen and Krenk [22], 
Krenk and Madsen [8] and Krenk et al. [23] applied the same approach (integration 
using Cauchy's residue theorem) to the real-valued (second-order) modal responses 
to derive the closed-form solutions for the auto- and cross-correlation functions 
of the response processes of classically damped MDOF linear systems subjected 
to white noise excitations modulated by rational time-modulating functions. After 
extensive algebraic manipulations [6], the spectral characteristics in Eq. 292 are ob- 
tained as (j , m = 1 , 2, . . . , 2«) 

M M N 

q=l s=l k=\ 
■ ITe-''^"'"-'"'"'**^'' -I- 1] . j'l^mS'k 

-e-'<' • 4'^''"'''' - e''"'"^' ■ z^''?''"^'^} (40) 



in which 



ji^,,ms,k ^_J2 {b;?.-^.^ . [iog(<^,) + log(-c5.)]} (41) 

r = l 
3 

j^,,ms,k ^ 2 ^ 5;<?,-^,^ . jei«.^ .{E,{j<I>rt) + JTt ■ /(«,) • Sign [JR («.)]}} 

r = \ 

(42) 
3 

jUi,n,s,k ^ ^Y^j^i^,,ms,k . jg-;»,. . {E,{-j&rt) - jit ■ I{-^r) ' sign [9t(ft3,)]}) 
r = \ 

(43) 
where E\ (■) denotes the integral exponential function defined as [9] 

noo g-u 

Ei{x)= \ du, |arg(.T)|<:r (44) 

Jx u 

and 9'{(-) = real part of the quantity in parentheses. 
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It is noteworthy that the closed-form exact solutions presented here for the spec- 
tral characteristics of MDOF linear system response processes are valid for any 
kind of time-modulated coloured noise excitation as described by Eqs. 30-32. On 
the other hand, the considered description of these response processes includes only 
first and second order statistical moments and thus is complete only for Gaussian 
response processes, which are obtained only if the input process is a time-modulated 
Gaussian coloured noise. For the remainder of this chapter, only time-modulated 
Gaussian coloured noise excitations are considered. 



4 Failure Probability Approximations for the First-Passage 
Reliability Problem 

The first-passage problem is a classical random vibration problem which consists of 
computing the probability of a response quantity exceeding a deterministic threshold 
in a given interval of time when the parameters defining the structural system and/or 
the loading are random quantities. In this work, the structural system is considered 
as deterministic and the loading is modelled as a time-modulated coloured noise 
process. To date, no exact closed- form solution of this problem is available, even for 
the simplest case of structural model (deterministic linear elastic SDOF system) sub- 
jected to the simplest stochastic load model (stationary Gaussian white noise). The 
Monte Carlo simulation technique is the only general method accommodating for 
non-stationarity and non-Gaussianess of the excitation as well as nonlinearity in the 
structural behaviour and uncertainty/randomness in the structural parameters. How- 
ever, it is computationally extremely expensive. Nevertheless, an analytical upper 
bound of the time-variant probability of failure can be obtained readily when re- 
sponse mean out-crossing rates are available [19] and several direct approximations 
of this failure probability have been developed making use of different statistics of 
the response quantities of interest [1 1,24]. In particular, Poisson and Vanmarcke ap- 
proximations have been shown to offer a good compromise between accuracy and 
computational effort [10, 16-18]. 

The mean upcrossing rates of the response of a linear MDOF system subjected 
to a time-modulated coloured noise process can be readily derived from the second- 
order statistics of the normalized complex modal responses. In fact, given that the 
input processes are Gaussian and the system (filter) is linear, the output processes 
are also Gaussian. Using the well-known Rice formula [16, 17], the mean upcrossing 
rate of the ith DOF displacement response process Ui(t) relative to threshold ^^ , 
i.e., vuj {^^ ,t), can be obtained as 



'^^-V^-<f7, 



vt/, (?,^, = ^ '—^ ■ exp ^ ■ [1 + V^T'- • exp(r^) ■ erfc{-r)] 



UiUi 



(45) 
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where 

Pu.u. = ^Jf-^,, (46) 



(47) 



and erfc(...) denotes the error function [9]. The mean out-crossing rate of the level 
\Ui\ = ^i, v\Ui\{^i,t) (symmetric double-barrier problem [11]), is given by 

V|y,.](?,-,f) = 2-i;y,.(^,:.0 (48) 

In the remainder of this study, only symmetric double-barrier problems are ex- 
plicitly considered. For the sake of brevity and clarity, the subscripts indicating 
the considered processes are dropped. An upper bound of the probability of fail- 
ure over the time interval [0, t], Pf{t), is obtained by integrating in time the mean 
out-crossing rate v(^, t) of level ^ by the absolute value of the subject response 
quantity C/(0 [19], i.e.. 



Jo 



Pfit)<E[N{t)]= / v{l,T)-dt (49) 

Jo 

where E[N{t)] denotes the expected number of out-crossing events in the time in- 
terval [0, t]. Moreover, it is common to express the probability of failure as [11,18] 

Pf(t)= l-P[\U(t = 0)1 <^].e-/o''«'^)-«'^ (50) 

where P[\U(t = 0)| < ^] = probability that at time t = the absolute value of 
the response quantity U{t) is below the failure threshold ^, and h{^. t) = hazard 
function, i.e., the mean out-crossing rate conditional to zero out-crossings prior to 
time t. In this work, at rest initial conditions are assumed, resulting in P[\U(t = 

0)1 <?]=!. 

The simplest approximation of the hazard function is the Poisson hazard function 
[16, 17], obtained by assuming that the out-crossing events follow the memory less 
Poisson random occurrence model (i.e., out-crossing events are statistically inde- 
pendent). This simplifying assumption leads to 

/'^p(f)= l-e-/o''«'^)-'^^ (51) 

The Poisson hazard function is asymptotically correct for high barrier/threshold lev- 
els and broadband processes, while it tends to give a very conservative estimate of 
the probability of failure for low thresholds and/or narrow-band processes. 
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Vanmarcke suggested two improved approximations [18], referred to herein as 
classical and modified Vanmarcke approximation, which both require the bandwidth 
parameter q{t) of the stochastic response process U(t) considered, in addition to 
the mean out-crossing rate of process U{t). The classical and modified Vanmarcke 
approximations are expressed as 

Pf,mVM(t) = l-e-^ohmVM(l,z)-dz (53^ 



respectively, where 



<?(?)■ 



1 -e V 2 ■'^'^ auU) 

hvMi^J) = vi^j) (54) 

1 _ g-0.5p/(7j>(0 



hmVM{l,t) = vil,t) (55) 

1 _ g-0.5|-=/(7^(0 

Equations 54 and 55 provide the analytical expressions of the classical and mod- 
ified Vanmarcke approximations of the hazard function (in short, classical and mod- 
ified Vanmarcke hazard functions) corresponding to the double-barrier first-passage 
problem. Similar relations for the single-barrier problem can be found elsewhere 
[18]. In this work, the considered analytical approximations of the time-variant fail- 
ure probability (i.e., Pf,p, Pf,VM, and P/^mVM) are obtained by computing the 
integrals in Eqs. 51-53 by numerical quadrature. 



5 Benchmark Application 

5.7 Benchmark Linear MDOF System: Three-Story 
Shear-Type Building 

The three-story one-bay steel shear-frame shown in Fig. 1 is considered as an appli- 
cation example. This building structure has a uniform story height H = 3.20 m and 
a bay width L = 6.00 m. The steel columns are made of European HE340A wide 
flange beams with moment of inertia along the strong axis / = 27,690.0 cm'*. The 
steel material is modelled as linear elastic with Young's modulus E = 200 GPa. 
The beams are considered rigid to enforce a typical shear building behaviour. Under 
this assumptions, the shear- frame is modelled as a 3 — DOF linear system. 

The frame described above is assumed to be part of a building structure with a 
distance between frames L = 6.00 m. The tributary mass per story, M, is obtained 
assuming a distributed gravity load of ^ = 8kN/m^, accounting for the structure's 
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Fig. 1 Geometric 
configuration of benchmark 
three-story one-bay 
shear-type steel frame 







H = 3.20 m 



H = 3.20 m 






H = 3.20 m 



^ Columns: HE340A 
L = 6.00 m Beams: rigid 



own weight, as well as for perinanent and live loads, and is equal to M = 28,800kg. 
The modal periods of the linear elastic undamped shear-frame are Ti = 0.38 s, 
72 = 0.13 s and T^ = 0.09 s, with corresponding effective modal mass ratios of 
91.41%, 7.49% and 1.10%, respectively. Viscous damping in the form of Rayleigh 
damping is assumed with a damping ratio ^ = 0.02 for the first and third modes of 
vibration. The same shear-frame is also considered with the addition of a viscous 
damper of coefficient c = 200 kN s/m across the first story as shown in Fig. 1. The 
structure with viscous damper is a non-classically damped system. 



5.2 Earthquake Base Excitation 

The benchmark structural model is subjected to a stochastic earthquake base exci- 
tation. The ground acceleration is modelled as a time-modulated coloured noise 
process. In this work, the Kanai-Tajimi spectrum [15] is used to model the ba- 
sic stationary coloured noise process. The Kanai-Tajimi spectrum represents the 
stochastic process obtained filtering a white noise through a linear filter, represent- 
ing the effects of a column of soil between the bedrock and the structure under 
consideration, i.e. 



0(a)) = Si 



■ 



«4 + A^lmlo)^ 



{0)1 - W2)2 + 4^2^2^2 



(56) 



where So is the intensity of the ideal white noise, cOg is the filter frequency that 
determines the dominant input frequency, and i,g is the filter damping coefficient 
that indicates the sharpness of the PSD function. This study assumes Wg = 12.5 
rad/s, ^g = 0.6, and So = 200 cm^/s'' (Fig. 2). It can be easily shown that the 
Kanai-Tajimi PSD represents a special case of Eq. 3 1 . 
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Fig. 2 One-sided 
Kanai-Tajimi PSD 
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Fig. 3 Shinozuka and Sato's 
modulating function 
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The input process is then made non- stationary in amplitude by using the well- 
known modulating function of Shinozuka and Sato [25], defined as 



'(t) = C-[e 



where 



C = 



B, 



Bj — B\ 



-B,t 



.e^i-Bi 



Barl 



H(t) 



.B, I 



(57) 



(58) 



and B2 > B\ > 0. By changing the values of parameters B\ and £2 > 0, a wide 
range of different time-modulating functions can be obtained. The modulating func- 
tion of Shinozuka and Sato has been used extensively in random vibration studies 
regarding computation of probability density distributions of SDOF oscillators sub- 
jected to non-stationary excitation [26-28]. In this study, the following values for the 
modulating function parameters have been assumed: i?i = 0.0457r and fii = 0.05:7r 
(see Fig. 3). The Shinozuka and Sato's modulating function (Eq. 57) is a special case 
ofEq. 32. 
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The obtained input ground motion is a stochastic process which is stationary 
in frequency content but non-stationary in amplitude. It is noteworthy that the 
presented closed-form solutions for the spectral characteristics of MDOF linear 
system response processes are valid for input processes more general than the one 
considered here. In particular, fully non-stationary (i.e., both in amplitude and fre- 
quency content) processes can be modelled by superposing different coloured noise 
processes, each modulated by different time-modulating functions. 



5.3 Spectral Characteristics of the Response Processes 
for the Benchmark Structure 

Figures 4-7 show the time histories of (1) the variances of the floor displacements 
relative to ground (in short, relative displacements), (2) variances of the floor veloc- 
ities relative to ground (in short, relative velocities), (3) bandwidth parameters, and 
(4) central frequencies (normalised by the first mode natural frequency) of the floor 
relative displacement responses. All quantities are provided for both the classically 
(without damper: CD) and non-classically damped (with damper: NCD) case. All 
presented closed-form solutions have been verified by Monte Carlo simulation. 

Figures 4 and 5 show that in the NCD case, compared to the CD case, (1) the peak 
values of both relative displacement and velocity variances reduce significantly, and 
(2) the peak values of these variances are reached earlier. Moreover, the variance 
time histories have a shape very similar to the shape of the time-modulating func- 
tion. It can be concluded that the introduction of the viscous damping device is a 
very effective retrofit option for the given structural systems, as shown by the de- 
creased values of the variances of both floor relative displacements and velocities. 

Figure 6 shows that the bandwidth parameters for the floor relative displace- 
ment response processes decrease rapidly from a value close to one (corresponding 
to a broadband process) to a value smaller than 0.2 (corresponding to a much 
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Fig. 4 Time- variant time 
histories of the floor relative 
displacement variances for 
both classically (without 
viscous damper: CD) and 
non-classically (with viscous 
damper: NCD) damped 
structures 
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Fig. 5 Time-variant time 
histories of the floor relative 
velocity variances for both 
classically (without viscous 
damper: CD) and 
non-classically (with viscous 
damper: NCD) damped 
structures 
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Fig. 6 Time-variant 
bandwidth parameter of the 
floor relative displacement 
processes for both classically 
(without viscous damper: 
CD) and non-classically (with 
viscous damper: NCD) 
damped structures 
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Fig. 7 Time-variant central 
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narrower band process). In addition, Fig. 6 shows that, for the CD case, the time 
histories of time- variant bandwidth parameters for the second and third floor rela- 
tive displacement response processes are almost coincident, while they differ by a 
non-negligible amount from the bandwidth parameter time history of the first floor 
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relative displacement. In particular, the asymptotic value of the bandwidth parame- 
ters for second and third floor relative displacement processes are smaller than the 
corresponding quantity for the first floor relative displacement response, i.e., the 
first floor relative displacement response is asymptotically a narrower band process 
than second and third floor relative displacement responses [5]. For the NCD case, 
the differences among the bandwidth parameter time histories among first, second 
and third floor relative displacement processes are smaller than for the CD case. 
The asymptotic values of the floor relative displacement bandwidth parameters are 
larger for the NCD case than for the CD case, i.e., the floor relative displacement 
response processes are broader in band for the NCD structure than for the CD one. 
Figure 7 shows that the normalised central frequency time histories reach in a 
very short time (less than 5 s) an asymptotic value. In Fig. 7, it is also observed that 
the normalised central frequency asymptotic values are all only slightly lower than 
one, i.e., the central frequency asymptotic values for all floor relative displacement 
response processes are very close to the natural frequency of the structural system. 
This phenomenon indicates that floor relative displacement response processes are 
dominated by the first mode of vibration of the structure, as expected from the val- 
ues of the modal mass ratios obtained from the modal analysis of the undamped 
system. In addition, the central frequency asymptotic values of the floor relative dis- 
placement response processes are smaller for the NCD case than for the CD one. 
This fact suggests that, in the NCD structure, higher modes have a larger influence 
on the floor relative displacement response processes. 



5.4 Failure Probability Estimates for the Benchmark Structure 

The closed-form exact solutions for the spectral characteristics of the floor relative 
displacement and velocity responses of the benchmark structure are used here to 
analytically estimate the probability that the interstory drifts out-cross given deter- 
ministic thresholds. The threshold i, = 0.032 m (corresponding to an interstory drift 
ratio equal to 0.01) is considered here. This value is chosen for two reasons: (1) for 
higher interstory drift ratios, the assumption of structural linear elastic behaviour is 
not realistic any more, and (2) the corresponding failure probabilities are sufficiently 
large to allow the use of Monte Carlo simulation (MCS) to validate the approxi- 
mate analytical estimates derived in this work. For both the CD and NCD structure, 
10,000 realisations of the response time histories for all three floor relative dis- 
placements and velocities are generated. The earthquake ground motion inputs are 
simulated by using the Spectral Decomposition Method [25] and the response time 
history were obtained through the exact piece-wise linear integration algorithm [29]. 
Figure 8 compares three different analytical approximations of the hazard func- 
tion for the first interstory drift of the CD structure subjected to the previously 
described earthquake base excitation and relative to the threshold ^ = 0.032 m for 
the symmetric double-barrier problem. The three considered approximations are: 
(1) the Poisson hazard function (i.e., the mean out-crossing rate), (2) the classical 
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Fig. 8 Approximate hazard 
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Vanmarcke hazard function, and (3) the modified Vanmarcke hazard function. It is 
observed that the two Vanmarcke hazard functions assume significantly smaller val- 
ues than the mean out-crossing rate function. This difference was expected, since 
the chosen threshold level is not very high (compared to the maximum value of the 
response standard deviation during the entire time history analysis) for the consid- 
ered structure and, consequently, the corresponding out-crossings at different time 
instants can be correlated, leading to an overestimation of the actual hazard function. 

Figure 9 compares three different analytical approximations of the time- 
variant failure probability for the first interstory drift of the CD structure, namely 
(1) the Poisson approximation, (2) the classical Vanmarcke approximation, and 
(3) the modified Vanmarcke approximation. Figure 9 plots also the MCS estimate 
of the time-variant failure probability and the corresponding confidence interval 
of ± one standard deviation of the failure probability estimator. The results are 
provided for 35 s of analysis. 

In Fig. 9, it is observed that, as expected, the Poisson approximation largely over- 
estimates (about three times) the MCS-based failure probability. On the other hand, 
the two Vanmarcke approximations and particularly the modified Vanmarcke ap- 
proximation provide a substantially improved estimate of the failure probability, 
even though they still overestimate (with errors equal to 5 1 % and 17%, respectively) 
the failure probability after 35 s of analysis. 
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Fig. 10 Approximate hazard 
functions for the first 
interstory drift of the 
non-classically damped 
structure 
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To evaluate probabilistically the effectiveness of using the viscous damper de- 
vice in reducing the failure probability of the considered structure, a time-variant 
reliability analysis is repeated for the first interstory drift of the NCD structure 
considering the same displacement threshold ^ = 0.032 m and the same stochas- 
tic input earthquake ground motion. The results of this analysis are presented in 
Figs. 10 and 11, similarly to the results presented in Figs. 8 and 9 for the CD 
structure. In particular, Fig. 10 plots the time histories from to 35 s of the three 
considered analytical approximations of the hazard function, and Fig. 1 1 compares 
the time histories from to 35 s of the three considered analytical approximations 
of the time-variant failure probability with the corresponding MCS results. 

The differences between Poisson hazard function and the two Vanmarcke haz- 
ard functions shown in Fig. 10 for the NCD case are smaller than for the CD case 
(see Fig. 8) but still non-negligible. In Fig. 11, it is observed that the Poisson ap- 
proximation significantly overestimates the MCS failure probability estimate (with 
error equal to 1 10% at time t = 35 s). On the other hand, the classical and modified 
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Vanmarcke approximations provide failure probability estimates which are 36% and 
11% larger, respectively, than the MCS result at time t = 35 s. It is noteworthy that, 
for the NCD structure, the coefficient of variation of the MCS failure probability 
estimator is much larger than for the classically damped case, as shown by the large 
confidence interval of the MCS estimate in Fig. 1 1 . It is concluded that, also in this 
case, the two Vanmarcke approximations provide more accurate estimates of the 
failure probability when compared to the simpler Poisson approximation. 



6 Conclusions 

In this work, the spectral characteristics of non- stationary random processes are 
applied to the time-variant first-passage problem in structural reliability. In partic- 
ular, new closed-form exact solutions are presented for the non-geometric spectral 
characteristics (NGSCs) of the non-stationary random responses of linear elastic 
classically and non-classically damped multi-degree-of-freedom structures sub- 
jected to earthquake base excitation modelled as a filtered white noise process 
defined by the Kanai-Tajimi power spectral density and time-modulated by the 
Shinozuka and Sato modulating function. The NGSCs are essential for computing 
the time-variant bandwidth parameter and central frequency of non-stationary re- 
sponse processes of linear systems. The time-variant bandwidth parameter is used 
to compute analytically the classical and modified Vanmarcke approximations of 
the first-passage problem failure probability, which are expressed as integrals in 
time of the closed-forms of the corresponding hazard functions. These approximate 
solutions to the first-passage problem are compared with the classical Poisson ap- 
proximation and Monte Carlo simulation results for an idealised linear elastic model 
of a three-story one-bay shear-type steel building. The retrofit of this benchmark 
structure with viscous dampers is also considered, allowing (1) to illustrate the use 
of the newly available closed-form approximations of the failure probability for non- 
classically damped linear elastic systems, and (2) to show an example of practical 
use in structural engineering of the presented analytical derivations. The failure con- 
dition is expressed in terms of interstory drifts out-crossing specified deterministic 
thresholds. The results presented in this study show that the two Vanmarcke approx- 
imations can improve considerably the estimates of the failure probability for the 
first-passage problem when compared with the simpler Poisson approximation. 

Acknowledgements Support of this research by the LSU Council on Research through the 2008 
Summer Stipend Program and the Louisiana Board of Regents through the Pilot Funding for New 
Research (Pfund) Program of the National Science Foundation (NSF) Experimental Program to 
Stimulate Competitive Research (EPSCoR) under Award No. NSF(2008)-PFUND86 is gratefully 
acknowledged. Any opinions, findings, conclusions and/or recommendations expressed in this ma- 
terial are those of the author and do not necessarily reflect those of the sponsors. 



Time-Variant Spectral Characteristics in Earthquake Engineering 87 

References 

1. Priestley, M.B.: Spectral Analysis and Time Series, vol. 1: Univariate Series, vol. 2: 
Multivariate Series, Prediction and Control. Academic, London, Fifth Printing (1987) 

2. Nigam, N.C.: Introduction to Random Vibrations. MIT Press, Cambridge (1983) 

3. Di Paola, M.: Transient spectral moments of linear systems. SM Arch. 10, 225-243 (1985) 

4. Michaelov, G., Sarkani, S., Lutes, L.D.: Spectral characteristics of nonstationary random 
processes - a critical review. Struct. Saf. 21(3), 223-244 (1999) 

5. Barbato, M., Conte, J.P: Spectral characteristics of non-stationary random processes: Theory 
and applications to linear structural models. Probabilistic Eng. Mech. 23(4), A\6-A26 (2008) 

6. Barbato, M., Vasta, M.: Closed-fomi solutions for the time-variant spectral characteristics of 
non-stationary random processes. Probabilistic Eng. Mech. 25(1), 9-17 (2010) 

7. Michaelov, G., Sarkani, S., Lutes, L.D.: Spectral characteristics of nonstationary random 
processes - response of a simple oscillator. Struct. Saf. 21(3), 245-267 (1999) 

8. Krenk, S., Madsen, PH.: Stochastic response analysis. In: Thoft-Christensen, P., Nijhoff, M. 
(ed.) NATO ASI Series: Reliability Theory and Its Application in Structural and Soil Mechan- 
ics, pp. 103-172 (1983) 

9. Abramowitz, M., Stegun, LA.: Exponential integral and related functions, Ch. 5 in Handbook 
of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, 9th printing 
Dover, New York, pp. 227-233 (1972) 

10. Corotis, R.B., Vanmarcke, E.H., Cornell, C.A.: First passage of nonstationary random 
processes. J. Eng. Mech. Div. ASCE, 98(EM2), 401^14 (1972) 

11. Crandall, S.H.: First-crossing probabilities of the linear oscillator. J. Sound Vib. 12(3), 285-299 
(1970) 

12. Barbato, M., Conte, J.P: Extension of spectral characteristics to complex-valued random pro- 
cesses and applications in structural reliability. ICASPIO, Tokyo, Japan, August 1-3 (2007) 

13. Arens, R.: Complex processes for envelopes of normal noise. IRE Trans. Inf. Theory 3, 
204-207 (1957) 

14. Dugundji, J.: Envelope and pre-envelope of real waveforms. IRE Trans. Inf. Theory 4, 53-57 
(1958) 

15. Clough, R.W., Penzien, J.: Dynamics of Structures. McGraw-Hill, 2nd Ed., New York (1993) 

16. Rice, S.O.: Mathematical analysis of random noise. Bell Syst. Tech. J. 23, 282-332 (1944) 

17. Rice, S.O.: Mathematical analysis of random noise. Bell Syst. Tech. J. 24, 146-156 (1945) 

18. Vanmarcke, E.H.: On the distribution of the first-passage time for normal stationary random 
processes. J. Appl. Mech. ASME 42(1), 215-220 (1975) 

19. Lin, Y.K.: Probabilistic Theory of Structural Dynamics. McGraw-Hill, New York (1967); 
Krieger, Huntington (1976) 

20. Reid, J.G.: Linear System Fundamentals: Continuous and Discrete, Classic and Modern. 
McGraw-Hill, New York (1983) 

21. Barbato, M., Conte, J.P: Spectral characteristics of non-stationary stochastic processes: theory 
and applications to linear structural systems. Report SSR-07-23, University of California at 
San Diego, La Jolla (2007) 

22. Madsen, PH., Krenk, S.: Stationary and transient response statistics. J. Eng. Mech. Div. ASCE 
108(EM4), 622-634 (1982) 

23. Krenk, S., Madsen, H.O., Madsen, PH.: Stationary and transient response envelopes. J. Eng. 
Mec. ASCE 109(1), 263-278 (1983) 

24. Wen, Y.K.: Approximate methods for nonlinear time-variant reliability analysis. J. Eng. Mec. 
ASCE 113(12), 1826-1839 (1987) 

25. Shinozuka, M., Sato, Y: Simulation of nonstationary random processes. J. Eng. Mech. Div. 
ASCE 93(EM1), 11^0 (1967) 

26. Solomos, G.P, Spanos, P.T.D.: Structural reliability under evolutionary seismic excitation. Soil 
Dyn. Earthquake Eng. 2(2), 110-116 (1983) 



88 M. Barbato 

27. Spanos, P.T.D., Solomos, G.P.: Barrier crossing due to transient excitation. J. Eng. Mech. ASCE 
110(1), 20-36 (1984) 

28. Spanos, P.T.D., Solomos, G.P.: Oscillator response to nonstationary excitation. J. Appl. Mech. 
ASME 51(4), 907-912 (1984) 

29. Chopra, A.K.: Dynamics of Structures: Theory and Applications to Earthquake Engineering. 
2nd edn.. Prentice Hall, Upper Saddle River (2001) 



Stochastic Seismic Analysis of Large Linear 
Structural Systems Under Fully Non-stationary 
Spectrum Compatible Ground Motion 

Pierfrancesco Cacciola and Giuseppe Muscolino 



Abstract Seismic assessment of linear systems is usually performed adopting the 
well-known modal analysis along with response spectrum technique. Limits of this 
approach are directly related to the hypothesis of stationary behavior of the re- 
sponse adopted for deriving most common modal combination rules, i.e. SRSS, 
CQC. Generally, the response of a structure under seismic actions is non-stationary 
and pertinent analyses have to be performed. In this chapter stationary and non- 
stationary stochastic models of the seismic action consistent with a given response 
spectrum will be initially discussed. Furthermore, a technique for determining the 
non-stationary response through the so-called non-geometric spectral moments will 
be addressed. Finally a modal correction technique will be proposed in order to 
make the proposed procedure competitive for coping with the analysis of large struc- 
tural systems vibrating under random base excitations. 



1 Introduction 

To date, elastic response spectrum is the most common method used by the prac- 
titioners to represent the seismic action according to various international codes. 
Limits of response spectrum technique are well recognized. In order to overcome 
these drawbacks seismic codes [15, 19] proposed to use alternative approaches for 
design applications such us the use of "appropriate simulated" time-histories. Inter- 
estingly, also in the simplest case of classically damped linear behaving structures, 
response spectrum techniques possess various drawbacks. Specifically, the approx- 
imations adopted to derive the well-known complete quadratic modal combination 
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(CQC) rule on the nodal response parameter leads to noticeable errors in the high 
frequency range, due to the approximation on the correlation coefficients [3, 10, 17]. 
Furthermore, due to the assumption of equal modal and nodal peak factors CQC 
leads to large errors also in the case of slender structures having well spaced 
modal frequencies [3]. A significant improvement of the accuracy on the seismic 
assessment can be achieved by removing the approximations introduced for deriv- 
ing the combination rules required by the response spectrum techniques leading 
to the Stationary Stochastic Seismic Analysis. Moreover, the seismic action is non- 
stationary in nature and further limits in the response spectrum technique are directly 
connected with the hypothesis of stationary response retained in the derivation of the 
traditional modal combination rules. The latter limits can be overcome only by re- 
moving the hypothesis of stationary behavior of the response. Accordingly, a fully 
Non-stationary Stochastic Seismic analysis has to be performed. 

In this chapter the non-stationary seismic stochastic analysis of linear behaving 
structures is addressed. To this aim the spectrum compatible evolutionary power 
spectral density function of ground motion is before evaluated, according to model 
recently proposed by Cacciola [2]. Furthermore, a new computationally competitive 
method for the seismic stochastic analysis of large linear behaving system vibrating 
under fully non-stationary Gaussian excitations is proposed. The method is based 
on the use of modal analysis, in the evaluation of stochastic response, along with 
a modal correction method, which includes the contribution of neglected modes in 
approximate form. In particular, an extension of the so-called mode-acceleration 
method (MAM), originally proposed in literature for deterministic input [21], to the 
evaluation of the frequency domain non-stationary stochastic response is presented. 

Numerical results from the study of a large structural system show the accuracy 
and the efficiency of the proposed technique for determining the non-geometric 
response spectral moments through a modal approach. Furthermore, since the mode- 
acceleration method is able to correct only the displacement statistics, as shown 
in [4], the efficiency of this approach for determining high order non-geometric 
response spectral moments will be also discussed. 



2 Spectrum Compatible Ground JMotion IModels 

In the framework of seismic engineering it is well known that only a probabilistic 
approach can afford a reliable representation of earthquake ground motion. Indeed 
seismic waves are affected by several factors, i.e. definition of source, path, site 
effects, etc., that generally cannot be defined in a deterministic fashion. As a conse- 
quence the modeling of ground motion acceleration, Ug (t), as a zero mean Gaussian 
stochastic process is the model more commonly used by the scientific community. 
In this model the seismic input is fully defined by the knowledge of its autocorre- 
lation function Ri;^ (fi, tj) or by the so-called evolutionary power spectral density 
function S;;,(a), t). Note that, in the seismic stochastic analysis the one-sided power 
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spectral density function is often introduced; the latter can be suitably defined, in 
the Priestley representation [29] by the following equation 

Gujcoj) = ISnJojj) = \a{a),t)\^G(co), « > 0; 

Gr,Ja},t) = 0, «<0. (1) 

where a (ct) , f ) is the frequency dependent modulating complex function while G (ft)) 
is the one-sided power spectral density function of the stationary counterpart of 
Ug(t). It follows that the autocorrelation function can be defined as 



R'lig ihJi) = I &'!i-p[ico{t2 — ti)]a{ci),ti)a*{cLi,t2)G(co)dco 



(2) 



where the asterisk means complex conjugate quantity and i = V— 1 is the imaginary 
unit. Note that since the one-sided power spectral density is introduced, the integral 
(2) leads to a complex autocorrelation function [12]. Moreover, in earthquake engi- 
neering applications the function a(a>.t) only makes sense, in frequency domain, if 
it is a non-negative real and symmetric function [36]. 

In absence of specific study on local geological and seismological condition, for 
design application a valuable strategy for modelling the seismic action is to relate 
ground motion random processes to the response spectra provided by the seismic 
codes, i.e. through the definition of proper spectrum compatible models. 



2.1 Quasi-Stationary Model 

According to the theory of stochastic analysis, by assuming the ground-acceleration 
process as zero-mean Gaussian stationary process, the pseudo-acceleration response 
spectrum, Spa{a>o, ^o), for a given damping ratio ^o and natural circular frequency 
ftjQ , can be related to the mean value of largest peak of the response by means of the 
following expression [8, 9, 34] 

Spa(Mo.^o) = MoWiTs'-P = 0-5: Xo,u,^i,u.>^2,u)y/^o,u, (3) 

where r]u is the peak factor, Ts is the time observing window, p is the not-exceeding 
probability and A,,f7, i = 0,1.2, are the response spectral moments defined as 

oo 

Xi,u= [ (D'\H{aj)\^G{(D)dco, (4) 



in which |/f(fti)|^ = [{(Dq — co-^)-^ + A^qCDqCD-^) is the energy transfer function of 
the oscillator. It is noted also that in Eq. 3 /? = 0.5 defines the 50% fractile of the 
response. It is usually assumed that it is very near to the mean value of the largest 
peak of the oscillator response. 
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It is useful to observe that Eq. 3 affords a vehicle for determining the unknown 
power spectral density of the stationary counterpart of the ground acceleration pro- 
cess G(a>) (see e.g. [1 1, 13, 16, 27, 34]). A handy recursive expression determining 
the power spectral density compatible with a given response spectrum has been pro- 
posed by Cacciola et al. [3]. Specifically, 



Gioji) = 



0, 



4^0 









(OiJt -4^oa)i-i yr]^{ci)i,^o) k=i 



< ft) < (Wq. 
ft) > ft;™ 



(5) 



where fiu is the peak factor approximately determined according to the hypothesis 
of a barrier out-crossing in clumps and spectral moments determined assuming that 
the input PSD possesses a smooth shape and ^o "^ 1 : 



*7c/(«,-.?o) = W21n{2A^f7 [l - exp pi/V^ln (2A^c/)]]} 



(6) 
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(7) 



Moreover, in Eq. 5, oiq, = 1 rad/s is the lowest bound of the existence domain of r}u. 
The accuracy of Eq. 5 for determining the spectrum-compatible power spectral 
density is generally satisfactory; however accuracy can be improved applying itera- 
tively the equation 



G^^\aj) = Gio)); G^J\co) = G'^'-^Ha) 



SLi^^^o) 



,S2/v-i)(«,^o), 



(8) 



Spa being the approximate pseudo-acceleration spectrum determined at the j'-th 
iteration. 

Once the spectrum-compatible power spectral density G(a>) is evaluated, it is 
possible to simulate the r-th sample of stationary or quasi-stationary spectrum- 
compatible ground acceleration via the superposition of Na harmonics with random 
phases [30]. That is 



u^g\t) = a(t) ^ J^Gu^ii Aa))Aa)cos{iAwt + (p^'^) 



(9) 



; = 1 



(fj are independent random phases uniformly distributed in the interval [0, lit) and 
a{t) is the modulating function, which for stationary samples is assumed equal to 
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one. Note that the introduction of a modulating function different from one will 
make the sample generated by Eq. 9 as quasi-stationary. As a consequence the 
results from the Monte Carlo Simulation and from the Stationary Stochastic Seismic 
Analysis will be in general different. In order to reduce the differences it is neces- 
sary that the response is stationary within a time window of duration T^. To achieve 
this objective the simplest way is to select among the several modulating functions 
proposed in literature a modulating function with a constant time segment of dura- 
tion Ts. Using this approach the spectrum-compatible criteria provided by seismic 
codes are satisfied [3]. Then the function 



G;?(a;,0 = «^(OG(«) (10) 



represents the evolutionary separable spectrum compatible power spectral den- 
sity function. 



2.2 Fully Non-stationary Model 

To date spectrum-compatible criteria provided by seismic codes refers mainly to 
response characteristics. No rules have been imposed regarding the duration, the 
input energy, the stationary or not- stationary behaviour pertinent to the simulated 
time-history. On the other hand, the importance of non-stationary frequency con- 
tent on the response of nonlinear structures has been manifested in various studies 
(see e.g. [35, 37]). Thus, more reliable simulations have to take into account the 
time variability of the frequency content of the ground motion. Consequently var- 
ious procedures have been proposed in literature for determining non-stationary 
spectrum-compatible earthquakes. 

Based on a statistical approach, Spanos and Vargas Loli [32] proposed a method 
for generating non-stationary spectrum-compatible earthquakes. The method is 
based on a preliminary estimation of a reliable evolutionary power spectral den- 
sity of the ground motion and correcting the single simulated time history via an 
iterative scheme operating in the frequency domain. Generation of non-separable 
artificial earthquake accelerograms has been also proposed by Preumont [28]. The 
method assumes an empirical model of the evolutionary power spectral density 
function possessing the feature that high frequency component are magnified in the 
early part of the process and the iterative correction of the simulated accelerograms. 
Remarkably, the above described contributions focus mainly in the simulation of 
nonstationary artificial accelerograms and do not provide the spectrum compatible 
evolutionary power spectral density function useful for the direct stochastic seis- 
mic analysis. To overcome this drawback, Cacciola [2] recently proposed a model 
that allows the simulation of fully nonstationary accelerograms compatible with a 
given response spectrum as well as the straightforward evaluation of the pertinent 
non-separable power spectral density function. Accordingly, it is assumed that the 
non-stationary spectrum-compatible earthquake is modeled by the superposition of 
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two independent contributions: the first one is a fully non-stationary known coun- 
terpart modeled by a recorded or alternatively by a simulated earthquake, that takes 
into account the time variability of both intensity and frequency content; the second 
one is a corrective term represented by a quasi- stationary zero-mean Gaussian pro- 
cess that adjusts the response spectrum of the non-stationary signal in order to make 
it spectrum-compatible. That is: 



■ug(t) = ufit) + u^g(t). 



(11) 



where m^(0 is the non- stationary signal that is assumed known and Ug{t) is the 
random spectrum compatible corrective term whose power spectral density has to 
be determined. Taking into account the statistical independence of the two contribu- 
tions the evolutionary spectrum-compatible power spectral density function is given 
by the superposition of two terms: 



GuAwJ) 



Gl{wj) + Gl^{wj) 



(12) 



where G-^ (co,t) is the joint time-frequency distribution of the recorded accelero- 
gram [6,7], while G? {a>,t) is the separable power spectral density defining the 
corrective term. By using the fully non-stationary analytical ground motion model 
proposed by Conte and Peng [7] the first term of Eq. 12, G? {co, t), is assumed to be 
given by a superposition of a number of zero-mean, independent, uniformly modu- 
lated Gaussian processes given by the following equation 



N 



G?^ico,t)=J2\ajit)\ Gjic^) 

7 = 1 



(13) 



where 



ajit) = aj{t - i^j)^^ exp (-y;(? - j?,)) U{t - j?,) j = l,...,N (14) 
U{t — ??y ) being the unit step function and 



Gj(co) = 



+ 



_ vj + (co + rjjY vj + (0)- rjj) 



j = \,...,N (15) 



Note that the parameters A'', aj , Pj,yj , &j ,r]j,Vj are determined by a best fit pro- 
cedure in order to minimize the differences in a least square sense between the 
analytical model and the joint time-frequency distribution of a selected earthquake. 
Furthermore, the second term of Eq. 12, G? (ftj, t), is given by 



Gl(coj) = al{t)Ga{co) 



(16) 
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where, according to the quasi- stationary model described by Eqs. 9 and 10, ao(t) is 
the modulating function and [2] 



0, 



< ft) < a)a 



Goicoi) = 



4fo 



\a>i7T-4^oa>i-l 



sU^i,lo)-(sU'^>,^o)f _ ^^ 'ji (j^(^^ ^ > ^^ 



ri[j(o}i,lo) 



k = l 



(17) 

where fju is the peak factor defined in Eq. 6 and Sp^ is the pseudo-acceleration 
response spectrum for the recorded ground motions ligit). It is noted that the itera- 
tive scheme is given by 



G^'Hw) = Goiw): G^'Hw) = GiJ-'\oj) 






(18) 



where SpJ represent the response spectrum, of the stochastic ground motion model 
defined in Eq. 11, determined, at the j-th iteration. It is noted that Eq. 18 is defined 
for Spa{o)i.^o) > Sp^(ci>i,^o)- As a consequence a preliminary scaling proce- 
dure is usually required. Furthermore it is noted that from a physical point of view 
the power spectral density of the corrective term G? {a>,t) represents the missing 
energy that an individual accelerogram requires for matching the target response 
spectrum. 

After determining the non separable spectrum-compatible power spectral density 
G^ {a>,t) the simulation of samples of fully non-stationary spectrum-compatible 
ground acceleration processes is pursued via the equation 



;;('•) - y,R 



Nc, 

u§{t) + ao{t)Y^ ^/iGoii Aco)Aco cos (i Ao) t + (fl'^] , (19) 



i = i 



Remarkably, the non-stationary behavior of the spectrum compatible model relies 
on the recorded signal that would be chosen so to reflect local geotechnical and 
seismological characteristics. The spectrum-compatible criteria are satisfied by the 
superposition of the corrective quasi-stationary Gaussian random process whose 
power spectral density has been determined in order to scale the recorded spec- 
trum. It is noted that due to the mathematical model proposed by Conte and Peng 
[7] assuming Qj (?) real and non-negative according to [36], Eq. 12 can be rewritten 
in the form 



N 

G;;^(ft;,0 = G?{aj,t) + Gl(aj,t) = ^ «;(0'G;(ft;) + a^(OGo(ft>) 

N 

= ^fl;(f)2G;(ft;) (20) 

.7=0 
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affording a compact representation of the evolutionary spectrum-compatible power 
spectral density function. 



3 Deterministic Seismic Analysis 

Once a reliable ground motion model is defined, the seismic analysis can be per- 
formed. In this section basic concepts of deterministic seismic analysis of linear 
behaving structures are briefly recalled. This makes possible to evidence the exten- 
sion of the proposed approach to the case of stochastic excitation. 

Let consider the equation of motion of a linear quiescent «-degree-of- freedom 
(«-DOF) structure subjected to seismic excitation, represented by the acceleration 
Ug(t), written in the form 

Mu(0 + Cu(f)-hKu(f) = -Mtm^(0 (21) 

where M, C and K are the n x n mass, damping, and stiffness matrices of the 
structure; u{t) is the vector of displacements relative to the ground; r is the n order 
influence vector; and a dot over a variable denotes differentiation with respect to 
time. 

Under the assumption of classically damped system the equation of motion can 
be decoupled by applying the modal analysis. To this aim let introduce the modal 
coordinate transformation 

m 

uit) = ^qit)=J2(l>kqk(t) (22) 

k=l 

The hat means that the corresponding quantities are evaluated considering m modes 
(m < n being a suitable integer). In Eq. 22 ^ is a matrix of order m x n collecting 
the m eigenvectors, normalized with respect to the nominal mass matrix M, solution 
of the following eigenproblem 

K4> = M4>a^; 4>^M^ = !„, (23) 

The k-th modal shape 0^ is evaluated along with the natural circular frequency co^ 
by solving iteratively the eigenproblem. In Eq. 23 fi is a diagonal matrix listing the 
natural circular frequencies ajc . 

By assuming the structural system classically damped, once the modal matrix ^ 
is evaluated, by applying the coordinate transformations (22) to Eq. 21, the follow- 
ing set of first order differential equations is obtained 

i^it)+i£^it) + il^qit) = pug{t) (24) 
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In which p is the vector of participation coefficients pk and S is the generaUzed 
damping matrix given respectively by 

P = -$^Mt; S=4>^C^. (25) 

For classically damped structures the modal damping matrix S is a diagonal ma- 
trix listing the quantities 2^jtWA:, being ^k the modal damping ratio that usually is 
assumed to be equal for all modes. It follows that the k-ih differential equation can 
be written as 

qkit) + 2^kC0k qkit) + 0)^ qkit) = Pk'ugit) (26) 

Remarkably, by the assumption of classically damped linear system the nodal re- 
sponse of the structural system can be determined by the superposition of the 
response of a number of single degree of freedom systems whose evaluation is 
nowadays straightforward. 

In order to improve the accuracy of the response, evaluated by considering a 
reduced number of modes, a modal correction technique has to be introduced. 
Accordingly, the response vector of the linear systems subjected to seismic input 
can be written as the sum of two contributions 

u(f) = fi(f) + ups(0 (27) 

where u (?) is the nodal response vector determined via the modal analysis con- 
sidering the lower modes as the projection in the nodal space of the solution of 
Eq. 24. In Eq. 27 Ups (t) is the pseudo-static corrective term that takes into account 
approximately the contribution of the higher neglected modes. In this section the 
mode-acceleration method (MAM) [4] is applied. The MAM is certainly the sim- 
plest and widely used method in both deterministic and stochastic cases; it improves 
the response vector by evaluating the corrective term in pseudo- static form, as 

Ups (f) = - Tk-i - 4> a~^^^l Mxug{t) = \iug{t) (28) 

r -1 - - -2 » r-| 
In this equation b=— K— $fl $ Mt is a vector which describes the 

spatial distribution of seismic loads taking into account the higher modes in pseudo- 
static form. 



4 Stochastic Seismic Analysis 

From a strict probabilistic point of view, the complete description of a stochastic 
process requires the evaluation of the probability density function. This function, in 
the case of linear systems subjected to ground motion, modeled as a Gaussian zero- 
mean process, is fully characterized by the knowledge of the correlation matrix, 
given by the following equation 
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» T 



A: = lf=l 

(29) 

where E(») means stochastic average; then ^ {qk{h)^lih)) is the modal cross- 
correlation between the response ofk-i\\ and ^-th oscillators, governed by differen- 
tial equations (26). 

However, in many cases of engineering interest the reliability of the structural 
system is assessed. In these cases the probabilistic assessment of structural failure 
is derived as a function of barrier crossing rates, distribution of peaks and extreme 
values. These quantities can be evaluated as a function of the so-called spectral 
moments, introduced by Vanmarcke [33] for stationary stochastic processes. Appli- 
cation of spectral methods to non-stationary random processes is more complicated 
than for stationary processes, indeed for these processes the geometric approach 
fails [12,25]. To solve this problem Di Paola [12] introduced a new complex-valued 
random process, the so-called "pre-envelope process". For non-stationary processes, 
characterized by the one-sided evolutionary PSD function, these complex covari- 
ance was called non-geometric spectral moments by Michaelov et al. [23]. 

The non-geometric spectral moments of the i -th nodal response are real quanti- 
ties, given by the following relationships 



Ao,«,«,(0 = E{ui{t)ui(t)) = ^^PkPi<Pik<Pii^Q,kd^)'^ 

k=ll=l 
m m 

■^i,«,«,(o = y^ y^^ PkPi(pik^ii^i,ke{t); 

k=li=l 

m m 

A2,«,«,(0 = E{ui{t)ui{t)\ = ^'Y^ PkPi(pik<Pn^2,kdt)- (30) 



k=\t=\ 

Furthermore, in the stochastic analysis of the structures subjected to non-stationary 
input process, the "central frequency" and the "bandwidth parameter" are useful 
in describing the time-variant spectral properties of a generic real-valued non- 
stationary process. The central frequency provides the characteristic/predominant 
frequency of the process at each instant of time. The bandwidth parameter provides 
information on the spectral bandwidth of the process at each instant of time. Notice 
that a non-stationary process can behave as a narrowband and a broadband process 
at different instants of time. The "central frequency" a)c,«/», (0 and the "bandwidth 
factor" Suiuiit) of the /-th nodal response can be evaluated as a function of non- 
geometric spectral moments as: 



«c,«,«,(0 = -^ — , o«,«,(U - 

Ao,«,»,(0 \ 



^U«,(o 



^0,UiUiit)^2,UiUi(t) 



(31) 
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As shown in Eq. 30 the nodal non-geometric spectral moments can be evaluated 
as a function of A,jt£(0> ' = 0- 1' 2, which are the so-called time-dependent non- 
geometric modal spectral moments "purged" by participation factors. These quan- 
tities are complex ones and for the spectrum compatible model defined in Eq. 20, 
according to non-geometric definition of spectral moments, can be evaluated in the 
frequency domain as follows 

N ~ 

Ao,yfci(0 =J2 Hkj{co,t)Hlj{co,t)Gj{co)dco; 
^iMiO = -iZ! / Hkj{co,t)H^j{co,t)Gj{co)da); 

N ^ 

^2M(t) =11 j Hk,j{coJ)H*ij{cDj)Gj(co)Aco. (32) 



7=0 







It has to be emphasized that the zero-th and second order non-geometric spectral 
moments (32) coincide with the modal cross-covariance function of the response 
in terms of displacement and velocity, respectively [12, 14,24-26]. Moreover, the 
presence of the imaginary unit in the second term of Eq. 32 inverts the roles of the 
real and imaginary parts of Xi^klit) with respect to the cross-covariance Ao,A:£(0 
and X2,kt{t). Note that for k = I, Xo^klif) and X2,kl{t) become real quantities, 
while Ai yt£(f) remain complex ones. 

In Eq. 32 Hpj (a>. t) and Hpj (ft), t), p = k, I, are the time-dependent complex 
function defined as 



t 

Hpj (ft), t) = exp (itot) I hp{t — r) exp (— iftjr) aj{x)dx. 



f ,■ , dH„:{a),t) 
Hpj (ft;, t) = exp {icot) I hp (t — x) exp (— ift;r) aj{x)dx ^ . (33) 







where 



/!p(f) = exp(-^pft;pr)sin(ft;pyr^f)/ft;pyr^ (34) 



Remarkably, the integrals of Eq. 33 are convolution integrals of Duhamel's type 
and they represent the response, in terms of state variables, of the p-ih oscillator 
(26), purged by participation factor, subjected to deterministic complex function: 
exp(— ift;?)a;(f)- Consequently traditional step-by-step procedure can be applied. 
Moreover, when the function fl/ (0 assumes mathematically simple expression, the 
integrals (33) can be evaluated in closed form. 
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5 Modal Correction Method for Stochastic Response 

In the framework of stochastic analysis of multi-degree-of- freedom (MDOF) struc- 
tures, modal analysis, along with modal truncation of higher modes, is extensively 
used to reduce the computational effort in determining the dynamic response of 
linear systems. The analysis is based on the projection of the equation of motion 
from the geometric (or nodal space) to the so-called generalized space, by using the 
eigenproperties of the undamped structural system. On the other hand, the computa- 
tion effort involved in the analysis is further reduced neglecting the contribution of 
higher modes. However, the modal truncation criterion based on participation mass 
ratio, widely used for deterministic seismic analyses, is not directly applicable in the 
stochastic dynamics. It follows that to date it is not possible to predict a priori the 
number of modes necessary for an accurate evaluation of the stochastic response. 

Moreover, the most efficient approach in the stochastic seismic analysis of large 
structural systems via modal analysis is nowadays based on the utilization of modal 
correction methods [1,4, 10,22]. These methods improve the response taking into 
account approximately the contribution of the neglected higher modes. In this 
framework the MAM, originally proposed by Maddox [21] for deterministic in- 
put, is the most simple and widely used method. In this section the extension of the 
MAM, to improve the stochastic response of structural systems subjected to fully 
non-stationary seismic input, is addressed. 

In order to do this it is useful to remember preliminarily that, as recently showed 
by Cacciola et al. [4], the application of the MAM to the evaluation of the deter- 
ministic state variable (displacement and velocity) response leads to the following 
correction terms 

ups (f) = - [k"^ - ^ fl~ ^ 1 MTM^(f) = Mgit); 

Ups (0 = (35) 

It follows that by applying the MAM, the displacements and velocity covariance 
matrices of the response can be written as 

m 

e(u(0 u^(0) = 4.E(q(0 q^(0)<i'^ +ai?bb^ + ^ ^ib^E(^fc(rK(0) 

k=l 
m 



E(u(0 u^ (0) = ^E(q(0 q(t))^'^ (36) 
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where the stochastic averages which appear in the last three terms on the right-hand 
side of the first of Eq. 36 are given by 

N 



J=o 

N ~ 

E(?yfc(0%(0) = Pk ^ajiO / Hkj ((a,t) Gj(w)exp(iwt)d(a; 







oo 



N 

E(ug{t)qi(t)) = pi2^ai{t) I Hlj{co,t) Gj{co)exp{—icot)dCi>. (37) 

7=0 { 

Note that, since the one-sided power spectral density has been introduced [5], the 
functions E{qic{tyug(t)) and E{ug{t)qi{t)'^ are complex conjugate quantities, so 
that the first of Eq. 36 leads to a real covariance matrix. Remarkably, through Eq. 36 
the accuracy in determining the covariance matrix can be easily improved with a 
slight increment of computational effort. 

By applying the MAM to non-geometric spectral moments, after very simple 
algebra, the following equations are obtained: 

mm m 

k=ll=l k=\ 

mm m 

k=ie=i 1=1 

m m 

A2,«,«,(0 = A2,„,„,(f) = E|M,- (t)ui {t)j=^^ PkPi^ik^iAiMiO- (38) 

yt=ll=l 

where 

N ~ . 

E{ug{t)qi (t)) = piJ2aj(t) / Hlj (w,t)Gj{a)exp{-iwt)da). (39) 

7=0 

is a complex function which defines the input-output relationship [5]. It is noted 
that the MAM leads to a correction to zero-th order and first order non-geometric 
response spectral moments, while it is not able to correct the second order non- 
geometric response spectral moments. This is owed to the fact the MAM proposed 
for the deterministic case is able to correct only the response displacements and not 
the velocity as shown also in Eq. 38. 
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6 Numerical Results 

The procedure described in previous sections is herein applied to the structure 
showed in Fig. 1. The structure possesses 722 frame elements with 819 degrees 
of freedom. Mass is assumed lumped at each node. Furthermore, the structure 
is assumed classically damped with a modal damping ratio ^o = 0.05 assumed 
constant for each mode. Pertinent first three modes are reported in Fig. 2a-c. The 
structure undergoes to forced vibration due a ground motion acceleration acting in 
x-direction modeled as a Gaussian fully non-stationary spectrum compatible pro- 
cess. The procedure proposed by Cacciola [2] and described in Sect. 2.2 has been 
used for this purpose. To this aim El Centro 1940 accelerogram has been selected 
for illustrative purpose for modeling the spectrum compatible process as fully non 
stationary and consistent with a given target response spectrum as well. 

Specifically, ECS soil type B spectrum has been selected as target response 
spectrum. In Fig. 3 it is represented the pertinent evolutionary spectrum compati- 
ble power spectral density function determined through Eq. 12. The parameters A'', 
aj,fij,yj,'&j,r]j,Vj{i = 1, . . . , N), for the function G? (mJ) defined in Eq. 13, 
are given in [7]; while the modulating function ao{t), which characterizes the func- 
tion G^ {(0, t) introduced in Eq. 16, is given by the following equation [20] 



flo(0 = 



i^j 



1 

I exp [-P (t - t2)] 



t < ti 

tl <t <t2 
t > t2 



(40) 



Fig. 1 Structural model 
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ft)i = 23.98 rarf/.s o, = 24.27 rarf/i 0)3 = 43.79 rad/s 

Fig. 2 First three modes: (a) first mode, (b) second mode, (c) third mode 
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Fig. 3 Evolutionary spectmm compatible power spectral density function 



with?i = 1.646s;?2 = 25.51 sandT^ = 23.86 s determined by means of the Husid 
[18] function of the El Centra 1940 earthquake, so respecting the limits of Ti > 10 s 
provided by Eurocode 8. Furthermore, fi has been set equal to 3/(f/ — tj) so 
reducing the amplitude of the simulated signal of about 95% for t = tf. The time 
variability of both amplitude and frequency are manifested by the study of the mean 
instantaneous energy {E{t)) and central frequency of input process (a>(t)), given 
respectively by the following equations (see e.g. [31]) 



104 



P. Cacciola and G. Muscolino 



{E(t)) = j Gn^(coj)dco 





(41) 



and 



(«(0> = 



' coG;i(a).t)dm 



Gu„{a),t)dco 



(42) 



Figures 4 and 5 show the time variability of the mean instantaneous energy and 
central frequency manifesting the fully non- stationary behavior of the spectrum 
compatible model. 
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Fig. 4 Mean instantaneous energy of the spectrum compatible model 
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Fig. 5 Mean instantaneous central frequency of the spectmm compatible model 
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Fig. 6 Comparison between simulated and target response spectra (a) and spectrum compatible 
time-histories (b) 
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Fig. 7 Zero-th order non-geometric response spectral moments (a) top (b) bottom 

Spectrum compatible criteria are verified in Fig. 6 by the positive matching of the 
simulated and target response spectra. 

Once the seismic action has been defined, the nonstationary response has been 
determined by the proposed procedure described in the previous sections. It has 
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Fig. 8 First order non-geometric response spectral moments (a) top (b) bottom 



to be emphasized that the adopted fully nonstationary spectrum compatible model 
allows the evaluation of function H^ (ft), defined in Eq. 33 in closed form, making 
the proposed procedure very competitive from a computational point of view. 

Figures 7-9 show the non-stationary non-geometric spectral moments of the re- 
sponse for two selected nodes of the structure, as indicated in Fig. 1 . By the analysis 
of the figures appears that the modal correction method give a sensible contribution 
to the accuracy of the bottom node, whose response is affected by higher order 
modes. On the other hand the response of top node is accurately determined with- 
out the need of a correction being governed by first two lower modes only. As 
expected according to the philosophy of MAM the correction method is efficient 
for correcting the displacement covariances, which is for the zero-th non-geometric 
spectral moments (Fig. 7), while its efficiency deteriorates when velocities are in- 
volved (see the first order and second order non-geometric spectral moments of 
Figs. 8 and 9). 
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Fig. 9 Second order non-geometric response spectral moments (a) top (b) bottom 



7 Concluding Remarks 



A new computationally competitive method for the seismic analysis of linear system 
vibrating under spectrum compatible fully non-stationary Gaussian excitations has 
been proposed in this chapter. The method requires the following steps: 

(a) The definition of the spectrum compatible process as the sum of two indepen- 
dent counterparts, the first associated to a recorded accelerogram, which takes 
into account of the time variability of both intensity and frequency content; 
while the second one is a corrective random term adjusting the spectrum com- 
patibility. 

(b) The use of modal analysis to decouple the equations of motion of classically 
damped systems. 

(c) The evaluation of the modal non-stationary non-geometric spectral moments 
by handy formulas, computationally very efficient in the case of non-separable 
power spectral densities. 
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In order to improve the accuracy of the nodal non-geometric spectral moments of the 
response an extension of the mode-acceleration method (MAM) for the evaluation 
of the non- stationary spectral moments has been presented. 

Remarkably, the use of modal correction technique in the framework of stochas- 
tic seismic analysis, appears to date the most suitable strategy for accurately 
determine the random response despite a slight increment of computational ef- 
fort compared to the adding of higher modal responses in evaluating the statistics 
of the response. Furthermore, it is noted that modal truncation criteria defined 
for the deterministic case cannot be used directly in the stochastic analysis. As a 
consequence modal correction techniques offer a valuable strategy for coping with 
the uncertainty related to the number of modes to be selected. 

Numerical analyses conducted on a large MDOF system vibrating under spec- 
trum compatible excitation models showed the accuracy and the efficiency of the 
proposed procedure in order to define the spectrum compatible stochastic seis- 
mic input and in the evaluation of the modal non-geometric non- stationary spectral 
moments. 

It has been shown also that the classical MAM is very convenient for determining 
the zero-th order response spectral moments with a slight additional computational 
effort. On the other hand this technique cannot improve the accuracy of second 
order response spectral moments because the latter involve the response velocities 
only. Further studies have been still devoted to correction methods in order to mean- 
ingfully improve the accuracy of spectral moments involving the velocity of the 
response. 
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Soil Spatial Variability and Structural 
Reliability of Buried Networks Subjected 
to Earthquakes 

Sidi Mohammed Elachachi, Denis Breysse, and Hichem Benzeguir 



Abstract Dysfunctions and failures of buried pipe networks like sewer networks 
are studied from the point of view of the heterogeneity of geotechnical conditions 
in the longitudinal direction and of the applied action (seismic action). Combined 
soil defects (differential settlements along the pipe, landslides, voids surrounding 
the pipe, etc.) and peak ground acceleration (PGA) induce stresses (which leads 
to an ultimate limit state ULS) and displacements (which constitute a violation of 
a serviceability limit state SLS). It is remarkable to note that the influence of the 
variability of the soil is not reflected in current European standards. A model has 
been developed which includes a description of the soil spatial variability, within 
the frame of geostatistics, where the correlation length of soil properties is the main 
parameter and a mechanical description of the soil-structure interaction of a set 
of buried pipes with flexible connections resting on the soil by a two parameter 
model (Pasternak model). Reliability analysis is performed on the sewer by using a 
Response Surface Model (RSM), with the reliability index calculated for two limit 
states: Serviceability limit state, corresponding to a too large "counterslope" in a 
given pipe, which can prevent the normal flow of fluids, and Ultimate limit state, 
corresponding to a too large bending moment, thus bending stress, which can cause 
cracks in the pipes. The response in time domain of a buried pipe subjected to nat- 
ural ground motion records and by taking into account a longitudinal variability 
of the properties of the soil is modeled. Several conclusions are drawn: Soil het- 
erogeneity induces effects (differential settlements, bending moments, stresses and 
possible cracking) that cannot be predicted if homogeneity is assumed and the mag- 
nitude of the induced stresses depends mainly on four factors: the soil-structure 
length ratio, which combines the soil fluctuation scale and a structural characteristic 
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length (buried pipe length), a magnitude of the soil variability (i.e. its coefficient of 
variation), a soil-structure stiffness ratio, and a structure-connection stiffness ratio 
(relative flexibility). 



1 Introduction 

Pipes that carry different substances need to be designed so as to reduce the damage 
caused by ground displacement induced by earthquake. Heavy damage to pipelines 
has occurred in many strong earthquakes. Dysfunctions and failures of buried pipe 
networks like sewer networks are mainly due to the heterogeneity of geotechnical 
conditions in the longitudinal direction and of the applied action (seismic action). 
Combined soil defects (differential settlements along the pipe, landslides, voids sur- 
rounding the pipe, etc.) and peak ground acceleration (PGA) induce stresses (which 
leads to an ultimate limit state ULS) and displacements (which constitute a violation 
of a serviceability limit state SLS). It is remarkable to note that the influence of the 
variability of the soil is not reflected in current European standards [ 1 ] . 

Manolis and Beskos [2] have presented a comprehensive review on the seismic 
behavior of buried pipelines and underground structures and many references can 
be found there. In this paper the response of buried pipe is investigated considering 
the seismic excitation by selecting real earthquake data. 



2 Pipe Modeling 
2.1 Pasternak Model 

Among the models which describe the behavior of a beam resting on a soil and 
their interaction, Pasternak model [3] constitutes an interesting model. In the soil- 
pipe interaction, the soil opposes, on the components of a sewer network (pipes), a 
distributed force R{x) (in N/m) given by Eq. 1 : 

R{x) = p{x) ■ D,,, (1) 

where p(x) is the stress (under the pipe in Pa), and Dgxt the external diameter of the 
pipe (in m). The stress is expressed according to the Pasternak model as: 



p(x) = k„ ■ w{x) - ks -z-^ (2) 

where k^^, is the coefficient of subgrade reaction (or Winkler coefficient in N/m-' or 
Pa/m), ks is the shear coefficient in N/m and w(x) the vertical pipe displacement 
(and thus the settlement of the soil). 
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Fig. 1 Buried pipe rheological model 



Pasternak's idealization considers the soil as being a system of identical but 
mutually independent, closely spaced, discrete, linearly elastic springs related by 
an incompressible "shear layer" which is defined as a layer of linear-elastic material 
of unit thickness that resists vertical shear forces only (Fig. 1). Thus it is a refine- 
ment of the well known Winkler model which suffers from not describing shear 
influence. The use of a two parameter model to characterize the soil's response un- 
der loading can appear as a too simplified concept. However, such a simplification 
seems coherent if one takes into account the variability and uncertainties related to 
the characterization of a soil. The spatial correlations which will be introduced fur- 
ther will ensure, in fact, a coherence of displacements, like it exists in a continuous 
medium. 

One should note that the two coefficients k„ and ks are not soil specific pa- 
rameters. They are also affected by the rigidity of the pipe. In fact these stiffness 
parameters depend on several factors, such as the length and/or the width (or di- 
ameter) of the pipe, the laying depth, the type of material used and the type of the 
pipe bed. The value of these coefficients can only be approached by semi-empirical 
methods. For a same set of values, a parametric study was conducted [4] and illus- 
trated the fact that for example fc„ range varies from 1 to 3 according to authors. To 
the knowledge of the authors, the literature has not given ways on how to identify 
ks in practice from physical and geometrical data [5]. 

In order to integer the damping of the system, the Pasternak model is adapted 
and extended to a Kelvin- Voigt model by adding dashpots (Fig. 1). 



2.2 Stiffness Matrix 



The stiffness matrix of the soil-pipe system has been derived in [4, 6] by using 
the energy method. Thus, the stiffness element matrix is given by the following 
expressions: 

n = [K] + [K] + K] (3) 
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where Ep, I, Dext, L and /, are respectively the pipe Young modulus, the pipe mo- 
ment of inertia, the exterior diameter, the pipe length and the finite element length. 
The relative soil-pipe stiffness ratio rp which is defined by the expression (5) can 
be considered as a governing parameter: 




(5) 



In order to be able to take into account the shear effect in a non-dimensional way, 
we introduce the following parameter r^s which relates the Winkler coefficient k^- to 
the shear coefficient ks . 

ks 



Tks = 



k r)2 



(6) 



2.3 Joint-Connection Stiffness 



Sealing between pipes is ensured by joints made of cement mortar or more fre- 
quently of elastomer. The rigidity of these joints is as variable as technologies and 
geometries employed: it can be very weak (flexible joints) or very high (welded 
joints). It is difficult to identify realistic numerical values of the joint stiffness even 
if some laboratory experiments have focused on this question [7]. In this work we 
assume a continuity of vertical displacements at joint connection and contrary to 
a model of continuous beam; we developed a model which enables to introduce 
discontinuities of rotation between the ends of the pipes. The joints between two 
adjacent pipes are assimilated to rotation springs with stiffness Rj relating the pro- 
portionality between the bending moment M applied to the joint and the variation 
of the angle of rotation Aq3: 

M=Rj.^(p (7) 
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To take into account this joint stiffness, we introduce tiie pipe-joint stiffness ratio 
rjoint which is defined by: 

To summarize, the soil-pipe interaction system, one can say that it is governed by a 
geometric parameter L (pipe's length) and three relative (without dimension) stiff- 
ness ratio parameters: 

rks (compression to shear) 

rp (soil to pipe) 

and rjoint (connection to pipe) 



3 Modeling the Spatial Variability of Soils and Its Effects: 
The Correlation Length 

In many common geotechnical problems, the variability of soils is only one among 
many sources of uncertainty (others are for example reduced sampling measure- 
ment or model errors). It can be accounted for by taking conservative values of the 
soil parameters, even if geotechnicians need a long practice to be able to justify 
the choice of these values [8]. In fact, the variability of soils cannot be reduced to 
case-by-case variability - as a result of its natural or man-made fabric (deposit pro- 
cesses, compaction processes...), the soil properties can be considered as spatially 
structured. Thus, tools like autocorrelation functions or semi-variograms appear to 
be appropriate tools for modeling. One must then identify the standard deviation or 
coefficient of variation of the studied property as well as the correlation length Ic 
(i.e. the distance above which the local properties at two points can be assumed to 
be independent). 

The first consequence of the spatial correlation is that the representative value 
of any soil property depends on the volume concerned by the problem to be solved. 
This question has been analyzed in detail during the drafting of Eurocode-7 but code 
writers have limited themselves to general considerations, without prescribing any 
formal method: the representative value is only said to be a characteristic value de- 
fined as "a cautious estimate of the parameter governing the studied limit state" [9]. 

Nevertheless, accounting for spatial correlation has direct consequences on the 
safety of designs. A simple illustration of the effects of spatial variability is that of 
the rotation (tilting) of a foundation of length L resting on a heterogeneous elastic 
soil and supporting a uniform loading. It was shown [10] that the magnitude of 
the rotation depends on the correlation length in the horizontal direction: it tends 
towards zero when Ic is very small (which corresponds to very quickly varying 
properties, thus homogeneous at L scale) or very large (which corresponds to very 
slowly varying properties, thus also homogeneous at L scale) and it is maximum 
for an intermediate range. This illustrates a consequence of the spatially correlated 
variation of soil properties: tilting occurs only when the soil is not homogeneous 
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and its magnitude depends both on the scatter in the soil properties (linearly) and on 
the correlation length, with a 'worst case' for a particular range of Ic values. 

Since the role of the longitudinal variability of the filling appears essential, we 
chose to model it by using the theory of the local average of a random field devel- 
oped by VanMarcke [11]. 

The random field of the coefficients k„ or ks is defined by three properties: its 

average value /CuCresp. ks), its variance k^ (resp. ks ) and its scale (or length) of 
correlation /^(resp. Ics)- These scales are related to a function (Eq. 9) of correlation 
p(t), where t points out the distance between two points, and which describes the 
spatial structure of correlation of the properties: p{x) differs whether the proper- 
ties vary more or less quickly while deviating from a given point. This correlation 
length (length from which the correlation between soil properties tend to disappear) 
depends on the characteristic (modulus, porosity, water content...) and on the direc- 
tion (horizontal or vertical). 



{-^) 



p(r) = exp(-2^jfort</, (9) 

The soil is subdivided in several zones. The random field value in each zone is 
thus a random variable whose value is estimated by the average of the space field 
over the zone. The local average and the variance in zone i of length Z), fulfil 
(expression 10): 

E[kADi)]=K (lOa) 

N^[kADi)]=K'y{Di) (10b) 

The expression (10b) shows that the local variance var[/:,i.(/),:)] depends on the 
length Di of zone ;' while following a variance reduction function y(Di). 

y{Di) is a measure of the variance reduction due to the averaging of the random 
process according to the length of the studied zone. In this work, as well k„ as ks 
follow a Lognormal distribution. 

In order to show the effect of both the mean values of the Winkler and shear 
coefficients and their correlation length, six cases were considered (Table 1) and 
applied to an example of a sewer section (set defined between two manholes) and 
which will be presented in detail further. The section is made of 20 pipes of unit 
length L = 3 m. For each computation, outputs which are linked to limit states are 
processed all along the section and their worst value is kept. Finally the cumulative 
density function (cdf) of this parameter (stress, displacement, bending moment) is 
drawn and used for comparisons. 
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Table 1 Values of k„, k,, I, 
and 1^.5 
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Fig. 2 Cdf of bending stress for the six different cases presented in Table 1 



2.5 



Figure 2 shows the cdf of the maximum bending stress in a concrete sewer's 
section. One can make two observations: 

• To not take into account the shear effect is not conservative (case C compared to 
case F) being given that the mean stress varies from more than 20%, 

• The correlation length of Winkler coefficient seems to have more importance 
than the correlation length of the shear coefficient (case B compared to A and C 
cases or case E compared to D and F cases). 



4 Equations of Motion 

The soil resistance to the pipe motion is generated by the relative motion u between 
the pipe and the soil. The pipe resistance comes from the absolute displacement U 
(Fig. 3). The governing equation of the system is as follows [12]: 



[Mp + Msoii] {U} + [Cp + Csoii] {U} + [Kp + K„ + Ks] {U} 
= [Msoii] {ii,} + [Csoiiiis] + [Kw + Ks] {u} 



(12) 
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In which Mp and Msoii are respectively the mass matrix of the pipe and of the soil, 
Kp, K„ and K, the stiffness matrix of the pipe and the soil (defined in Sect. 2.2), 
Cp and Csoii respectively the damping matrices of the pipe and of the soil. We note 
that the damping matrices are constructed from the Rayleigh damping. U, U, U, are 
respectively vectors of absolute displacement, velocity and acceleration, u, li and 
ii are vectors of relative displacement, velocity and acceleration, u, lis and iij are 
vectors of ground displacement, velocity and acceleration. 

Denoting the total stiffness [K] = [Kp] +[K„] +[Ks], the total Mass [M] = 
[Mp] + [Msoii] and the total damping [C] = [Cp] + [Csoii], the absolute displacement 
{U} = {Us} + {u}, the equations of motion in terms of the relative displacement can 
be rewritten as: 



[M] {ii} + [C] {u} + [K] {u} = - [Mp] {u,} - [Cp] {u,} - [Kp] {uj 



(13) 



These equations of motion are solved for each time history of the ensemble of real 
earthquake records. The boundary conditions can be considered as well fixed ends 
or free ends if we want to eliminate their effects. 



5 Response Surface Method 



In general, Monte Carlo Simulation (MCS) is suitable for reliability analyses of 
engineering structures, but a large number of samples is required. Several much 
more efficient methods have been developed to reduce this aspect, which are 
improved Monte Carlo simulations like importance sampling or adaptive sam- 
pling. Another powerful and widely used approach to such an approximation is the 
Response Surface Method (RSM). 

Response Surface Method refers not simply to the use of a response surface as 
a multivariate function but also to the process for determining the polynomial coef- 
ficients themselves. The basic idea of the RSM is to approximate the implicit limit 
state function G{x) by an equivalent polynomial function Gequix). Thanks to this 
approximation, the reliability assessment becomes faster and much more tractable 
than with the real complex model. If the data set has to be determined and if the 
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process is time consuming and computationally expensive, then the overall useful- 
ness of the method will depend on the use of an efficient method for selecting the 
fewest possible members of the data set. Design of Experiments (DOE) techniques 
provides the needed basis for this critical step of the methodology. 



5.1 Principle of the Method 

Among the methods developed for RSM construction, we adopted the one devel- 
oped by Nguyen et al. [13]. The proposed method is initially derived from the 
method worked out by Kaymaz and McMahon [14]. It aims to improve the accuracy 
of results while reducing the computational cost for the purpose of applications to fi- 
nite element problems where the responses of models are presented point-by-point. 
The main features of the proposed method are the choice of the response surface 
expression, the choice of the experimental design and the computation of the coeffi- 
cients of the polynomial function. The response surface is built in the standardized 
space. 

For the first iteration, a linear response surface (LRS) is chosen; the number of 
coefficients to be determined is (n -I- 1). For the following iterations, a quadratic 
response surface with cross terms is considered (QRS). The number of coefficients 
to be determined is (2n -|- 1), n being the number of variables. 

Building of the DOE is adaptive. DOE is half star-shaped around a central point 
Po corresponding to the median (or the mean) values of the random variables for the 
first iteration. On each axis, only one point is generated, which is selected towards 
the failure surface. (n-|- 1) points are thus generated. For the first DOE, the algebraic 
distance Ai between points generated on the axis "i" is chosen to be equal to a 
positive distance Aq. For the following DOE, Aq is determined from the distance 
Ao (taken equal to 2) and as function of partial derivatives of the approximation 
Gequ(x) at the central point [13]: 

An dGpoii(u) 

A,- = \ :'"' (14) 

u is the vector of random variables in the standardized space. In such a way, fitting 
points are located on the side of failure region (close to the central point) and at a 
distance proportional to the local sensitivity of the mechanical model with respect 
to the variable of interest. 

The determination of the coefficients of the response surface is done by the 
least squares method. The vector of coefficients is obtained by resolving the linear 
system (15): 

a = (^M^I^WoM^y' MjWog (15) 
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g is the vector of values of the hmit state function at the different p points of the 
DOE. In order to give greater weights to points closer to the limit state surface, 
Nguyen et al. [13] introduce a weighted regression to determine the coefficients of 
the response surface. Wq is the diagonal matrix of weight factors stated as: 
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(16) 

where G(uo) is the value of the limit state function at the origin of the standardized 
space (which is expected not to be zero) and where D^ is the distance between P* 
(design point) and the kth point of the DOE. 



5.2 General Algorithm of the Proposed Method [13] 



Following Nguyen et al. [13] the general algorithm contains ten steps. 

1. Building the first DOE. 

The fitting points are generated from the initial point uq (origin of the standard 
space), (n + 1) points are generated, at the distance + Aq if the variable is unfa- 
vorable (load variable) and — Ao if the variable is favorable (resistance variable), 
with regard to the limit state function. 

The choice of the type of a variable (load or resistance) is made by considering 
its influence on the physical model. 

2. Computing the value of the limit state function at each point of the DOE: 

gk = G(uk), k = {\,...,n + l}. 

3. Calculating the weight factors assigned to each gk according to Eq. 16, 

4. Fitting the LRS with Eq. 15. Computing the first reliability index P and the cor- 
responding design point P*, 

5. Building the complementary DOE from the new central point Pn: 



Ufif = uq + {UD - Mo) 



G(mo) 



G(mo) - G{ud) 



(17) 



where G(ud) is the value of the limit state function at the point P*. All the 
points of the previous DOE are preserved for the updated DOE. The point P* 
is incorporated to the new DOE if it is close enough to Pn. The complementary 
points of the updated DOE are generated. The total number of points of the DOE 
is (2n + 1). 



Soil Spatial Variability and Structural Reliability of Buried Networks 121 

6. Calculating the values of the limit state function at new points of the DOE: 

gk = Giuk), k = {n + 2,...,(2n + 1)}. 

7. Calculating weight factors according to Eq. 16. 

8. Determining the coefficients of the QRS according to Eq. 15. 

9. Computing the reliability index P and the design point P*. 

10. Checking out the convergence criteria on two successive values of P and two 
successive points P*. 

These criteria of nearness between two successive design points ensure that the 
last two response surfaces suitably reproduce the behavior of the exact limit state 
function in the vicinity of the failure surface. If the criteria are fulfilled, the proce- 
dure stops. 

Steps 8-11 are further repeated until convergence is reached. 



6 Performance Functions and Limit States 

Two performance functions are defined: 

One relates to the counterslope and corresponds to a serviceability limit service 
(SLS), by relating the sewer's hydraulic performance to the local counterslope. The 
presence of too high counterslopes harms the flow of the effluents and facilitates the 
clogging of the pipes by the sedimentation of the suspended particles. The corre- 
sponding limit state function is: 

Gcs = CSr-CSs (18) 

where CSr is the maximum acceptable counterslope and CSs is the maximum sim- 
ulated counterslope. 

The other performance function relates to the stresses and defines the equivalent 
of an ultimate limit state (ULS), by relating the cracking state (for a concrete pipe) 
to the bending stresses: 

G(7 = aR-as (19) 

where CTr is the yield tension stress of the concrete and as is the maximum bending 
stress. 

We assume that CSs as well as as follow Lognormal distributions, whose means 
and standard deviations are obtained from coupling RSM and finite element method, 
and that CSr as aR also follow Lognormal distributions of means and standard de- 
viations respectively of 4% ± 0.8%, and 2 ± 0.3 MPa. 

It should be noted that there does not exist any regulation limiting the coun- 
terslope, that is why we have chosen a 4% arbitrary limit based on the design 
considerations: trespassing such a value leads to damages or dismantling of the 
joints and to defects of sealing. The ±0.8% can be seen as a model uncertainty 
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on this SLS criterion. The target values of the reliability index to be reached are 
respectively 3.8 for the ULS and 1.5 for the SLS with a service life of 50 years [1]. 
In following, we will consider two reliability indexes Puls and Psls- 



7 Case Study 

7.1 Characteristics of the Sewer's Section 

Consider a reinforced concrete material for the pipe (Ep = 25,000 MPa) with an 
exterior diameter Dext = 1 m, a thickness of 0.08 m, made of a set of 20 pipes with 
unit length (L = 3 m). It rests on a soil whose Winkler coefficient is 10 kN/m-' and 
shear coefficient of 10 kN/m. This type of configuration corresponds to a pipe-soil 
ratio rp of 0.678. It must be noted that the pipe geometry intervenes as well in the 
expression of inertia I as in that of the Winkler coefficients. The pipes are subjected 
to a deterministic uniform loading of 50 kN/m and to the earthquake of El-Asnam 
(Algeria 1980). 

One defines X the ratio between the length of correlation Ic and the pipe length L. 
In the following sections are analyzed: 

- the effect of the length of correlation on the response of the system, 

- and for an unfavorable length of correlation {\ # 1), the effect of the relative 
soil-pipe stiffness, 

- and the effect of the relative joint-pipe stiffness. 

The values of the reliability P indexes (ULS or SLS) obtained must be considered 
rather comparatively that in an absolute way because of: 

• the arbitrary character of the values retained for CSr as CTr^ 

• the type of the probabilistic distribution, 

• model uncertainties on soil characteristics (k^, ks). 



7.2 Effect of the Correlation Length 

The analysis is carried out for lengths of correlation ranging from 0.03 to 1 ,500 m 
(otherwise 10"'' < X, < 5 x 10^). Two types of joints are considered: rigid 
(rjoint = 10+5) and flexible (rjoi„t = lO'^). 

Figures 4 and 5 show the ULS and SLS reliability indexes. One notes that: It 
is shown the existence of a critical length of correlation and thus a critical value 
of X, which causes the most unfavorable effects in the structure. The evolution of 
the reliability is not monotonous. The existence of such a limit value is one of the 
invariants of the problems of (heterogeneous) soil-structure interaction [10]. 
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Fig. 5 Effect of congelation length on service limit state reliability index for two values of the 
coefficient of variation of ^„, and two types of joints 



Reliability indexes grow when X tends towards zero or infinity: in these two sit- 
uations the soil tends to be homogeneous at the scale of the analysis, either because 
its variations are filtered very fast by the pipe, or because its variations are very slow 
and induce almost uniform values between close elements. 

We had seen that the rigid joints and for a high coefficient of variation of k^ do 
not satisfy the ULS for \ comprised between 0.01 and 7, while the flexible joints 
provide results much better. On the other hand if we consider the SLS, the flexible 
joints provide results a little worse than the rigid joints. One thus notes at this level a 
conflict in the choice of the "good pipe length" to satisfy the ULS as well as the SLS. 
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7.3 Effect of the Joint-Pipe Stiffness Ratio 



The effect of joints on the behavior of the system was analyzed by varying the 
joint-pipe ratio rjoint from 10~^ to 10+^. Figures 6 and 7 show the evolution of the 
reliability indexes for different coefficients of variation of Winkler coefficient. 

It is interesting to underline the strong influence of the joints stiffness since the 
rigid joints are penalizing with the ULS, by the fact that they necessarily induce 
more significant stresses. On the other hand, the flexible joints are penalizing with 
the SLS. One has to choose an intermediate joint stiffness in order to carry out the 
best compromise, since reliability is completely assured as well for the ULS as the 
SLS. Finally, one can also note that for a given value of rjoint, as well as ULS index 
reliability than SLS index reliability decrease with the increase of k„ coefficients of 
variation. 



7.4 Effect of the Soil-Pipe Stiffness Ratio 

By maintaining the same set of pipes and soil parameters (k = I, r^s = 1)> we 
vary the soil-pipe stiffness ration r^ in the range [0.4-1.7] which corresponds to 
a Winkler coefficient in the range [100 MPa to 100 kPa] for four values of the 
coefficient of variation (CoVa:„, = 0.1, 0.2, 0.4 and 0.8). 

While taking here a length of correlation /^ close the length of the pipe ( X # 1 ) , we 
refer to the situation in the vicinity of the most unfavorable geotechnical conditions. 
Figures 8 and 9 present the values of the reliability indexes. Whatever the type of 
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values of the coefficient of variation of k„. 
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Fig. 7 Effect of joint-pipe stiffness ratio on service limit state reliability index for four different 
values of the coefficient of variation of k„. 



16 



12 



PULS 




— 


- ULS — ■— 


CV=0.2 




\ 




—k— CV=0.8 












\ 




Flexible 


joint 

J- 


V 

V 




_, 


/ . 


k 


-X '^ 


r ■ 


\ 




X 




Rigid j 


oint 



0.5 



1.5 
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of the coefficient of variation of fc,„ 



joint, reliability is lower for high soil-pipe stiffness ratio, situation corresponding 
to sections of very stiff pipes or to low soil stiffness. In the presence of rigid joints 
(Fig. 8) and high coefficient of variation of the soil's parameter, the Eurocode Puls is 
not respected (lower than 3.8). One notes that increasing the coefficient of variation 
induces reduction of the reliability of the pipe section. One can see it is better to 
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Fig. 9 Effect of soil-pipe stiffness ratio on service limit state reliability index for four different 
values of the coefficient of variation of k^., 



have flexible joints than rigid joints, better is worth to privilege a lower rp to ensure 
"a good" reliability of the network. 

In terms of counterslopes (Fig. 9), it is better to have rigid joints than flexible 
joints. To ensure the reliability of the sewer's section using rigid joints imposes that 
the ground is rather homogeneous. 

One can also note that it is more interesting to be in the presence of a relatively 
homogeneous soil and whose mechanical characteristics are poor that in the pres- 
ence of a better ground but whose heterogeneity is more pronounced. 



8 Conclusions 



Several conclusions are drawn: 

(a) Soil heterogeneity induces effects (differential settlements, bending moments, 
stresses and possible cracking) that cannot be predicted if homogeneity is 
assumed. 

(b) The magnitude of the induced stresses depends mainly on four factors: 

• The magnitude of the soil variability (i.e. its coefficient of variation) 

• A soil- structure stiffness ratio 

• A structure-joint stiffness ratio (relative flexibility) 

• A soil- structure length ratio, which combines the soil fluctuation scale and a 
structural characteristic length (buried pipe length) 
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A worst value, corresponding to the value leading (from a statistical point of view) to 
the (statistically) largest effects in the structure, can be found. The principal benefit 
of such an approach is to provide some new approaches for better considering phe- 
nomena such as the geometrical irregularities in the longitudinal profile during the 
control of soil compaction of sewer trench filling. This kind of approach can also 
give experts new tools for better calibration of safety in soil-structure interaction 
problems, when the soil variability is an influential parameter. 
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An Efficient First-Order Scheme for Reliability 
Based Optimization of Stochastic Systems 



Hector A. Jensen, Gerhart I. Schueller, Marcos A. Valdebenito, 
and Danilo S. Kusanovic 



Abstract This contribution presents a novel approach for solving reliability-based 
optimization (RBO) problems. In particular, the reliability-based optimization of 
structural systems under stochastic loading is considered. The approach is based on 
a descent-feasible direction and a line search strategy, allowing to explore the space 
of the design variables most efficiently. The proposed method is monotonically con- 
vergent, that is, it generates a sequence of steadily improved feasible designs. An 
efficient simulation technique is used for the purpose of evaluating the reliability 
constraints. On the other hand, the sensitivity of the reliability constraints with re- 
spect to the design variables is estimated by an approach based on the local behavior 
of the performance functions that define the failure domains. Numerical results show 
that only a moderate number of reliability estimates has to be performed during the 
design process. A numerical example showing the efficiency and effectiveness of 
the approach reported herein is presented. 



1 Introduction 

Structural optimization is concerned with achieving an optimal design while satis- 
fying certain constraints. In this regard, the optimal design can be defined as the best 
feasible design according to a preselected quantitative measure of effectiveness. In 
most structural engineering applications, response predictions are based on struc- 
tural models whose parameters are uncertain. This is due to a lack of information 
about the value of system parameters external to the structure, such as environ- 
mental loads (wind loading, water wave excitation, traffic loading, earthquake 
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excitation, etc.) or internal such as material properties, construction defects, system 
behavior, etc. Under uncertain conditions the field of reliability-based optimiza- 
tion provides a realistic and rational framework for structural optimization which 
explicitly accounts for the uncertainties. Standard reliability based optimization 
formulations include problems such as: minimization of construction costs under 
probabilistic constraints; minimization of failure probability for a fixed structural 
cost; maximization of overall utility of structures; minimization of lifetime costs 
of facilities; design for optimal inspection and maintenance planning; etc [9]. 
Reliability-based optimization requires advanced and efficient tools for structural 
modeling, reliability analysis and mathematical programming. This is especially 
important when dealing with structural systems subject to stochastic excitation. 

Modeling and analysis techniques of mechanical systems based on local ap- 
proximations are well established and sufficiently well documented in the literature 
[4, 39]. Techniques such as finite and boundary element methods have been ex- 
tensively used in structural analysis and design. On the other hand, several tools 
for assessing structural reliability have lately experienced a substantial develop- 
ment providing solution to a number of complex problems. Simulation methods 
such as Subset Simulation, Line Sampling, Importance Sampling, and the Domain 
Decomposition Method have played a major role in assessing structural reliability 
of realistic and challenging engineering problems involving large structural models 
[3, 5, 15-17, 19, 27, 33]. In the field of reliability-based optimization several pro- 
cedures have been recently developed allowing the solution of quite demanding 
problems. Such procedures are usually based on a combination of approximation 
concepts with standard deterministic optimization techniques [1,7, 8, 10, 12, 13, 18, 
23,25,26], or stochastic search algorithms [20,35]. 

The approximate models, i.e. meta-models, are usually simple functions of the 
design variables. Thus, the optimal design of the approximate model can be easily 
evaluated and serves as an approximation to the original reliability-based opti- 
mization problem. In other words, the optimizer of the meta-model is used as an 
estimate of the real (exact) optimizer. Methods such as response surfaces, neural net- 
works, Kriging models, and local and global approximation techniques have been 
proposed as meta-modeling techniques in the area of design optimization. In this 
context, recent developments of efficient and robust sensitivity analysis techniques 
are closely related to the construction of meta-models for complex structural sys- 
tems [2,24,30,36,38]. 

Stochastic search algorithms have also proved to be useful tools for solving 
challenging optimization problems. In these approaches the values of the random 
functions are used directly as inputs to the optimization algorithm. The algorithms 
used in these cases are generally direct search schemes which only use the values 
of random functions to be optimized as inputs. Thus, these approaches represent 
the most direct usage of information obtained by simulation techniques. In the pres- 
ence of uncertainty several types of direct search methods can be identified. They 
include stochastic approximation methods, evolutionary algorithms, pattern search 
methods, and evolutionary algorithms [25,30,34]. For a thorough review of the pre- 
vious and other recent advances in the context of optimization problems considering 
uncertainties it is referred to, e.g. [31,32]. 
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The use of the above optimization approaches has been found useful in a number 
of structural optimization applications. However, the application of reliability-based 
optimization to stochastic dynamical systems remains somewhat limited. For ex- 
ample, meta-modeling techniques are not well suited to large scale optimization 
problems when the number of design variables is large. This is specially prohibitive 
when considering large scale simulation models. Also, optimization of the meta- 
model will usually be only a first approximation. That is, the meta-model must be 
repeatedly applied in order to get a closer optimum. On the other hand, most of 
the available optimization schemes dealing with stochastic dynamical systems do 
not possess proven convergence properties. Therefore, there is still much room for 
further developments, considering for example more design variables, large-scale 
mechanical models, provable robustness properties in terms of convergence, etc. In 
this work an optimization scheme based on feasible-descent directions and a line 
search strategy is presented. The approach has monotonic convergence properties, 
that is, the process may be stopped at any stage still leading to feasible designs bet- 
ter than the initial estimate. In addition, the proposed scheme can handle complex 
structural models in a very efficient manner. 

The structure of the paper is as follows. First, the mathematical formulation for 
the reliability -based optimization problem is presented. The proposed optimization 
scheme is then considered. Next, several implementation issues such as: reliability 
assessment; gradient estimation of failure probability functions; line search im- 
plementation; and reliability estimates variability are discussed in detail. Finally, 
an application problem is presented to illustrate the performance of the proposed 
methodology. 



2 Reliability-Based Optimization Problem 
2.1 Formulation 

Consider the following structural optimization problem 

Min C({x}) 
subject to 

hi{{x})<Q, i = \,...,n 
g/({x})<0, ; = 1,...,OT 
Si{{x))={aif{x}-hi<(}. i = \,...J (1) 

where {x},x,, / = l,...,«j is the vector of design variables, C({x}) is the 
objective function, /z,({x}) < 0, ; = !,...,« are the reliability constraints, 
gi{{x}) < 0, ;' = l,...,ff2 are the deterministic nonlinear constraints, and 
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Si ({x}) < 0. i = 1, .... / are the deterministic linear constraints. The deterministic 
constraints are related to design requirements such as structural weight, geometric 
conditions, material cost components, etc. The side constraints 

{x} € X, Xi € Xi = {Xi \xl < Xi < xl), i = l,...,nd (2) 

are included in the definition of the linear deterministic constraints s, (■). The relia- 
bility constraints are written in terms of the failure probability functions as 

ht ({x}) = Pp. {{x}) - P;. < 0, i = l,...,n (3) 

where Ppj (x) is the failure probability function for the failure event Ft evaluated at 
the design {x}, and Pp is the target failure probability for the ; th failure event. The 
failure probability function Ppj {{x}) evaluated at the design {x} can be written in 
terms of the probability integral 

Pf:{{x})= I f{{z}/{x})d{z} (4) 

JQp. 

where {z} e .f2{,} C i?"" is the vector of uncertain variables involved in the prob- 
lem, f{{z}/{x}) is the probability density function of {z} conditioned on {x}, and 
QPi is the failure domain of failure event Fi in the Q{~) space. The failure domain 
Qp. for a given design {x} is defined in terms of the performance function a:, as 
Ki({x},{z}) < 0, that is Qpi = {{z} \ Ki({x},{z}) < 0}. Recall that {z} is the 
vector of random variables that describes all uncertainties involved in the system 
(model and loading parameters). That is, the components of the vector {z} represent 
the uncertain structural parameters and the random variables used in the charac- 
terization of the stochastic excitation. Therefore, the failure probability functions 
Ppi ({x}), i = !,...,« account for the uncertainty in the system parameters as well 
as the uncertainties in the excitation. 



2.2 Application to Dynamical Systems 

For systems under stochastic excitation the probability that design conditions are 
satisfied within a particular reference period provides a useful reliability measure. 
Such measure is referred as the first excursion probability. In this case the failure 
events Ft ,i = 1 , . . . , « are defined as 

F,({x},{z}) = A({x},{z})>l (5) 

where 

|rUf,{x},{z})| 
Di{{x},{z}) = max; = i „ maX(g[o,7']— ji (6) 
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is the normalized demand, [0, T] is the time interval, r'-(t, {x}, {z}), j = 1, . . . , «y 
are the response functions associated with the failure event ;', and r'- is the corre- 
sponding critical threshold level. In this context the quotient | r'Jt. {x}, {z}) \ /r'- 
is interpreted as a demand to capacity ratio, as it compares the value of the response 
r'At, {x}, {z}) with the maximum allowable value of this response r' . The response 
functions r'At. {x}, {z}), i = I, . . . ,n, j = 1, . . . ,nj are obtained from the solu- 
tion of the equation of motion that chciracterizes the structural model. With the pre- 
vious definition of normalized demand, the performance function can be written as 

Kt({x},{z}}=l-Di{{x},{z}) (7) 

and the corresponding first excursion probability can be expressed as the multidi- 
mensional integral 

PF^iU})= f fi{z}/{x})d{z} (8) 



3 Proposed Approach 
3.1 General Description 

A first-order optimization scheme based on feasible directions has been selected 
in the present implementation for its simplicity and robustness [11]. Starting from 
an interior point in the design space the first step of the approach is to determine an 
active design since the optimum solution for most practical applications occurs on 
the boundary of the design space. An active design is a point on the design space 
boundary, i.e. one or more inequality constraints are active. Next, a one-dimensional 
search is carried out along a given direction in order to obtain a new design (better 
than the previous one) and the corresponding active constraints. The process contin- 
ues until convergence is achieved. By construction the method generates a sequence 
of steadily improved feasible designs. In what follows, the basic concepts involved 
in the proposed optimization scheme such as descent directions, feasible directions, 
active set of constraints, and one-dimensional search are presented. It is emphasized 
that the proposed scheme can be extended in a straightforward manner to incorpo- 
rate more advanced first-order optimization algorithms. 



3.2 Descent and Feasible Directions 

The objective function C(-), the reliability constraint functions /!/(•), i = 1, . . . , «, 
and the deterministic constraint functions gi(-),i = l,...,w are assumed to 
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have continuous derivatives. A descent direction {d} at the design {x} verifies 
the condition WC^{d} < 0, which ensures that for sufficiently small e > the 
inequality 

C({x} + s{d}) < C{{x}) (9) 

should hold. Next, a feasible design {x}, that is {x} e f2, where Q denotes the 
feasible region is considered. The feasible region is defined by the collection of 
designs that satisfy 

Q = {{x}\ hi({x}) <0, i = l,...,n , gi{{x})<0, i = l,...,m, 

st({x})<0, i = l,...J} (10) 

A feasible direction {d} at the design {x} is such that there is a e > such that 
{x} + s{d} e Q for all e, < s < e. At the feasible design {x} let one or more 
constraints be active. In this context the active set of constraints / is defined as 

J = {j: hj({x}) = 0,7 = 1, ...,«} U {j : gj({x}) = 0, j = 1, . . . ,m} 

U{j :sj({x}) = 0, 7 = 1,...,/} (11) 

A feasible direction {d} satisfies the condition 

Vhi{{x}f{d} < , V^,({^})^{'^} < 0, and Vsii{x}f{d} < (12) 

for each / e / which ensure that for sufficiently small e > the design {x} + s{d} 
will be feasible. In the previous definition of feasible direction it has been assumed 
that the design {x} is a regular point, i.e. the gradient vectors Vhj {{x}}, Vgi {{x}), 
Wsi ({x})i e / are linearly independent. 



3.3 Direction Evaluation 

3.3.1 Interior Design 

If the current design {xf^} is an interior point in the feasible design space Q, then 
the active set is empty and the steepest descent direction — VC({jc}) is the obvious 
choice for {d}. Proceeding along, there is a high chance to hit the boundary of the 
feasible design space as most realistic engineering problems have the minimum on 
the boundary. Therefore, it can be assumed in what follows that some constraints 
(probabilistic or deterministic) are active at the next design {.Xjt+i}. 
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3.3.2 Active Non-Linear Constraints 
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To determine a descent feasible direction from a design where some of the active 
constraints are non-hnear the following optimization problem is formulated 



Min a 



subject to 



e / 



VC({x;fc})^{J} < a, V/z,({x;t})^{rf} < a , 7 
— 1 < <^/ < 1 > i = I, ■ ■ ■ ,nd 



(13) 



where the optimization variables are given by the component of the vector {d} and 
the scalar a. The constraints on the magnitude of J, have been imposed to en- 
sure a bounded solution. It is clear that a negative a means that the vector {d} is 
a descent-feasible direction at the current design. A schematic illustration of the de- 
scent feasible direction concept is shown in Fig. 1. The optimization problem (13) 
can be rewritten as a linear programming problem (LP) by defining the variables 
Vi = di + \.i = \, . . . .tid and P = —a. Substituting these variables in (13), the 
optimization problem can be arranged as 



such that 



Minimize {q} {y} 



[A]{y}<{c}, W>0 



(14) 



VSi({xJ) 



7h,{{xJ) 




(active at (x^) 
(active at {x^.}) 



Si{{V)-o 
(inactive at {xj) 



Fig. 1 Descent feasible direction 
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{yf = {{^f,P), {<?}^ = (o,...,o,-i) 

{c}^ = (co,..,c/,..,..,c^\..,..,c^\..,2,...,2) 

i ^J 



VC^({x}) 



(15) 



Vh]{{x}) 
Vs]{{x}) 





1 ... 

1 



(16) 



where 



yC^({xk}) 



VgJ({xfe}) 






= Co, yh]{{xk}) 



1 1 

1^ 
1 1 



> = c- 



= 4, VsJ({xk}) 



>=ci 



(17) 



A standard simplex method is used to solve the above problem for d* = v* — 1 
and P*. The gradients VC, V/i, and Vg, used in the previous LP problem are nor- 
malized as unit vector by dividing by their lengths. If ;S* > (o;* < 0) means that 
the vector {d}* is a descent-feasible direction. On the other hand, if |S* = means 
that no descent-feasible direction exists, and therefore convergence is achieved [6]. 
As previously pointed out, if /J* > 0, a descent-feasible direction exists and line 
search (one dimensional search) has to be performed (see Sect. 3.4). 
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3.3.3 Active Linear Constraints 

If at the current design {x^} the active set of constraints are only hnear, the direc- 
tion vector {d} can be obtained directly by projecting the steepest descent direction 
— VC({.Tyt}) onto the tangent plane defined by the active linear constraints [29]. The 
tangent plane is characterized by 

[B]{p} = {0} (18) 

where the matrix [B] consists of rows of the gradient vectors obtained from the 
active linear constraints, i.e. 

[Bf = {{a,f,{a2f,---Aai}^,-}, i^J (19) 

The descent-feasible direction {d} is given by 

{d} = -WC{{xk})-[Bf{S} (20) 

where {S} is the solution of the equation 

[B][Bf{S} = -[B]VC({xk}) (21) 

where it has been assumed that the current design is regular, that is, the rows of [B] 
are linearly independent. If there is a dependency, the redundant constraints must 
be deleted [22]. Computationally, the direction vector {d}is obtained by combining 
Eqs. 20 and 21 which gives 

{d}=[P]i-WC({xk}), [P] = I-[Bfi[B][Bfr'[B] (22) 

where [P] is the projection matrix. The product [P]{—VC{{xk}) projects the steep- 
est descent direction — VC({x,t}) onto the tangent plane, as shown in Fig. 2. 



3.4 One Dimensional Search 

Once a descent-feasible direction has been obtained, a one dimensional search is 
Ccirried out. This is a constrained one-dimensional search and it can be expressed as 

Min C'ia) = Ci{xk} + a{d}) 



subject to 



urf 



hfia) = hii{xk} + a{d})<0, 
gf(a) = g,({xk} + a{d})<0, 
sf{a) = Sii{xk} + a{d})<0, 



= !,...,« 
= I, . . . ,m 

=1,...,/ (23) 
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(active at {XkJ) 



Vc({x,}) 



S,({x})-0 
(inactive at{Xfc}) 




t Feasible 
Domain 

^x, 



S3{(x^)-0 
(inactive at{X[;}) 



Fig. 2 Projection of the steepest descent direction onto the tangent plane: {d}=[P]{—VC{{x^^})) 



First, the step a to the nearest intersecting boundary (active deterministic or 
probabilistic constraint) is determined. The actual implementation of this step is 
discussed in Sect. 4.3. Having determined the step a, the optimal step a^ is evalu- 
ated as follows. If the slope of the objective function C^ (a), that is 



dCiix}) 



da 



vc^({xk} + a{d}){d} 



(24) 



is negative, then the optimal step is given by a^ = a, and the new point in the 
design space is 

{xk+i} = {xk} + oil{d} (25) 

On the other hand, if the slope of the objective function C^ (a) is positive, the 
minimum value of C is obtained in the interval [0, a]. The optimum value of a can 
be determined for example by using a bisection strategy [11]. 



3.5 Algorithm Description 



The proposed algorithm is summarized as follows. 

1 . Initial design 

Determine an interior starting design {xi^}, ^ = 0. 

In many practical applications a feasible design can be obtained from physical 
considerations or engineering criteria. If this is not the case several techniques 
are available for finding an initial feasible design [6, 14]. 
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2. Initial active set of constraints 

Perform a one dimensional searcii in tiie feasible region along the steepest de- 
scent direction — VC({xfc}), k = Oto determine an active set from 

J = {j ■■-€< hj({xk}) < 0, y = 1, ...,«} U 

U ■.-e<gj({xk})<0, j = h....m}U 

{j:-€<sj{{xk})<0, 7=1,...,/} (26) 

where the user-defined scalar e or constraint thickness parameter allows con- 
straints near the limit to be included in the active set. 

3. Determine the direction vector {d} 

a. If the active set is defined only by linear constraints, form the matrix [B] 
(Eq. 19), and solve Eq. 21 for {i5} and evaluate {d} from Eq. 20. 

b. If the active set contains nonlinear constraints, solve the linear programming 
problem (14) to find {d*} = {v*} — {1}, where the components of the vector 
{1} are equal to one. 

4. One dimensional search 

Perform line search and determine the optimum step size a^ . Update the current 

design {xk} as {x^+i} = {xk} + al{d}. 

Determine the active set of constraints and return to step (3). 

5. Check for convergence 

If at the current design a descent-feasible direction does not exist, the optimiza- 
tion scheme stops. 



3.6 Algorithm Properties 

The optimization strategy adopted in this work is based on a local optimization 
algorithm. Therefore the optimization process can converge to a local optimum. 
This situation may occur in structural optimization problems with, for example, 
non-convex objective functions, or non-convex or disjoint design spaces. Thus, the 
solution of the optimization process does not ensure the identification of the global 
optimum. That is, the selection of a particular initial solution can affect the value 
of the final design. In spite of this fact, local optimization schemes are valuable 
tools in the design process of structural systems. Attempts to find the global op- 
timum (or optima) can be based on physical considerations of the problem or the 
use of global optimization algorithms. It is noted that, however, global optimization 
schemes require a large number of function evaluations (i.e. reliability estimations) 
and therefore they are impractical for the optimization of dynamical systems un- 
der stochastic excitation. In this regard the implementation of global optimization 
strategies is the subject of future research. 
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4 Implementation Issues 
4.1 Reliability Assessment 

The reliability constraint functions /i,({x}),/ = 1. . . . ,« of the stochastic opti- 
mization problem (1) are given in terms of the first excursion probability functions 
Ppi ({x}), i = I, . . . ,n. Subset simulation [3] is adopted in this formulation for 
the purpose of estimating the corresponding failure probabilities during the design 
process. In the approach, the failure probabilities are expressed as a product of con- 
ditional probabilities of some chosen intermediate failure events, the evaluation of 
which only requires simulation of more frequent events. Therefore, a rare event 
simulation problem is converted into a sequence of more frequent event simulation 
problems. For example, the failure probability Pp. {{x}) can be expressed as the 
product 

mf — l 

PfA{^}) = P(Fi,i({x})) n PiFi,k+i({x})/Ft^k({x})), (27) 

k=l 

where F,,m^({^}) = PFi({x}) is the target failure event and Fi^mpiix}) C 
Fi,mp-i({x}) ... C Fi^i({x}) is a nested sequence of failure events. Equation 27 
expresses the failure probability Pfi({x}) as a product of P(Fi^i({x}j) and the 
conditional probabilities /'(F, yt+i({.x})/F, ,t({.x})), k = 1, . . . , mp — 1. It is seen 
that, even if Ppj {{x}) is small, by choosing nip and F,- yt({x}), k = 1, . . . , mp — 1 
appropriately, the conditional probabilities can still be made sufficiently large, and 
therefore they can be evaluated efficiently by simulation because the failure events 
are more frequent. The intermediate failure events are chosen adaptively using in- 
formation from simulated samples so that they correspond to some specified values 
of conditional failure probabilities. For details of this simulation procedure from the 
theoretical and numerical viewpoint it is referred to, e.g. [3]. 



4.2 Gradient Estimation 

It is clear that the proposed optimization scheme requires the estimation of the 
gradient of the failure probability functions. In what follows, a methodology for 
estimating the sensitivity of the failure probability functions in terms of the design 
variables is presented. 



4.2.1 Performance Function Approximation 

Recall that the failure domain Qp. for a given design {x} is defined as Qp. = {{z} \ 
Ki({x}, {z}) < 0}, where {z} is the vector of random variables that describes all 
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uncertainties involved in the problem. If {x^} is the current design, the performance 
function a:, is approximated in the vicinity of the current design as 

ici ({x}, {z}) = Ki ({xk}, {z}) + {Sif{Ax} (28) 

where {x} = {xj^} + {Ax}. For samples {zj}, j = 1, . . . , M near the limit state 
surface, that is, k, {{x}, {zj}) ~ the performance function is evaluated at points in 
the neighborhood of {x^}. These points are generated as 

{xik}-{xk} = {Ax}=-^^R, l = l,...,N=QxM (29) 
II {?/} II 

where the components of the vector {^/} are independent, identically distributed 
standard Gaussian random variables, A^ and Q positive integers and ^ is a user- 
defined small positive number. This number defines the radius of the hypersphere 
({^/}/ II {?/} 11)^ centered at the current design {xk}. The coefficients {Si} of the 
approximation (28) are computed by least squares. To this end, the following set of 
equations is generated 

Ki({xik},{zj}) = ici({xk},{zi}) + {Sifv$hiR 

II {?/} II 

I = j +(q-l)xM ,q=l....,Q J = 1,...,M (30) 

Since the samples {zj}, j = I. . . . , M are chosen near the limit state surface 
the approximate performance function icj is representative of the behavior of the 
probability of the failure domain Qp. in the vicinity of the current design {xj^^}. 



4.2.2 Sensitivity of Failure Probability Function 

The gradient of the i-th failure probability function at {x^} can be estimated by 
means of the limit: 



dPFi({x}) 
dxi 



,. PPi i{xk} + {uil)}Axi) - Pf, ({xk}) 

= lim — ' ' , 

{x] = {x„} ^^'^0 Axi 

/ = l,...,;v (31) 



where {«(/)} is a vector of length nj with all entries equal to zero, except by the 
/-th entry, which is equal to one. Considering the definition of failure probability in 
Eq. 8, the above equation can be rewritten as: 



dPFi({x}) 

dxi 



, - ,..i{{xk} + {u{l)}Axi,{z})<0] 
lim 



i.(* 



{x}={x,} ^-'-0 V Axi 

P[Ki({Xk},{z})<0] 



,, / = l,...,«rf (32) 
Axi 
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where P[-] denotes probability of occurrence. Introducing Eqs. (7) and (28), this 
limit can be approximated as: 



dxi 



,'P[Dii{xk},{z})>l+SuAxi] 
lim 



a^ 



p[Dii{xk},{z})>iy 



l = \....,nd (33) 



Thus, the calculation of the derivatives reduces to estimating the probability that 
the normalized demand (for a fixed design) exceeds two different threshold levels. 
These probabilities can be readily obtained from a single reliability analysis per- 
formed using, e.g. Subset Simulation. If the failure probability is approximated as 
an explicit function of the normalized demand in the vicinity of the limit state sur- 
face (Ki{{xk}, {z}) = 0) as 

P[Di{{x^},{z}) > D*] = Pp^{D*) 

Pf.(£)*)«ie^o+''''(^'*-i\ 

D* e [l-e,l + e] (34) 

where D* is a threshold of the normalized demand and e represents a small toler- 
ance, e.g. 6 = 0.05, then Eq. 33 can be simplified to 



dxi 



~ lim = fiSiiPfiiixk}), 

1 = 1,..., rid (35) 



where 5,/ is the /-th element of the vector {S, }, and all other terms have been previ- 
ously defined. Numerical experience has shown that the approximation introduced 
in Eq. 35 is adequate in the context of the proposed optimization scheme. Issues 
such as the number of points required for performing least square {Q and M), and 
the generation of design points in the vicinity of the current design (calibration of 
the radius R) are discussed in detail in reference [36]. 



4.2.3 Directional Sensitivity of Failure Probability Function 

The approach proposed above can also be used for estimating the derivative along a 
given direction {y}, i.e.: 

T7P r, UT. >| ,. PF^({Xk} + {y}Ax)-PF,({Xk}) _, 

V^f,({x}) {y}\,, , = lim — •- '- (36) 

I {x}={x^} Ax^O Ax 

In this case, it suffices to generate an approximation of the performance function 
ici in the single-dimensional space defined by {y}. Thus, only one coefficient Si must 
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be computed for constructing the required approximation. Then, the least squares 
problem to be solved is (cf. Eq. 30) 

ici {{xk } + {y}iiR. {Zj }) = ici {{xk } , {Zj )) + &iiiR, j = \,...,Nd (37) 

where ^y , j = 1 , . . . , Nd are independent, identically distributed standard 
Gaussian random variables, {zy}, j = 1, . . . , Nd are samples of the uncertain 
parameters located near the limit state surface (i.e., Ki{{x},{zj}) ~ 0), Nd is a 
positive integer and i? is a user-defined small positive number. The number of eval- 
uations of the performance function required for solving the least squares problem 
in Eq. 37 is smaller than the number of evaluations required to solve the problem in 
Eq. 30. Usually, the ratio between the number of samples required for solving the 
former and latter problems is l/« j (inversely proportional to the number of design 
variables). The directional derivative can be estimated as 

^Pf, {{x}f{y} I ,^j^(^^ J « if A Pf, {{xk}) (38) 

Finally, note that the approach for estimating the gradient and the directional 
derivative of the failure probability functions described in this section does not 
require any additional reliability analyses. Only the evaluation of the correspond- 
ing performance functions Kj ,i = 1 ,...,« in the vicinity of the current design is 
needed. 



4.3 Line Search 

The step size problem, that is, the determination of the step to the nearest intersect- 
ing boundary (Sect. 3.4) is carried out as follows. If {x^} is the current design the 
idea of line search is to explore the design space along a single dimension. The one 
dimensional space based on {x^} is defined as 

^{.,} = {{x} I {x} = {xk} + a{d}} (39) 



4.3.1 Deterministic Constraints 

For the deterministic linear constraints, the step to nearest intersecting boundary a, 
can be readily determined from the requirements that 

-e<Sii{xk} + a{d})<0, iiJ, (40) 
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where 6 is a positive user-defined scalar. For the deterministic nonlinear constraints, 
a step limit aumit based on the lower and upper limits of the design variables is first 
determined from 

x\ < Xik + adi <x^, i = I,..., rid (41) 

Next, all constraints g, , i = 1 ,m are evaluated at the point {;<:yt}+Q!//m/f{<^ }• 

^i gmax = niax, = i^... mi^/ } — ^^ then the step to the nearest deterministic nonlinear 
intersecting boundary is equal to Ug = aumit- Otherwise, a step a such that < 
a < ciiimit needs to be found. This step can be obtained by a bisection scheme [11]. 



4.3.2 Reliability Constraints 

A bisection scheme could also be used for finding the step to the nearest intersecting 
boundary for the reliability constraints. However, this approach may imply several 
reliability analyses during line search. In order to reduce the number of failure prob- 
ability estimations, an alternative approach is proposed in the present formulation. 
The approach consists in generating an approximate representation of the failure 
probabilities along the search direction using information on failure probabilities 
and - additionally - on directional derivatives at selected points. It should be noted 
that directional derivatives are used in the proposed approach because they can be 
calculated at small numerical costs once the failure probability has been computed 
at a given point. Moreover, in [21, 37], it has been shown that such information can 
substantially improve the quality of an approximate representation. The approxima- 
tion of the failure probabilities along the search direction has the form: 

log{PFi{{xk} + oi{d})) = akQ + aki0i + ak2a^, a>0 (42) 

where log(-) indicates natural logarithm. This type of approximation has shown to 
be appropriate for solving RBO problems [10, 12]. The coefficients a^/, / = 0, 1, 2 
are calculated in two stages, i.e.: 

1. Firstly, the failure probability and its derivative (along {d}) are calculated at 
the current candidate optimum design {x^} and also at a point ^x""""^} = 
ixk) + a^'-,- Ad}; a^' ■,■ ,,i = 1,...,« is defined as a percentage of the 

* "' initial^ >' initial' ' ' f b 

current design norm ||{x,t}||^ that is, df^.^.^j = P'" \\{xic}\\. In this implementa- 
tion, r'^' € [0.10, 0.25]. With the information on probabilities and directional 
derivatives, the coefficients aki. I = 0, 1, 2 are determined using the approach 
proposed in [37] (see Appendix). 

2. With the approximation generated at the previous stage, a new point {x*} = 
{xk} + a^' {d} is located, such that Tp^ i{x*}) = Pp. ■ Then, the failure prob- 
ability and the directional derivative at {x*} are calculated. Finally, a new set 
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of coefficients ajd, I = 0, 1, 2 is determined, using the information collected at 
{xk}, {x'"'''"^} and {x*} (see Appendix). 

Thus, using the approximation in Eq. 42, it is possible to find the step af,. for 
which the reliability constraint hi (•) is active, i.e.: 

PP^ - € < ?F, ({Xfc } + ay,, {d})< Pp. (43) 

where e is a scalar that allows reliability constraints near the limit to be considered 
as active. Provided that the interpolation gives a good approximation of Pp. along 
the search direction, the point {xjc} + a;,. {J} is also an active design for the reli- 
ability constraint hi. Then, the step to the nearest intersecting reliability constraint 
is given by Uf, = Min, = i^...^„Q!;,. . With the previous information, the nearest inter- 
secting boundary from the current design {x^} is obtained from Mm{as.ag,ah}. 
Validation calculations have shown that the number of function evaluations, includ- 
ing reliability analyses, is generally very small during the different cycles of the 
proposed optimization scheme. 



4.4 Variability of Reliability Estimates 

The reliability estimates carried out during the optimization process have associ- 
ated certain variability. This variability is measured by the estimator coefficient of 
variation, i.e., the ratio of the standard deviation to the mean of the failure probabil- 
ity. In principle, the variability of the estimates can be controlled by the number of 
samples used during simulation. However, this alternative can be computationally 
involved especially when dealing with realistic problems. The average over a num- 
ber of simulation runs can also be used to smooth the estimates variability during the 
optimization process. This is particularly important during the last iterations of the 
optimization scheme, i.e., near convergence. Numerical validations have shown that 
during the first cycles of optimization the average over different simulation runs is 
not essential since the algorithm global performance is not affected by the variability 
of the estimates. 

The strategy proposed in Sect. 4.3 for approximating reliability constraints at the 
line search step has shown to be appropriate for coping with the variability of the 
reliability estimates in the numerical examples investigated in this contribution. As 
information on failure probabilities and directional derivatives (collected at three 
points) is used simultaneously, the resulting approximation is of sufficient accuracy. 

Finally, as in the case of the reliability estimates, an accurate descent feasible 
direction is not strictly required during the first iterations. Only an approximate di- 
rection is sufficient since the important issue at this stage of the optimization process 
is approaching the vicinity of the optimum. 
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5 Application Problem 

A ten-storey reinforced concrete (RC) shear frame including a base-isolation sys- 
tem (composed of non linear hysteretic devices) and subject to a stochastic ground 
acceleration is considered for study. The frame structure corresponds to one of the 
resistant element (axis B) of the structural model shown in Fig. 3. The details of the 
first three floors of the resistant element are also shown in the figure. Each floor of 
the RC frame is supported by six columns of square shape and a height of 3 m. It is 
assumed that the beams of the frame are rigid in the axial direction, so each floor can 
be described by a single horizontal degree of freedom (DOF); moreover, the base of 
the system is modeled as a rigid slab. Thus, the model involves a total of 1 1 DOFs. 
Moreover, it is assumed that the RC frame structure remains linear throughout the 
duration of the ground acceleration. The Young's modulus is equal to 3 x lO^'' Pa. 
The tributary floor mass corresponding to axis B is equal to 1.5 x 10^ kg, and the 
corresponding tributary mass of the base to axis B is equal to 3.0 x 10^ kg. A 5% of 
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Fig. 3 Ten-storey RC shear frame with base-isolation system 
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critical damping is assumed in the model. The base-isolation system is composed of 
five non linear devices (NLD). Each of these devices follows the restoring force law 



'(t) = kd(uit)-yHt) + yHt)) 



(44) 



where k^i denotes the initial stiffness of the device, u{t) is the relative displacement 
between the base and the ground, and y^{t) and y^(t) denote the plastic elongations 
of the friction device. Using the supplementary variable r (?) = m(?) — y ^ (?) + y^(f )> 
the plastic elongations are specified by the nonlinear differential equations [28] 



y'(0 = ii{t)H(ii(t)) 



H(r{t) - Xy) ^^^^ ^' H(rp - x(t)) + H(x(t) - r,) 



f{t) = -ii(t)H(-ii(t)) 



H(-x(t) - r,) 



P - h- 
x(t)- 



-H(Xp + x{t)) + H{-x{t)-Xp) 



(45) 



where /f (•) denotes the Heaviside step function, Xy is a parameter specifying the 
onset of yielding, and /cj Xp is the maximum restoring force of the friction device. 
The values Xp = 0.006 m, Xy = 0.0042 m, and k^ = 2.0 x 10^ N/m are used in this 
case. The earthquake induced ground acceleration in the :>c-direction is modeled as 
a non-stationary filtered white noise process. The filter is defined by the first-order 
differential equation 



d_ I W2{t) 

dt I w%{t) 

W4(?) , 



10 

_ J -f2l -l^iQi 

1 

Ql l^iQi -Ql-2^2^2) 




and the ground acceleration is defined as 

a{t) = fifwi(r) + 2^ifiiW2(0 - ^|h'3(0 - 2^2^2H'4(0 . 

where wit) denotes white noise, and e{t) is the envelope function defined as 

e(t) 



(46) 
(47) 



^2/16 iff e [QAs] 
1 iff e ]4.j, 10.?] 

g(r-io)2 iff g ]10.y, 15.y] 



(48) 



The values Qi = 15.0 rad/s, ^1 = 0.6, Q2 = 1-0 rad/s, and ^2 = 0.9, and white 
noise intensity / = 6.3 x 10~^ m^/s-' have been used in this example. The sampling 
interval and the duration of the excitation are taken as At = 0.01 s, and T = 15 s, 
respectively. Then, the discrete-time white noise sequence co(tj) = ^/l /At Zj, 
where {z},Zy, 7 = 1, . . . , 1,501, are independent, identically distributed standard 
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Gaussian random variables is considered in this case. It is noted that the uncertain- 
ties involved in this problem are due only to the characterization of the stochastic 
excitation. That is, the structural parameters are assumed to be deterministic in this 
particular application. 

The objective function C is defined as the area of the columns of the shear 
frame. The design variables {x} are chosen as the inertia of the columns through- 
out the height, grouped in ten design variables, i.e. the inertia of the columns of 
each floor constitutes each of the design groups. The failure event is formulated as 
a first passage problem during the duration of the ground acceleration. The struc- 
tural responses to be controlled are the ten interstorey drift displacements and the 
roof displacement (w.r.t. the base-isolation system). The threshold values are chosen 
equal to 0.2% of the floor height for the interstorey drift displacements and 0. 1 % of 
the frame height for the roof displacement. The target probability of failure (Pp ) is 
set equal to 10^^. Additionally, geometric and side constraints are incorporated in 
the problem. Thus, the reliability-based optimization problem is defined as: 



subject to 



Min C({x}) 



Pf{{x})-PPsO, (49) 

Xi+i — Xi < 0, i = I, . . . ,9 

-X,- -H2.1 X 10"^ < 0, ; = 1,...,10 

X,- - 8.3 X 10"^ < 0, / = 1,...,10 



The initial design is shown in Table 1 . The results of the optimization procedure 
are presented in Fig. 4 in terms of the evolution of the objective function. Only a 
few optimization cycles are required for obtaining convergence. In fact, most of 
the improvement of the objective function takes place in the first three optimization 

Table 1 Initial and final designs 



Design variables 


Initial design 


Final design 


X, (m^) 




5.47 




4.75 


X2 (m*) 




5.47 




4.75 


X3 (m'') 




5.47 




4.75 


X4 (m") 




5.47 




4.69 


X5 (m'') 




5.47 




4.56 


X6 (m'') 




3.41 




3.79 


x^ (m") 




3.41 




3.57 


X, im'*) 




3.41 




3.01 


xg (m") 




3.41 




2.15 


x,a (m'*) 




3.41 




1.50 


Probability 


of failure 


9.41- 


10-' 


1.16-10-3 



Target failure probability: 1.00 • 10 ^ 
No. of optimization cycles: 8 
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12 3 4 5 6 

optimization cycle 
Fig. 4 Iteration history of the design process in terms of the objective function 



Table 2 Summary of numerical efforts 



Type of analysis 



Number of analyses Average number 
required for solving of simulations required 
RBO problem per single analysis 



Reliability 22 

Gradient of failure probability 8 

Directional derivative 14 
of failure probability 



3,364 

1,000 

100 



cycles. By construction the method generates a series of steadily improved feasible 
designs that moves toward the final design. This property is important from a prac- 
tical viewpoint since the design process may be stopped at any stage still leading 
to acceptable feasible design better than the initial feasible estimate. The details 
on the optimization procedure for the initial design and the 8-th iteration cycle are 
summarized in Table 1 . 

The numerical efforts involved in the solution of the RBO problem are due to 
the estimation of the reliability and the estimation of its sensitivity, respectively. 
Table 2 summarizes the numerical costs associated with the solution of the RBO 
problem formulated above. The first column of this table indicates the type of 
analysis performed, while the second column shows the number of times the afore- 
mentioned analysis was repeated throughout the optimization procedure; finally, the 
third column indicates the average number of simulations required for performing 
one particular type of analysis. For example, a total of eight estimates of the gra- 
dient of the probability are required for solving the RBO problem; each of these 
analyses require 1,000 simulations for calibrating the approximate model shown in 
Eq. 28. Finally, the failure probability associated with the final design (see Table 1) 
is computed for the case where no base-isolation system is considered. The resulting 
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failure probability is Pp = 4.50 x 10~^ This result highlights the beneficial effect 
of the base-isolation system in protecting the superstructure (in this case, the ten- 
storey RC shear frame). 



6 Conclusions 

An approach for solving challenging reliability-based optimization problems involv- 
ing dynamical systems under stochastic excitation has been presented. Numerical 
results have shown that the approach generates a sequence of steadily improved 
feasible designs. That is, the design process has monotonic convergence properties. 
This property is important from a practical view point since the optimization pro- 
cess can be stopped at any stage still leading to better designs than the initial feasible 
estimate. This is particularly attractive for dealing with involved problems such as 
reliability based optimization of dynamical systems under stochastic excitation. In 
these problems, which are the cases of interest in this work, each iteration of the 
optimization process is associated to high computational costs. Numerical experi- 
ence has also shown that the algorithm converges in a relatively small number of 
optimization cycles. This in turn implies that only a moderate number of reliability 
estimates has to be performed during the entire design process. A critical issue for 
computing descent-feasible directions is shown to be the determination of the gradi- 
ent of the failure probability functions. The approximation used in this contribution 
for estimating the gradient proved to be quite efficient. Concerning the line search 
step, the proposed approach for handling reliability constraints is considered to be 
most adequate, as the total number of reliability analyses per line search is limited to 
three. In addition, numerical results indicate that the approach allows to cope with 
the inherent variability of the reliability estimates as well. 
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Appendix 

In [37], a framework for constructing response surfaces (using information on both 
function values and derivatives) was proposed. From this framework, a particular 
formulation is applied for determining the coefficients of the approximation of the 
failure probabilities introduced in Eq. 42. Note that the formulation reported herein 
refers to a case involving single-dimensional independent variable; for the multidi- 
mensional case, it is referred to [37]. 
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Assume that the value and derivative of the exact function q(x) have been 
calculated at itp points Xj, i = I. . . . .itp. The objective is determining the co- 
efficients a/ , / = 0, 1 , 2 of the polynomial: 

q(x) = ao + aix + a2X^ (50) 

The sought coefficients are determined by minimizing the following residual: 

H({a}) = Ho({a}) + Hi({a}) (51) 

The residuals Ho{-) and Hi(-) are defined as: 

V"^, (qixi) — (ao + aiXi + a2xf)) 

Hoi{a}) = ^'-^^^' — ^— — -^^ 2 (52) 

(max, = i,...,„p (^(-x,)) -min, = i,...,„p iq{xi))) 

H, ««}) = 4Er^t(.-fa)-(^t+2..x,))- ^ ^^3^ 

(|max/ = i,...,„p (?'(x,))| + |min, = i,...,„p (q'(xi))\) 

where q^(-) denotes the first derivative of ^(■). 
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Application of a Mode-based Meta-Model 
for the Reliability Assessment of Structures 
Subjected to Stochastic Ground Acceleration 

Lukas Pichler, Helmut J. Pradlwarter, and Gerhart I. Schueller 



Abstract Realistic modeling of structures depends on both refined FE models and 
the incorporation of uncertainties inherent to geometric, structural and loading pa- 
rameters. In this work, a mode-based meta-model is adopted for performing an 
efficient stochastic dynamic reliability analysis of a multi-story building subjected 
to stochastic ground acceleration. The meta-model allows for an efficient evalua- 
tion of the structural modes which are represented as a linear combination of the 
modes of a reference solution. The calibration of the meta-model is based on the 
modes of a few, say 50, samples of the structure obtained with Monte Carlo sim- 
ulation. The parameters of the meta-model are then evaluated by the least square 
solution of the parameters determined for each sample of the calibration set. The re- 
liability analysis is carried out efficiently through the application of the meta-model 
for estimating the modal properties which are then subsequently required to per- 
form a mode-superposition analysis. The verification of the results for the reliability 
assessment carried out with the meta-model is performed with a full finite element 
analysis and shows a good agreement of the response over the whole duration of the 
stochastic ground acceleration. 



1 Introduction 

Approximate and at the same time mathematically simple models of the simula- 
tion model, so-called meta-models or surrogate models [5], play a central role in 
many scientific applications. The use of such surrogate models aims to considerably 
reduce the computational cost and is most suitable when a large number of simu- 
lations needs to be performed. In fact, this is especially the case for the response 
assessment of structural systems, e.g. considering reliability analysis, uncertainty 
quantification, etc. 
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When a realistic treatment of a structural dynamics problem is of interest, 
uncertainty modeling of both the structural parameters as well as the loading process 
needs to be considered. Within this work the modeling of uncertainties is done in the 
framework of classical probability theory. This means that geometric and structural 
parameter uncertainties are modeled as random variables and/or random fields and 
the uncertain loading is modeled as a stochastic process. Classical probability theory 
is especially meaningful when enough data is available for describing the uncertain- 
ties statistically. This is appropriate for parameters such as the Young's modulus, 
wall or column thicknesses, dead loads, etc. Also, the earthquake loading can be 
represented realistically for certain areas of the world where enough measurement 
data have been recorded over the years. 

However, in some cases, other concepts could be useful for treating uncertainties, 
as for example when dealing with model uncertainties, which cannot be simply 
handled in a similar fashion as parameter uncertainties. Thus, it has been proposed 
to deal with model uncertainties e.g. by using a recently introduced non-parametric 
approach [16, 17]; subjective knowledge or insufficiently known parameters might 
be treated by adopting fuzzy analysis [7, 8] and when measured data is available 
or when the system is steadily monitored, then Bayesian analysis [2, 3] is a viable 
analysis method. In general, all these differing approaches will provide values - 
e.g. for the structural safety - which need to be assessed critically. However, such 
a comparison is not a simple task, because it requires deep understanding and a 
correct interpretation of the various approaches. 

In stochastic structural dynamics, each sample - i.e. for the structural parameters 
and the loading - can be treated independently in a deterministic manner when 
Monte Carlo simulation is applied. For large FE models, the deterministic dynamic 
solution is computationally already demanding. The solution can be obtained either 
with modal analysis or numerical integration. It depends on the specific problem 
which method is more convenient for application [1]. Both methods are applicable 
for linear and non-linear analysis as well. In case of large finite element structures 
modal analysis is computationally more efficient. When dealing with small or local 
non-linearities, it is possible to reformulate the equation of motion such that modal 
analysis is still applicable. The idea is to split the damping and restoring forces in a 
linear and non-linear part, whereas the non-linear forces are moved to the right hand 
side of the equation and then solved in an iterative manner (see e.g. [12-14]). 

However, in case of non-linear analysis, numerical integration procedures outper- 
form modal analysis regarding computational efficiency. This is due to the fact that 
in case of modal analysis in non-linear dynamic analysis the mode shapes need to 
be continuously updated. The updating procedure might be done most suitably with 
the subspace iteration methodology [1]. However, this approach is only applicable, 
when the modes need not to be updated too frequently. 

In this paper, the first method, i.e. modal analysis is considered for the dynamic 
analysis of linear structures. Thus, for every simulation, the associated generalized 
eigenvalue problem has to be solved, which is computationally demanding for large 
FE models. In order to reduce the computational costs a meta-model for the modes 
of the structure is adopted. In this work, a slight variation when compared with the 
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meta-model for the eigensolution which has been introduced in [10], is applied. So 
far, the meta-model has been applied for investigations on the FRF-variability (see 
e.g. [9, 15]). FRFs are nonlinear functions of the modes which are approximated with 
a linear combination of the modes of a reference solution. In this paper, applications 
to the reliability assessment based on the meta-model for the modes are reported. 
For this purpose (1) the top-floor displacement due to a typical sample of a stochas- 
tic ground acceleration in the horizontal direction and (2) the relative displacement 
between story 1 and 2 in case of stochastic ground acceleration are analyzed. 
Linear structural dynamics is considered throughout this study. Serviceability and 
not structural degradation or collapse is assumed as criterion for the reliability 
assessment. 



2 ]VIeta-]VIodel for the Structural Modes 
2.1 General Aspects 

The variability of the mode shapes due to parameter uncertainties can be represented 
as a function of neighboring modes of a reference system. In many cases the nominal 
solution, i.e. the solution for the mean value of the vector of uncertain parameters, 
might be used for this purpose. Alternatively, also multiple reference solutions could 
be used for the enrichment of the mathematical basis. It is assumed, that the k-l\\ 
mode shape can be described by a linear combination of m mode shapes of the 
reference solution as shown in Fig. 1: 



i=k—m/^ 



(1) 



where 0*^°' denotes the modal matrix containing all modes of the reference system, 
0^ the k-th mode of simulation j and a^ contains the m = {Inik + 1) coefficients 



Fig. 1 Schematic sketch of 
the rotation in the space of the 
reference solution ' 
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of the linear combination. The associated (Inik + 1) modes of the nominal solution 
^''' are denoted as 



j(0) 

k 






The number {2mk + 1) of modes involved in the linear combination increases with 
frequency. Few, say two to four modes, generally suffice to describe the first group 
of modes. With increasing frequency, the density of eigenfrequencies increases and 
10 or more modes should be employed for an accurate approximation. 

Consequently, the vector 0.^ is determined by the solution of the least square 
problem of the associated linear relation in Eq. 1, which in its normal form is 
given by 



oik 



(^(0))%(0)1- (^f )%['). (3) 



As shown in Fig. 1, the mode 0^"' can be interpreted as a rotation of the mode 0^ 

in the modal space of the reference solution ^\ ■ Moreover, the length of vector 

0^"' might also slightly differ from the length of 0^ . 

The vector Uk = {c(k,i}i=^-m ''^'^ ^^ &&&n as the projection of 0^ onto the 

base vectors of ^^ . Then, the Euclidean norm Uk = ||ajtll determines the ratio 

\\Vk II / ll^i II ■ ^^ ^^ simplest case, where small rotations of 0^"' can be assumed 
for small variations of the uncertain structural parameters, the factor a^^k will be 
close to 1 and all factors akj^k will be small and hence can be approximated suffi- 
ciently well by a linear function of the uncertain parameters. 
The corresponding eigenfrequency is given by 

«i^) = (1 + Aco^J^) cof^ , Aco]^^ = {4^-%^ - 1) . (4) 

Each mode can then be represented by 

k-\-m/( 
i=k—mi^ 

The modal properties of each mode, i.e. (Oj^ and 0^"' are then specified as a func- 
tion of a^"' , A(i>j^ , uj^ and the nominal solution coj^ ^"d ^^ . 



2.2 Meta-Model for the Modal Quantities 

Let y be a A'^ X M matrix where A'^ is the number of independent random samples 

j = 1,2, . . . , N and M = ^;t= 1 i^^^k + 3) is the number of factors describing the 
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modal properties of all considered K modes. Hence, the 7 -th row of Y contains the 
quantities 

y('' = \a['\Aco\'\k^^^^, . . .,af,Acof,cif^^ . (6) 

Let further Xhe a N x n matrix which comprises in each row the vector x^'-' of 
realizations of the n uncertain parameters. The task of the meta-model can then 
be described as establishment of an approximate functional relation between the 
matrices X and Y respectively, 

Y(X) = /(X), (7) 

which allows for any vector x to establish the associated vector y(x): 

y(x) = lai(x),Z\aii(x),af(x),...,a^(x),Z\ft);f(x),a:^(x)| . (8) 

The simplest relation between x and y = y(x) is a linear relation of the form 

y = Sx, (9) 

in which S is a constant matrix of size M x n. The matrix S needs to be established 
by exploring the available information given by the two matrices X and Y. 
Solution of the a, is obtained with the following least square problem 

«/ = (x^x") X^Y. (10) 

The required sample size A' to establish this linear relation grows only linearly with 
the number n of uncertain input parameters. 

To be useful in linear dynamic analysis, the number of simulations required for 
calibration of the meta-model should be as small as possible. For many applications, 
a reduced set of 10-15 modes, i.e. ~ 40-45 parameters for the meta-model, suffices 
in order to approximate accurately the required response and A^ = 50 simulations 
is a reasonable and affordable size for the calibration set. 

3 Numerical Example 
3.1 Model Description 

A 6-story building (see Fig. 2), modeled with the finite element code FEAP [6], is 
considered in this numerical example. The finite element model consists of 9,543 
elements and contains mainly shell and beam elements. The shell elements are used 
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Fig. 2 Finite element model 
of the 6-story building: first 
mode shape 




for modeling all two-dimensional parts such as the walls and the floor slabs, the 
beam elements represent the columns and solid elements provide the discretization 
of the ground. In total, there are 53,364 degrees of freedom. 

The interaction of the building with the ground is approximately modeled by 
using a 4.4 m thick layer of solid elements with a mass density of 1 ,800 kg/m-' and 
a Young's modulus of 5 • 10^ N/m^. The ground floor consists of circumferential 
walls, whereas the remaining five stories consist of 4 x 4 columns positioned on a 
quadratic grid of 7.5 x 7.5 m. The main lateral and rotational stiffness of the build- 
ing arises from the staircase. The Young's modulus of the concrete is assumed as 
3.5 • 10^° N/m^, the mass density as 2,500 kg/nv', the thicknesses of the walls and 
floor slabs measure 0.2 m. The plates representing the stairs are 0.16 m thick. The 
height of each story is 3.6 m, leading to a total height of 18 m for the building. 



3.1.1 Uncertainty Modeling 

The Young's moduli Ej of the various structural components of the building are 
modeled with Gaussian distributed random variables (RV). Three random variables 
describe the Young's modulus E of the stairs (RV2), the floors (RV3) and the 
columns (RV4) over the six-stories. One RV is used to model the correlation be- 
tween the vertical walls (RVi) over the six-stories. In addition 3x6 = 18 RVs 
(RV5-RV22) are used for the vertical wall elements of each story. A more detailed 
modeling of the vertical wall elements of the six-story building is necessary, because 
the variability of the horizontal displacement obviously depends on these parts of 
the structure. Thus, the Young's modulus for the walls is obtained as the summation 
of two random variables. 

The uncertain Young's moduli are then given by: 

(rV/ i=2,...A 

E, = ' (11) 

I RVi -I- RV, ;■ = 5, . . . , 22 

The coefficient of variation of the RVs is assumed to be 5%. 
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3.2.1 Modal Analysis 

The solution of the structural eigenvalue problem leads to the following eigen- 
frequencies: 



Mode* 


1 


2 


3 


4 


5 


6 


7 


8 




13 


14 


Frequency [Hz] 


0.97 


1.81 


2.97 3.43|6.63|6.79|7.06|7.31 




7.64 7.72 



The deflection of the first mode is shown in Fig. 2. 



3.2.2 Modal Contribution 

The computational efforts can be considerably reduced when mode superposition 
analysis is applied. In general, a few modes, i.e. less than 10, suffice for accurately 
approximating the displacement response due to stochastic ground acceleration. 

The displacement in x-direction at the top-floor level (node 10,970, see Fig. 2) 
represents the maximum displacement of the nominal structure due to the given 
sample of the stochastic loading. The ground acceleration used acts in the global 
x-direction of the building and is shown in Fig. 3. The contribution of the first mode 
to the total response constitutes approximately 95%. The contribution of the distinct 
modes is presented in Fig. 4. Thus, for the following computation five modes will 
be considered for the meta-model. 



earthquake excitation in x-direction 




10 12 14 16 18 20 
time [s] 



Fig. 3 Sample of stochastic ground acceleration 
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displacements at node 10970 in x-direction; nominal structure 
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Fig. 4 Displacement at top floor due to stochastic ground acceleration 



3.5 Set-up of the Meta-Model 

The parameters of the meta-model have been evaluated by solving the least square 
problem (c.f. Eq. 10) based on 50 samples of the associated structural eigenvalue 
problem. The number of parameters used for the meta-model of the six-story build- 
ing was chosen to be 24. The number of samples used for this example fully suffices 
for calibrating the meta-model and is verified by the good correspondence of the 
structural response obtained (1) with the full finite element solution and (2) with the 
approximate solution by the meta-model. 

The structural matrices are assembled by using the finite element code FEAR 
Then the eigenvalue problem is solved with MATLAB and the five modes are asso- 
ciated with modes ^ ^°' of the reference system. 



3.4 Reliability Assessment Using a Mode-based Meta-Model 



3.4.1 Case 1: Deterministic Loading 

In this example, the structural reliability is assessed for one typical sample of the 
ground acceleration as shown in Fig. 3. The acceleration is acting only in the global 
x-direction of the building. The influence of the structural uncertainties is investi- 
gated by direct Monte Carlo simulation when using the mode-based meta-model. 
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The response quantity of interest is the maximum displacement in x-direction 
at the top-floor level which is reached for node 10,970. In this example, this re- 
sponse quantity is assumed to be the critical response quantity, jeopardizing the 
serviceability of the building. 



Assessment of the Correctness of the Analysis Based on the Meta-Model 

The correctness of the meta-model has been checked by comparing the solution 
obtained by using the meta-model and the FE-solution. Thus, lO'* samples are gen- 
erated with the meta-model and the associated displacement response is determined. 
The response among the calculated 10"* samples with the maximum value of the 
displacement is denoted as Tmax ■ The associated vector with the values for the un- 
certain structural parameters is represented by x^ax ■ This means that the structural 
configuration with the parameters x^ax leads to the highest observed displacement 
i^max within the 10"* samples used (see Fig. 5). For all samples, the relative differ- 
ence of the maximum response results in ~2-3%. Figure 6 shows this comparison 
for the sample Xmax and 2 random samples Xa and x^ for the time [0, 12 ] s. 



Reliability Assessment by Meta-Model 

The reliability assessment of the top floor displacement (node 10.970, x-direction) 
has been carried out by performing MCS based on 10"^ samples. The quantiles and 
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Fig. 5 Comparison of the maximum response 
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Fig. 6 Comparison of three samples over the time [0,12] s 
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Fig. 7 Reliability assessment - quantiles of the response 



the envelope of the maximum responses obtained are shown in Fig. 7. The failure 
probability for the displacement level has been evaluated and is shown together with 
its standard deviation a in Fig. 8. 
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Fig. 8 Reliability assessment - failure probability P 



2>A.l Case 2: Stochastic Ground Acceleration 



Generation of Samples of the Stochastic Ground Acceleration 

For the assessment of the structural response due to stochastic ground accelera- 
tion, in many cases recorded earthquake records are employed. These records are 
then used for statistical assessment of the occurring earthquakes. Useful information 
such as the determination of the frequency content of the earthquakes, properties of 
the soil, propagation from the seismic center, etc. are gained. This information is 
further processed (e.g. scaling, etc.) and then by application of direct Monte Carlo 
simulation, the reliability of the structure due to inherent structural uncertainties is 
determined. 

In Sect. 3.4. 1 - Case 1 the meta-model is applied for the reliability assessment of 
the 6-story building due to a typical stochastic ground acceleration. However, when 
Monte Carlo simulation is performed, it is reasonable also to incorporate uncertain- 
ties on the loading side which highly affects the structural response. This can be 
done in a straightforward manner. 

Digital realizations of the stochastic ground acceleration (simulated earthquake 
records) can be obtained by the so-called Karhunen-Loeve expansion from the 
available earthquake data. After the evaluation of the covariance matrix of the ac- 
cordingly scaled records, it is trivial to obtain the samples. This approach is not used 
within this paper. 

A further option is to establish the covariance matrix such that it is compat- 
ible to some response spectra requirements. In this work, an approach based on 
filtered white noise is used. To cover the unknown frequency content and random 
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amplitudes of the acceleration, the model proposed in [4] is applied, where the 
acceleration is represented as the output of the response of a linear filter excited 
by white noise 



ait) = Qlviit) + 2^gQgV2it) 



^/V3(r) 



■2^/%V4(f), 



(12) 



in which Qg represents the dominant frequency of the ground and Qf ensures that 
the spectrum of the acceleration tends to zero for frequencies approaching zero. The 
linear filter is described by the differential equation 
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and the modulating function h(t) of the white noise intensity is given as 



h(t) = h ' 



(13) 






t =0s 


t/2 


Os < r < 2s 


1 


2s < r < 10s 



(14) 



exp-O.l(f-lO) f > 10s 



where w(t) stands for a Gaussian white noise with auto-correlation function 
E[w{t)w(t + s)] = I(t)/(2n). I(t) denotes the intensity of the white noise which 
equals I(t) = Iq in case of constant white noise excitation. In this example the 
modulating function h{t) is multiplied with the white noise in order to represent 
the non-stationarity of the ground motion. The values Qg = 15.0 rad/s, ^g = 0.8, 
f2f = 0.3 rad/s, ^/ = 0.995, and /q = 0.18 m^/s"' have been used to model the 
filter. To obtain a unique acceleration of the filter, independent normally distributed 
impulses are applied. The impulse at each discrete time step t^ = kAt has zero 
mean and standard deviation ^ I{kAt)At. 

When a large number of realizations is required, it is computationally more con- 
venient to apply the approach based on the Karhunen-Loeve expansion rather than 
to integrate the filter equation directly [11]. First, the impulse response function for 
the acceleration aiRf{t) (Eq. 12) is computed by using the linear filter (Eq. 13). For 
this purpose the linear filter is integrated for free motion with zero initial displace- 
ment, and vi(0) = V3(0) = V4(0) = and V2(0) = 1. 

To establish the covariance matrix, a single impulse at time kAt is considered. 
Then the covariance matrix of ajRfit) is given by 



djik) = At ■ I (kAt) 



and 



aiRF ({i — k)At) aiRF {{j — k)At) for i > k and j > k 
for i < k or j < k 

(15) 



2001 



Qj = Y,Qjik). 



(16) 



k=0 
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Finally, the eigenvectors and eigenvalues of the covariance matrix are evaluated 
and the Karhunen-Loeve expansion is applied for determining realizations of the 
stochastic ground acceleration. 



Nkl 

ai(t) = J2^iy^'^' 



(17) 



7 = 1 



In this paper, 300 Karhunen-Loeve terms are used. 



Set-up of the Meta-Model 

The meta-model which has been calibrated as described in Sect. 3.4. 1 is also adopted 
for this second study. Since the structural model has not been changed, the meta- 
model does not change. The difference in this second example is only in the 
acceleration, which is now an independently sampled acceleration for any simula- 
tion and is acting in both the horizontal x and y directions. Each stochastic ground 
acceleration is a unique realization of a stochastic process according to Eq. 12. 



Assessment of the Correctness of the Analysis Based on the Meta-Model 

The used meta-model has been verified in Sect. 3.4.1 and is also valid for this case, 
because the response quantity is the relative displacement of the front left corner of 
story 1 and 2. The according comparison is visualized in Fig. 9. 



reliability assessment by meta-model 



meta-model u^j 
meta-model u^ 
meta-model u„ 
FE solution 




10 12 
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Fig. 9 Comparison of the response: Meta-model and finite element analysis 
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Fig. 10 Reliability assessment - quantiles of the response 
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Fig. 11 Reliability assessment - failure probability Pf 



Reliability Assessment by Meta-Model 

The reliability assessment has been carried out by performing MCS based on 10"* 
and 10^ samples. The quantiles and the envelope of the maximum responses ob- 
tained are shown in Fig. 10. 
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The failure probability, i.e. the probability that the relative displacement exceeds 
a certain threshold level, has been evaluated and is illustrated in Fig. 1 1 . The statis- 
tical variation of the failure probability is indicated by the standard deviation a. 



4 Conclusions 

A mode-based meta-model has been used to perform an approximate, but very ac- 
curate reliability assessment of a six-story building. Only 50 samples were used for 
the calibration of the meta-model, whereas the failure probability has been com- 
puted based on 10"* and 10^ samples. 

The main savings in computational time are due to the fact that the structural 
eigenvalue problem needs to be solved only for the 50 samples of the calibration 
set. The modes and eigenfrequencies of the samples created with the meta-model 
are given by the established linear relation. 

In addition, application of the mode superposition analysis showed that the first 
few modes suffice in order to represent the displacement response accurately. 

For future applications, the evaluation of maximum stresses in the structure 
are of interest. For such cases, few modes do not suffice anymore for an accu- 
rate response evaluation. This causes a larger computational cost, when calibrating 
the meta-model. Moreover, the mode-mixing phenomenon is expected to hamper 
the association of the modes in the calibration set to the reference mode set 0^ . 
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Nonlinear Dynamic Response Variability 
and Reliability of Frames with Stochastic 
Non-Gaussian Parameters 

George Stefanou and Michalis Fragiadakis 



Abstract Current research efforts for the efficient prediction of the dynamic 
response of structures with parameter uncertainty concentrate on the develop- 
ment of new and the improvement of existing methods. However, they are usually 
limited to linear elastic analysis considering only monotonic loading. In order to 
investigate realistic problems of structures subjected to transient seismic actions, a 
novel approach has been recently introduced by the authors. This approach is used 
here to assess the nonlinear stochastic response and reliability of a three-storey 
steel moment-resisting frame in the framework of Monte Carlo simulation (MCS) 
and translation process theory. The structure is modeled with a mixed fiber-based, 
beam-column element, whose kinematics is based on the natural mode method. The 
adopted formulation leads to the reduction of the computational cost required for 
the calculation of the element stiffness matrix, while increased accuracy compared 
to traditional displacement-based elements is achieved. The uncertain parameters 
of the problem are the Young modulus and the yield stress, both described by 
homogeneous non-Gaussian translation stochastic fields that vary along the ele- 
ment. The frame is subjected to natural seismic records that correspond to three 
levels of increasing seismic intensity. Under the assumption of a pre-specified power 
spectral density function of the stochastic fields that describe the two uncertain pa- 
rameters, the response variability of the frame is computed using MCS. Moreover, 
a parametric investigation is carried out providing useful conclusions regarding the 
influence of the correlation length of the stochastic fields on the response variability 
and reliability of the frame. 
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1 Introduction 

In the last few years, the problems of dynamic response analysis and reliability 
assessment of structures with uncertain system and excitation parameters have been 
the subject of extensive research. The case of deterministic and stochastic linear sys- 
tems subjected to random excitation has been studied first and is well represented 
in the literature [1-3]. An approximate method for the response variability calcula- 
tion of dynamical systems with uncertain stiffness and damping ratio can be found 
in [1]. This approach is based on complex mode analysis where the variability of 
each mode is analyzed separately and can efficiently treat a variety of probability 
distributions assumed for the system parameters. The time-varying reliability eval- 
uation of uncertain structures subjected to stochastic earthquake ground motion is 
treated in [2] using conditional crossing rate estimation and the perturbation-based 
stochastic finite element method. Recently, an exact non-statistical method has been 
proposed for the dynamic analysis of FE-discretized uncertain linear structures in 
the frequency domain [3]. 

In contrast to the linear case, the efficient prediction of the nonlinear dynamic 
response of structures with uncertain system properties still poses a major challenge 
in the field of computational stochastic mechanics [4-6]. This can be explained by 
the fact that most of the methods developed for the analysis of linear systems are 
inefficient or inappropriate for the nonlinear case. For example, the analysis of un- 
certain nonlinear systems is generally not feasible using frequency domain analysis 
techniques [7]. The existing methods for response statistics calculation in this case 
are mostly based on simulation [4, 8] or on the perturbation approach [9]. Applica- 
tions of the response surface method have also been proposed [10], while studies can 
be found on the statistical equivalent linearization (EQL) method for the response 
variability and reliability estimation of discrete nonlinear systems [11]. Alterna- 
tively, a probability density evolution method (PDEM) has been developed for this 
purpose [12] and a neural network-based approach has been proposed for the effi- 
cient fragility assessment of steel frames with uncertain material properties modeled 
as normal random variables [13]. It is worth noting that the theory of non-Gaussian 
translation processes (used here for the uncertain system properties) has also been 
applied directly to the reliability analysis of dynamic systems under limited infor- 
mation. This method delivers accurate results for the case of linear and nonlinear 
dynamic systems assuming stationary output but can be easily extended to a special 
class of non-stationary, non-ergodic output [14]. 

It is well known that the main drawback of the perturbation approach is the signif- 
icant loss of accuracy when the level of uncertainty of the system properties is high. 
On the other hand, the computational effort required by statistical approaches such 
as Monte Carlo simulation (MCS) for the analysis of large-scale structures is con- 
siderable thus making essential the use of efficient solution strategies and parallel 
processing [6]. In addition, the validity of EQL is questionable in some cases and the 
method may even produce misleading results [15]. Based on the aforementioned ob- 
servations, it is concluded that an approach combining accuracy and computational 
efficiency is still very desirable in this area. 
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In order to investigate realistic problems of structures subjected to seismic 
loading, a novel approach, combining MCS and nonlinear response history analysis 
with the stochastic field theory, has been recently introduced [16]. The proposed 
methodology is used here to assess the response variability and reliability of a 
benchmark three-storey steel moment-resisting frame [17]. The structure is mod- 
eled with a mixed fiber-based, beam-column element, whose kinematics is based 
on the natural mode method. The adopted formulation leads to the reduction of the 
computational cost required for the computation of the element stiffness matrix, 
while increased accuracy compared to traditional displacement-based elements is 
achieved [18, 19]. The uncertain parameters are the Young modulus and the yield 
stress, both described by homogeneous non-Gaussian translation stochastic fields 
[20]. The frame is subjected to natural seismic records that correspond to three lev- 
els of increasing seismic intensity. Under the assumption of a pre-specified power 
spectral density function of the stochastic fields describing the two uncertain param- 
eters, the response variability and reliability of the frame is computed using MCS. 
Finally, a parametric investigation is carried out providing useful conclusions re- 
garding the influence of the spectral characteristics of the stochastic fields on the 
response variability. 



2 Force-Based Formulation of the Beam-Column Element 



Inelastic analysis of frame structures can be performed either with a lumped or 
with a distributed plasticity formulation. Distributed plasticity elements are consid- 
ered more accurate and, in general, are distinguished to displacement-based and to 
force-based elements. The latter approach, also known as flexibility formulation, 
has a number of distinct features over the former, especially if it is adopted in the 
framework of a mixed beam-column formulation [21]. The force-based formula- 
tion requires a single beam-column element per member to simulate its material 
nonlinear response, since it uses force interpolation functions. Consequently, the 
element equilibrium is always satisfied, while compatibility of deformations is sat- 
isfied by integrating the section deformations to obtain the element deformations 
and the nodal displacements. In order to numerically calculate the stiffness matrix, a 
number of sections along the beam-column element are chosen, while every section 
is divided to a number of monitoring sections, known as fibers. Fibers are simply 
integration points of a low order quadrature at the section level and are used to eval- 
uate the section stiffness as follows: 



D. 



■^secOsec >^ "sec — 



(f- 



1 -y 

-y y^ 



d'A d, 



(1) 



where y is the distance of a fiber from the neutral axis, Dsec are the section forces 
and dsec = [sx • kV i^ the vector of section deformations that consists of the axial 
strain Sx and the curvature k. If the response is linear elastic, the diagonal terms 
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of the section stiffness matrix become equal to EA and EI, respectively, while the 
off-diagonal terms are zero. If the section flexibility matrix is fsec = k~J, the 
element flexibility matrix F = K~^ is obtained as follows: 



pl /.I NP 

J-i J-i .^j 



) (2) 



The above equation implies that numerical integration is required in order to 
obtain the element flexibility matrix, where NP is the number of integration points 
along the element. In force-based elements, the Gauss-Lobatto quadrature is pre- 
ferred because it considers as sections of integration the beam ends where the 
bending moment is maximum (provided that no other element loads are present). 
This integration scheme requires at least three integration sections, while typically 
four to six sections are chosen. 

The kinematics of the element used in this study follow the principles of the natu- 
ral mode method proposed by Argyris [22]. According to the natural mode method, 
the displacement field can be decomposed into three rigid body modes pg and three 
straining modes pj^ shown in Fig. 1. In a flexibility-based element the calculation of 
the natural element forces is performed iteratively for each element. The first step 
of the iterative procedure is to determine the vector of the natural forces. Then using 
force interpolation functions, the section forces are obtained and subsequently they 
are corrected according to the constitutive law. From the corrected forces the section 
deformations are obtained using Eq. 1 and are then integrated according to 



Pn 



f- 



ims.odi 



(3) 



-1 



in order to obtain the residual natural modes, b is the interpolation matrix, which 
is a function of the natural coordinate ^ e [—1.1] along the element. The iterative 
process in the element level is terminated when an energy convergence criterion is 
satisfied. 




l/2p„ 
i 1 p;»i extension 



pM Symmetric bending, x-y piane 



pjv3 Antisymmetric bending, x-y piane 



Fig. 1 Natural straining modes in the x-y plane 
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3 Stochastic Stiffness Matrix 

In the context of stochastic finite element analysis, the uncertain system properties 
are usually represented by stochastic fields [23]. The statistical properties of these 
fields are based either on experimental measurements or, when no experimental re- 
sults are available, on an assumed variation. In this work, the Young modulus E and 
the yield stress Oy of the structure are assumed to be described by two uncorrelated 
ID-IV homogeneous non-Gaussian stochastic fields: 

£(x) = £o[l+/iW] (4) 

Oy (X) = CTyo [\+f2{x)\ (5) 

where £0 is the mean value of the Young modulus, OyQ is the mean value of the 
yield stress of the material and f\{x), fiix) are two zero-mean non-Gaussian ho- 
mogeneous stochastic fields corresponding to the variability of the Young modulus 
and the yield stress, respectively. 

As the entries of the element flexibility matrix F of Eq. 2 are nonlinear functions 
of the uncertain material properties, it is not possible to establish a closed form 
expression for the stochastic flexibility matrix. However, the analytical expression of 
the stochastic section stiffness matrix ksec with stochastic material properties based 
on Eqs.4 and 5 has been derived in [16]. The stochastic flexibility matrix of the 
beam-column element is calculated numerically using its deterministic formulation 
given in Eq. 2 and the stochastic stiffness. 



4 Simulation of Uncertain Parameters Using Non-Gaussian 
Translation Fields 

In this work, a non-Gaussian assumption is made for the distribution of the uncer- 
tain parameters of the frame. This choice is in accordance to the fact that several 
quantities arising in practical engineering problems (e.g. material and geometric 
properties of structural systems, soil properties, wind loads, waves) are found to 
exhibit non-Gaussian probabilistic characteristics. In addition, the non-Gaussian 
assumption permits to efficiently treat the case of large input variability without 
violating the physical constraints of the material properties. 

A number of studies in the literature have been focused on producing a realis- 
tic definition of a non-Gaussian sample function from a simple transformation of 
an underlying Gaussian field with known second-order statistics. Thus, if g{x) is 
a homogeneous zero-mean Gaussian field with unit variance and spectral density 
function (SDF) Sgg{K) (or equivalently autocorrelation function Rgg{^)), a homoge- 
neous non-Gaussian stochastic field f{x) with power spectrum Sl (ic) is defined as: 



fix) = F-' . ^g{x)] (6) 
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where $ is the standard Gaussian cumulative distribution function and F is the 
non-Gaussian marginal cumulative distribution function (CDF) of f{x). The trans- 
form F~^ • $ is a memory-less translation since the value of f{x) at an arbitrary 
point X depends on the value of g{x) at the same point only and the resulting non- 
Gaussian field is called a translation field [20]. 

Translation fields have a number of useful properties such as the analytical cal- 
culation of crossing rates and extreme value distributions. They also have some 
shortcomings, the most important of which from a practical point of view is the 
possible incompatibility between their marginal distribution F and correlation struc- 
ture SI{k). F and SI{k) (or RZ{^)) of a translation field have to satisfy a 
specific compatibility condition derived directly from the definition of its auto- 
correlation function [20]. If these two quantities are proven to be incompatible 
i.e. if Ra{^) has certain values lying outside a range of admissible values and/or 
Rggii;) is not positive definite and therefore not admissible as an autocorrelation 
function, there is no translation field with the prescribed characteristics. In this 
case, one has to resort to translation fields that match the target marginal distribu- 
tion and/or SDF approximately. Since experimental data can lead to a theoretically 
incompatible pair of F and ST(k), iterative algorithms have been recently de- 
veloped, which extend the translation field concept and lead to the generation of 
non-Gaussian fields having the prescribed characteristics [24-26]. It is worth noting 
that the theory of non-Gaussian translation fields has been recently applied directly 
to the reliability analysis of linear and nonlinear dynamic systems under limited 
information [14]. 

In the present work, Eq. 6 is used for the generation of non-Gaussian transla- 
tion sample functions representing the uncertain parameters of the problem. Sample 
functions of the underlying Gaussian field g(x) are generated using the spectral rep- 
resentation method [27]. The SDF Sgg(K) of g(x) used in the numerical example is 
assumed to correspond to an autocorrelation function of square exponential type and 
is given by: 






,(/.)= :^exp(-^) (7) 



where Og is the standard deviation of the stochastic field and b denotes the parameter 
that influences the shape of the spectrum and is proportional to the correlation length 
of the stochastic field along the x-axis. The SDF of the translation field obtained 
from Eq. 6 will be slightly different from Sgg{K) (see e.g. [28]). 

Using the procedure described in this section, a large number A'^samp of non- 
Gaussian sample functions are produced, leading to the generation of a set of 
stochastic stiffness matrices. The associated structural problem is solved A^samp 
times and the response variability and reliability can finally be calculated by ob- 
taining the statistics of the A^samp simulations. 
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In this section, the three-storey steel moment-resisting frame shown in Fig. 2 is 
used for a numerical implementation of the above described methodology. The 
frame has been designed for a Los Angeles site, following the 1997 NEHRP 
(National Earthquake Hazard Reduction Program) provisions in the framework of 
the SAC/FEMA program [29]. The dynamic response of the building is dominated 
by the fundamental mode which has a period value equal to Ti = 1 .02 s when the 
mean value of the modulus of elasticity is used. All response history analyses were 
performed using a force-based, beam-column fiber element with five integration 
sections implemented on a general purpose finite element program [30]. Geometric 
nonlinearities were not considered in the analysis. Rayleigh damping is used to ob- 
tain a damping ratio of 2% for the first and the fourth mode. The material law is 
considered to be bilinear with pure kinematic hardening, where the properties of 
each integration section differ according to the stochastic fields of Eqs.4 and 5. 
The frame section properties are given in Table 1 . The gravity loading applied is 
32.22 kN/m for the first two stories and 28.76 kN/m for the top storey. These values 
are used also to obtain the nodal masses resulting to a lumped mass matrix. 

Three sets of five strong ground motion records are used as input to the nonlinear 
dynamic procedure (Table 2). The three sets correspond to three levels of increasing 
hazard: low, medium and high (Fig. 3). Although the predominant frequencies of 
the records lie at period values less than the fundamental elastic period of the frame, 
it is clear that for many of the records the amplification at the vicinity of 1.0 s 
is rather significant. The records chosen differ in terms of amplitude, frequency 
content, duration, etc. and therefore this variability is expected to be transferred 



3.96 



Fig. 2 The three-storey LA3 steel frame 



Table 1 The frame section 






Columns 




properties 


Storey 


Beams 


Exterior 


Interior 




1 


W30x 118 


W 14 X 257 


W14x 311 




2 


W30x 116 


W 14 X 257 


W14x 311 




3 


W 24 X 68 


W 14 X 257 


W 14x311 
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Table 2 The ground motion records used 



ID (level) Earthquake 



cp"' 



Mw" 



Soil" 



PGA^ S„(ri)= 



1 (1/1) 

2 (2/1) 

3 (3/1) 

4 (4/1) 

5 (5/1) 

6 (1/2) 

7 (2/2) 

8 (3/2) 

9 (4/2) 

10 (5/2) 
11(1/3) 

12 (2/3) 

13 (3/3) 

14 (4/3) 

15 (5/3) 



Imperial Valley, 1979 


045 


6.5 


31.7 


CD 


0.042 


0.0214 


Imperial Valley, 1979 


135 


6.5 


31.7 


CD 


0.057 


0.0599 


Imperial Valley, 1979 


180 


6.5 


15.1 


CD 


0.11 


0.0959 


Imperial Valley, 1979 


090 


6.5 


15.1 


CD 


0.074 


0.0923 


Imperial Valley, 1979 


285 


6.5 


32.6 


CD 


0.147 
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Fig. 3 5% damped response spectra of the 15 natural ground motion records of Table 2 



to the statistics of the analysis, producing significant record-to-recor(i variability. 
The 15 natural records are used as input to the analysis in order to compute the 
mean response quantities, the dispersion and the reliability of the frame for the three 
intensity levels. 
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The spatial variability in Young modulus and yield stress of the frame is described 
by two uncorrelated lD-1 V homogeneous non-Gaussian translation stochastic fields 
with zero mean and coefficient of variation (COV) equal to 0.10. A slightly skewed 
shifted lognormal distribution defined in the range [—1, +00] is assumed for the 
two stochastic fields. The skewness of the lognormal distribution is equal to 0.30. 
E and ay are simultaneously varying in all the cases examined. The representa- 
tive response quantity whose statistics are monitored is the maximum interstorey 
drift, which for brevity will be simply referred to as drift and denoted as f^max- 
This parameter is a well-known engineering demand parameter (EDP) that captures 
the seismic demand and its distributions along the height of the structure. The re- 
sponse statistics have been calculated using 1,000 Monte Carlo simulations. This 
number of simulations represents sufficiently well the prescribed first two moments 
of the stochastic fields, while as shown in Fig. 4, statistical convergence is practi- 
cally achieved after 400 simulations. This trend was observed for all ground motions 
considered. 

The sensitivity of O^ax with respect to the scale of correlation of the stochastic 
fields, quantified with the aid of the correlation length parameter b of the underlying 
Gaussian field, is examined for the ground motions of the three sets. For this pur- 
pose, several sets of sample functions of E and ay are generated using Eq. 6 each 
for a different value of parameter b. Six representative values of b varying from 
weak to strong correlation are considered (b = 0.2, 1.0, 2.0, 10, 20 and 100). 
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Fig. 5 Time histories of mean, COV(0„,i,x) - lognomial distribution of E, ct,, for record 5/2. The 
time histories are shown for h = 2.0 and 100 



The dynamic response of the frame is highly non-stationary as it can be seen in 
Fig. 5 where the evolution with time of the mean and the COV of ^^ax are depicted 
for two correlation length values and for a record of medium intensity. An impor- 
tant observation can be made regarding the variability of Oma^- In contrast to the 
static case where the displacement variability shows always the same trend, start- 
ing from small values for small correlation lengths corresponding to white noise 
stochastic fields up to large values for large correlation lengths [23], the COV of 
^max varies significantly not only with the correlation length b but also in different 
ways among the records of the same intensity level (Fig. 6b). In some cases, the ef- 
fect of b becomes negligible and then the record-to-record variability is predominant 
(e.g. records 1/1, 5/1 and 3/3). In addition, a large magnification of uncertainty is 
observed in some cases, which is more pronounced for records 1/1,4/1, 4/2 and 5/2, 
where the response COV tends to values that are 1.4-1.8 times greater than the cor- 
responding input COV(= 0.1). When stochastic earthquake loading is considered 
in addition to uncertain system properties, the magnification of uncertainty becomes 
even more pronounced [ 1 6] . In contrast, the mean value of drift, although presenting 
an important record-to-record variability, is practically not affected by the correla- 
tion length parameter b (see Fig. 6a). 

Similar results have been obtained using an L-beta distribution for the ma- 
terial properties [16]. The small difference between the results obtained with 
the lognormal and L-beta distributions can be explained by the small value of 
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Fig. 6 (a) Mean and (b) COV(6nax) for different values of correlation length parameter h and the 
15 natural ground motions of Table 2 



COV(= 0.1) of the system properties. This is why a Gaussian distribution is often 
used in analogous cases in the literature without introducing large errors. How- 
ever, it has been shown in [31] that the variance of the response of a system with a 
Gaussian stiffness is infinite. Since this is not physically sound, a stochastic stiffness 
should not be assumed to be Gaussian. In addition, the non-Gaussian assumption 
permits to efficiently treat the case of large input GOV appearing in many engi- 
neering problems e.g. in soil mechanics [32]. The skewness of Omax has been also 
calculated and is depicted in Fig. 7 where a significant influence of the correlation 
length parameter b and an important record-to-record variability can also be ob- 
served. The values of skewness obtained in each record and seismic intensity are 
substantially different from the skewness of the lognormal distribution describing 
the material properties thus underlying the strong non-linearity of the problem 
that causes a significant change in the statistical moments (and distribution) of the 
response. 

Using the results obtained in this section, the reliability of the frame can finally 
be calculated. Figure 8 shows the CDF of 6'niax of record 4/2 for two different values 
of b = 1,100. If the reliability of the frame is defined as the maximum interstorey 
drift not exceeding a threshold e.g. 6.5 x 10"-', the reliability can be obtained from 
Fig. 8 for both cases oft as 0.915 and 0.555, respectively. It is worth noting that the 
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reliability is substantially smaller in the second case. Figure 9 shows the probability 
density function (PDF) of 9max of record 4/2 for the same two values of b, computed 
using the kernel density estimation method [33]. Simultaneously shown are the nor- 
mal and lognormal distributions with a mean and standard deviation identical to 
those of the computed PDF, and the extreme value distribution with the same mean 
as that of the computed PDF. It can be observed that these widely adopted probabil- 
ity distributions are quite different from the real PDF of the response, which clearly 
has a bimodal form especially in the case of small correlation length. 
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6 Conclusions 



A stochastic response history and reliabihty analysis of a steel frame having 
uncertain non-Gaussian material parameters and subjected to seismic loading has 
been performed. The frame is modeled with a mixed fiber-based, beam-column 
element, whose kinematics are based on the natural mode method. The adopted for- 
mulation provides increased accuracy compared to traditional displacement-based 
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elements and offers significant computational advantages for the analysis of systems 
with stochastic properties. Two uncorrelated ID-IV homogeneous non-Gaussian 
translation stochastic fields with prescribed marginal CDF and SDF have been used 
for the description of the random spatial fluctuation of the material properties. The 
variability of the maximum interstorey drift f^max and the reliability of the frame 
have been computed using MCS. 

A parametric investigation revealed the significant influence of the scale of cor- 
relation of the stochastic fields (quantified via the correlation length parameter b) 
and of the different seismic records on the response variability: the COV and skew- 
ness of Omax have been found to vary quantitatively with b and in many different 
ways between the records of the same intensity level. Finally, a large magnification 
of uncertainty has been observed in some cases, leading to response COV values 
that were 1.4-1.8 times greater than those of the input COV. This magnification of 
uncertainty can be even more pronounced when stochastic earthquake loading is 
considered in addition to uncertain system properties. These observations underline 
the importance of a realistic uncertainty quantification and propagation in nonlinear 
dynamic analysis of engineering systems. 
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The Role of Uncertainties in Aeolian Risk 
Assessment 

Francesco Petrini, Marcello Ciampoli, and Giuliano August! 



Abstract The design of slender structures subject to wind actions must take into 
account many sources of uncertainty in the environmental parameters that describe 
the wind field at the site, in the structural mechanical properties, and in the parame- 
ters that influence the interaction phenomena. For the sake of simplicity, three types 
of uncertainty can be distinguished: (i) aleatory uncertainty, related to the natural 
variability of the parameters and their unpredictability; (ii) epistemic uncertainty, 
related both to the lack of information and to the errors of experimental measures; 
(iii) model uncertainty, related to the choice of the models of wind actions, struc- 
tural dynamic response and interaction phenomena. In this paper, the relevance 
of the different sources of uncertainty is discussed and illustrated with reference 
to an example case. In detail, the effects on the risk assessment of a long span 
suspension bridge induced by the uncertainty of the model of the aeroelastic forces 
are investigated. The study is aimed at the development of a general framework for 
Performance-Based Wind Engineering. 



1 Introduction 

In the last decades, the number of structures sensitive to wind actions has increased 
in parallel with the progress of construction technologies, and the assessment of the 
Aeolian risk has become essential [1]. As outlined more than 20 years ago [2], prob- 
abilistic approaches have to be adopted to deal with the stochastic nature of wind 
actions and structural response. Several sources of uncertainty have to be consid- 
ered: they can be roughly distinguished in three groups, that concern respectively 
(i) the probabilistic characterization of the basic wind parameters at the site (mean 
wind velocity, its occurrence rate and direction, turbulence intensity, etc.), (ii) the 
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Structural (static and dynamic) properties, and (iii) the parameters modelling the 
wind-structure interaction phenomena (aerodynamic coefficients, flutter derivatives, 
Strouhal number, etc.)- 

While the first two sources of uncertainty are encountered also in other fields 
(e.g. earthquake, fire, blast and flood engineering), the uncertainties related to in- 
teraction parameters is specific of wind engineering and have a crucial relevance 
in case of slender structures whose motion is coupled with the air flow. Moreover, 
the dispersion of the values of the interaction parameters that can be found in the 
technical literature is usually high; in fact the nominal values that are derived by 
experimental tests [3] or numerical analyses are highly sensitive to, for example, the 
scale of wind tunnel physical models and the accuracy of experimental measures 
and/or numerical calculations. 

In this paper a classification of the main sources of uncertainties in wind engi- 
neering is presented and the relevance of some of them is discussed, in order to 
improve the general framework for Performance-Based Wind Engineering (PBWE) 
that is currently under development [4, 5]. Long-span suspension bridges are struc- 
tures very sensitive to wind, because of their high flexibility, low structural damping 
and comparatively little mass: consequently, wind-structure interaction phenomena 
are particularly relevant. Therefore, as an example case the Aeolian risk assessment 
of a long span suspension bridge is dealt with. 



2 Sources of Uncertainty in Wind Engineering 

In assessing the Aeolian risk of structures, different sources of uncertainty can 
be distinguished by considering the free-field conditions and the presence of the 
structure (Fig. 1). 
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By definition, in the environment the wind field is evaluated as if the structure 
were absent (free-field wind), and the basic site-dependent parameters of the wind 
field (mean value of the velocity in each direction, turbulence intensity, dominant 
direction of the strong winds, etc.) are not influenced by the presence of the 
structure, while they can be affected by the interaction with other environmental 
agents [6]: a typical example is the interaction between wind and waves in offshore 
sites. The exchange zone is the region around the structure where the structure and 
the wind field are strongly related, and the effects of wind-structure interaction, 
as well as the presence of nearby structures, cannot be disregarded: aerodynamic 
and aeroelastic phenomena are essential in determining the relevant features of the 
response to wind actions. Non environmental actions can influence the structural 
response by modifying the aerodynamic and aeroelastic characteristics of the struc- 
ture; an example is given by the transit of trains on a railway bridge, as it determines 
a change of the dynamic characteristics of a flexible superstructure. 

In the framework of PBWE, specific attention has to be given to the choice and 
probabilistic characterization of the minimum number of "sufficient" and "efficient" 
[7] parameters that are needed to characterize the wind field and the structural 
response. In what follows, the parameters that characterize the wind field in the 
environment are grouped in the Intensity Measure vector (IM); the parameters that 
characterize the structural system characteristics are grouped in the vector of Struc- 
tural Parameters (SP); the wind-structure interaction is described by the vector of 
Interaction Parameters (IP). 

In general, the uncertainties are related to: (i) the intrinsic variability of the dy- 
namic characteristics of the structure and the basic parameters of the wind field, 
arising e.g. from the unpredictable nature of magnitude and direction of the wind 
velocity and turbulence intensity (inherent or aleatory uncertainty); (ii) the errors 
associated to the experimental measures and the incompleteness of data and infor- 
mation iepistemic uncertainty); (iii) the modelling of wind actions and their effects 
on structural response (model uncertainty). 

In what follows, it is assumed that the two groups of parameters IM and SP that 
characterize respectively the wind field in the environment and the structure are not 
correlated; moreover, the aleatory uncertainty of the structural parameters SP might 
be considered negligible in comparison with the aleatory uncertainty of the environ- 
mental parameters IM. However, in the exchange zone the parameters IP describing 
the wind-structure interaction are strongly dependent on both the environmental IM 
and structural SP parameters. Therefore, to derive the probability density functions 
of the parameters IP, the uncertainty of the environmental IM and structural SP 
parameters must be taken into account. Assuming then: 

P(IM IIP) = P(IM |SP) = P(IM) (1) 

P(SP I IP ) = P(SP I IM ) = P(SP) (2) 

where P(-|-) is a conditional probability, the joint probability of IM, IP and SP is 

given by: 

P(IM, IP, SP) = P(IP|IM. SP) • P(IM) • P(SP) (3) 
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In general, with regard to the uncertainty of the models assumed for the wind actions 
and the structural behaviour, two elements should be considered: (i) the consistency 
and predictive capability of the chosen models (model efficiency) and (ii) the uncer- 
tainty related to the accuracy of the estimate of the relevant model parameters and 
the response quantities (model accuracy). The model efficiency can be improved by 
varying the selected model class; the model accuracy can be classified as a sort of 
epistemic uncertainty. It should be noted that it is impossible to obtain the same lev- 
els of both efficiency and accuracy for the models representing the wind actions in 
the environment, the structural behaviour and the wind-structure interaction; more- 
over, the accuracy of the estimate of the interaction parameters IP depends on the 
accuracy of the estimate of both IM and SP parameters. In the numerical example 
developed in the following, the attention is focused on the efficiency of the model 
of wind-structure interaction. 

Examples of the sources of uncertainty that are relevant in Aeolian risk assess- 
ment are shown in Table 1 . The elements that are taken into account are the location 



Table 1 Examples of different sources of uncertainty relevant in Aeolian risk 
assessment 
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Aeroelastic forces, . . . 

Structural stiffness, 
strength, mass and 
damping; geometric 
quantities; ... 

Experimental measures of 
the listed quantities 

Dynamic model of the 
structure, model of viscous 
damping, ... 
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(environment - exchange zone - structural system) , the type of uncertainty (aleatory, 
epistemic, model), and the correlation among the groups of parameters, i.e. the prop- 
agation of uncertainty. 

In the framework of PBWE, the aleatory uncertainty of the parameters IM can 
be characterized by defining the joint probability distribution function with refer- 
ence to a proper time interval (typically, 1 year for high-level performances that 
are related to serviceability; the whole service life for low-level performances that 
are associated to ultimate limit states and structural reliability). Elements of IM are 
the mean wind velocity V^j-ef at a reference height Zref and the direction of the 
mean velocity. In numerical applications, for serviceability evaluation the aleatory 
uncertainty of both K.,?/ and is described by the joint distribution function [8]: 



Pv.^mM'^' o) = p@(e)-[sxp 



[c(9)) 



km' 



= jf f0(9) ■ fK „,,© (v, k(e), c(e)) ■ dv ■ d0 (4) 



where 






(5) 



k{Q^ and c(0) are the parameters of a Weibull density function and are dependent 
on 0. If the reference period is equal to the service life, the distribution of the annual 
maxima of wind velocity is a Gumbel type I distribution, given by [9]: 

F^m" = P(K™-'' < K|a, yS) = exp (- exp [-a ■ {V - ^)\) (6) 

The parameters a and /5 are equal to 

In 2 

(7) 



a = 



2-bi- E [F""-'] 
Y 



P = E \V"^\ 



(8) 



£[K"""] is the mean of the maximum values (K/""^, F^™-', . . . , V^^-^ of the wind 
velocity evaluated over a time interval of 1 year, y is the Euler constant (equal to 
0.577216) and 



^1 — E^>^" 

n ^—i n — \ 

i = \ 



(9) 



is computed by sorting the maximum values (V"'"-\ / = 1 ,...,«) in ascending order 
from the minimum (/ = 1) to the maximum {i =n) value. 
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As concerns the vector SP, typical random variables are the structural damping, 
stiffness, strength and mass, the geometric dimensions and the magnitude of non- 
environmental loads. The aleatory and epistemic uncertainties can be characterized 
by joint probability distribution functions, with parameters estimated by experimen- 
tal data. However, in the following the structural parameters SP are considered as 
deterministic. 

The probabilistic characterization of the interaction parameters IP may be carried 
out by defining a conditional probability density function that takes into account the 
dependence on the parameters IM and SP. Assuming that an interaction parameter 
IP^^> can be modeled as a Gaussian random variable, the mean and the standard 
deviation are given functions of the parameters IM and SP, and the conditional 
probability density function is given by Eq. 10: 



f (/p(i' |IM. SP) = —^^^=^^^= ■ exp 
^ ^ y2;r.a2,„(IM. SP) 



al,,, (IM, SP) ) 

(10) 



3 A Procedure for Aeolian Risk Assessment 

In the PBWE procedure adopted in this paper [10], the structural risk is defined as 
the probability of exceeding a threshold level of a relevant Decision Variable DV: 

G{DV) = jjjjjG{DV\DM) ■f{DM\EDP) ■ f (£Df |IM, IP,SP) 

•f(IP|IM,SP) •f(IM) • f(SP) • dDM- dEDP- dIM- dIP-dSP 

(11) 

where DM is a scalar damage measure and EDP is a scalar engineering demand 
parameter, representing the structural response (the formal extension to vectors DM 
and EDP is straightforward). By means of Eq. 1 1 , the problem of risk assessment is 
disaggregated into the following elements: 

• Site and structure-specific hazard analyses, that is, the assessment of the proba- 
bility density functions f(IM), f(SP) and f(IP|IM, SP); 

• Structural analysis, aimed at assessing the probability density function of the 
structural response f{EDP\IM, IP, SP) conditional on the parameters character- 
izing the wind field, the wind-structure interaction and the structural properties; 

• Damage analysis, that gives the damage probability density function f{DM\EDP) 
conditional on EDP; 

• Finally, loss analysis, that is the assessment of G(DV\DM), where G(-) is a 
complementary cumulative distribution function. 
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If the performance is expressed by the fulfillment of a limit state, and the limit 
state condition in terms of an EDP, the whole procedure simply requires the evalu- 
ation of the probability of exceedance: 

G{EDP) = jjj G(EDP |IM, IP, SP) • f (IP |IM, SP) ■ f (IM) ■ f (SP) 
dIM dip dSP 

In the following, only the mean wind velocity in a fixed direction at a certain 
height is assumed as IM and the parameters SP are considered deterministic; Eq. 12 
becomes 

G{EDP) = n G{EDP\IM,\P) ■ f(IP|/M) ■ f(/M) • d/M ■ dIP (13) 

There are several methods for computing the integrals (11-13). In the numerical 
example below, a crude Monte Carlo simulation is used. 



4 The Relevance of Uncertainties with Reference 
to a Case Example 

The relevance of both the epistemic uncertainty of the parameters IP (the aero- 
dynamic coefficients in the specific case) and the uncertainty of the models of 
wind-structure interaction is investigated; moreover, the relevance of model uncer- 
tainty on risk assessment is also considered. 

The case example makes reference to a bridge design derived from a preliminary 
design of the suspension bridge over the Messina Strait [11]. The main span of the 
bridge is 3,300m long, while the total length including the side spans is 3,666m. 
The deck, 60 m wide, is composed by three box sections, the outer ones for the 
roadways and the central one for the railway. The roadway deck has three lanes for 
each carriageway (two driving lanes and one emergency lane), each 3.75 m wide, 
and the railway section has two tracks. The two towers are 383 m high and the 
bridge suspension system relies on two pairs of steel cables, each with a diameter 
of 1.24 m and a total length, between the anchor blocks, of approximately 5,000m. 
The main characteristics of the structure are summarized in Fig. 2. 

The dynamic response and the stability under wind actions of the bridge have 
been evaluated by a series of analyses carried out in time domain on a finite element 
model of the bridge: the total number of elements (beams, no compression cable 
elements and gaps) is 1,614, and the number of nodes is 1,140 [10]. A Newmark 
time integration scheme has been adopted, to take into account nonlinear and second 
order effects. The incident turbulent wind velocity time series have been generated 
as components of a multivariate, multidimensional Gaussian stationary stochastic 
process [12]. 
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+383 m 



383 m 




Main suspension cables (twin) 




Service lane 



53.08 m 



61.00 m 



Fig. 2 Diagrammatic longitudinal and transversal sections of the long-span suspension biidge 
taken as example case (defined according to the considered design derived from a 2005 preliminary 
design of the Messina Strait Bridge) (C = Calabria; S = Sicily) 



4.1 The Epistemic Uncertainty of the Aerodynamic Coefficients 



Several types of cross section of the bridge deck, which were obtained by varying 
the shape and the configuration of the traffic and wind barriers, have been tested 
in wind tunnels: the multi-box section depicted in Fig. 2 has been chosen in order 
to optimize the aerodynamic response of the deck [13]. In Fig. 3, two different sets 
of static aerodynamic coefficients varying with the angle of attack (referred to as 
"polar lines" in what follows) obtained by experimental tests carried out at different 
scale on the chosen configuration are reported. 

The role of the epistemic uncertainty of the values of the aerodynamic polar lines 
has been investigated by a parametric analysis of the flutter stability. The analyses 
have been carried out by using samples of polar lines obtained as a linear combi- 
nation of the two sets reported in Fig. 3, and identified as polar lines A (Fig. 3, left) 
and polar lines B (Fig. 3, right), by: 



CL ia) = CL.A (a) ■ Pl + cl.b (a) ■ (1 - Pl) 
Cm (a) = CM_A (a) ■ Pm + cm_b (a) ■ (1 - Pm) 



(14) 



where: c, /(/ = L, M and j = A, B) is the aerodynamic coefficient / correspond- 
ing to the polar line j; a is the angle of incidence; Pl and Pm are combination 
parameters, that vary between and 1. 

Critical flutter velocities K„„ obtained by the Quasi-Steady formulation of the 
aeroelastic forces [14] are shown in Fig. 4; the points marked by a cross have been 
evaluated by FE analyses, the others have been derived by linear interpolation. 
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Drag (D) -*- Lift (L) 
-«t3- 



Moment (M) 




-^ Drag (D) -*- Lift (L) -*- Moment (M) 
Fig. 3 Examples of polar lines (type A - upper; type B - lower) obtained by experimental tests 

The response surface in Fig. 4 shows that the uncertainty of the interaction parame- 
ters cannot be disregarded, and that the influence of the uncertainty of the moment 
coefficient cm{oi) is more relevant than the uncertainty of the lift coefficient cl{oi)- 

4.2 The Model Uncertainty of Aeroelastic Forces 



A general formulation of the equations of motion for a structure subject to aeroe- 
lastic effects and modeled as an n degrees of freedom (DOFs) system is given by: 

M ■ q (?) + C ■ q (f ) -H K • q (0 = F (body shape ; q, q, q; V; t\ w) (15) 

where: M, C and K are the mass, damping and stiffness matrices; q, q, q are the vec- 
tors of system DOFs and their first and second time derivatives; V is the wind veloc- 
ity vector; w is the vector of the natural frequencies of the system. The components 
of the forcing functions F that depend on the body motion (q, q, q; t\ w) are the 
"self-excited" or "aeroelastic" components F^g. 
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Fig. 4 Response surface of the critical flutter wind velocity 

Both frequency and time domain techniques have been implemented to model the 
aeroelastic forces [15]; time domain approaches allow taking directly into account 
the nonlinear response of the structure. The analysis consists of a time integration 
that involves a step-by-step updating of the kinematic parameters and acting forces. 
Referring to Fig. 5, where the problem is represented as two-dimensional, the hori- 
zontal and vertical components of the wind velocity V are considered as composed 
by the mean components U and W and the fluctuating turbulent components m(?) 
and w(f ). The velocity is not horizontal, and has a time-varying angle of incidence a. 
Adopting the notation introduced in Eq. 15 and Fig. 5, and assuming that: 

the aeroelastic forces Fj^, can be expressed as: 

Fjf (q, q, q; r; w) = P (r, w) ■ q -F Q (r, w) • q -^ R (?, w) • q (16) 

where P (f . m), Q (?, w) and R (f . m) are matrices of coefficients that depend on 
t and w . 

The choice of the model of the aeroelastic forces is not trivial: great difficulties 
can be found in the estimation of the aerodynamic delay, that is, the transient effect 
due to the adjustment of the aerodynamic field as a consequence of a change in the 
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Fig. 5 Typical bridge deck section under turbulent wind actions 



geometric configuration (due to the rotation or displacement of the deck). Therefore 
different formulations, characterized by an increasing level of complexity, have been 
implemented, as illustrated in [14]. 

According to non-aeroelastic (NO) theory, aeroelastic effects are disregarded and 
the angle of incidence changes with time only due to the turbulence of the incident 
wind; the components of F are the drag, lift and moment terms, expressed in terms 
of the coefficients: 



D{t) = ]^p-\V{t)\'-B-CD[a{t)] 
L{t)=^-p-\V(t)\'-B-KLo-a(t) 
M{t)= ]^p-\V{t)\'-B'-KMQ-a(t) 



(17) 



where: p is the air mass density; V(t) is the instantaneous velocity; a(t) is the 
instantaneous inclination of the wind velocity vector on the horizontal axis; 5 is a 
characteristic dimension of the cross section (Fig. 5);cd is the drag coefficient; Klo 
and Kmo are the angular coefficients of the lift and moment polar lines (evaluated 
ato;(r) = 0). 

According to the steady (ST) theory, the angle of incidence changes with time 
due to both the incident wind turbulence and the torsional rotation of the deck. 
Assuming that (i) the bridge deck section rotates around a mean equilibrium position 
{i} = !?o) and (ii) the displacements are small (that is, both lift and moment polar 
lines can be linearised), the aerodynamic coefficients are given by 



cm{y) = CM (J?o) + Kmo ■ (k - !?o) 



(18) 
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where y(?) = a(?) — ;? (?) and K^o, Kmo are the angular coefficients of the polar 
lines evaluated at (;? = ^o). The components of F are expressed in terms of 



D(t)=^-p-\V(t)\^-B-CD[y{t)] 
L(t)='^-p-\V(t)\^-B-CL[y(t)] 
M{t)^^-p-\V{t)\^-B^-CM[Y{t)] 



(19) 



Adopting the general formulation of Eq. 16, one obtains: 



F,, = F,,(q;0 = R-q(0 



(20) 



The steady theory has the advantage of simplicity; furthermore, in case of non tur- 
bulent incident wind, it interprets the fundamental mechanism of a flutter stability 
problem (coalescence of frequencies, influence of structural parameters, etc.)- Nev- 
ertheless it implies many approximations, related to both neglecting the dependence 
of aeroelastic forces on structural velocities, accelerations and oscillation frequen- 
cies and the linearization of the relation between aeroelastic forces and structural 
DOFs. Furthermore, the steady theory does not consider the aerodynamic delay, 
and utilizes static aerodynamic coefficients. 

According to the quasi-steady (QS) theory, the instantaneous aeroelastic forces 
acting on the structure are the same that act on the structure when it moves with con- 
stant translational and rotational velocities, equal to the actual instantaneous ones. 
The main assumption at the base of the theory consists in considering that the body 
(the deck section) is quiescent, and that the wind has a velocity and acts in a direc- 
tion coincident with the instantaneous relative (wind-deck) value: such assumption 
is represented in Fig. 6. Adopting the hypothesis of small displacements around the 



L(t2) 




Fig. 6 Quasi-steady theory assumption 
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mean configuration and the notation of Fig. 6, Eqs. 18 and 19 are still valid and the 
expressions of the aeroelastic forces are identical to those derived by steady theory, 
with 

Pi (t) = arctg I '"■' ^ _'. ^ \ {i=L,M) (21) 

in place of a(f). Therefore: 

1 



Dit)=-p-\VLit)\'-B-CD[Y(t)] 
L(t)=^-p.\VL(tt-B-CL[yLit)] (22) 

M(t) = ^p-\VM(t)\^-B^-CM[yM (0] 
where the terms Vi (for: i = L, M) represent the relative velocities and 
yi{t) = Piit)-&it) 



\Vi (f)l^ = ^{V^ - Pf + {yy-h + bi-B- df {i = L, M) 

The coefficients bi (i = L, M) are derived by wind tunnel tests [16] or by Compu- 
tational Fluid Dynamics [17, 18]. Adopting the general formulation of Eq. 15, one 
obtains: 

F,, = F,, (q. q; = R ■ q (0 + Q • q (0 (23) 

The quasi-steady theory considers the dependence of the aeroelastic forces on the 
structural velocities, and has a relatively simple algorithmic implementation. The 
dependence on oscillation frequencies is neglected, and the relation between aeroe- 
lastic forces and the DOFs of the structure is linear. The quasi-steady theory does 
not consider the aerodynamic delay, and utilizes static aerodynamic coefficients, 
with the possible exception for the bi coefficients (/ = L, M), whose value can be 
assessed by dynamic tests [19]. 

In the modified quasi-steady theory (QSM), the aerodynamic lift and moment co- 
efficients are considered variable with time and measured by wind tunnel tests [20]. 
Referring to Fig. 6, aeroelastic forces are still expressed by Eq. 22 but the aerody- 
namic coefficients ct and cm are given by: 

CL = CL (&o) + f KlcII 



CM = CM (?>o) + I KMd^ (24) 
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where cl(&o) and cm(^o) are the static aerodynamic coefficients referred to the 
mean equiUbrium configuration {& = ^o), and Kl, Km are the so-called dynamic 
derivatives: 

hj and a^ are coefficients [21] assessed by dynamic wind tunnel tests and dependent 
on both the angle of rotation of the deck and a reduced wind velocity 

V 

Vred = 



CDfB 

that is a function of the circular frequency of motion ay. 

For multi-degree of freedom structures, the motion frequency ay is a combination 
of the natural frequencies that varies with time, depending on the state of structure, 
if the behavior is nonlinear. Therefore in advance computation of h^ and a^ is not 
possible; to overcome this problem, the fundamental frequency of the structure is 
used to compute the reduced velocity and the coefficients h^, and aj,. Moreover, 
the dependence of aeroelastic forces on the motion frequency is not considered. 
According to the general formulation, one can write 

F,, = F,, (q, q; r) = R (0 • q (f ) + Q(f ) • q (f ) (26) 

The QSM theory has the attractive aspects of the QS theory but implements dynamic 
aerodynamic coefficients. Such coefficients take into account the nonlinearity of the 
response and roughly the aerodynamic delay. 

To examine the relevance of the effects of the model uncertainty, in Figs. 7 and 8 
samples of the time-histories of the transversal (along wind) and vertical (across 
wind) displacements Uy and U^ of the centre of mass of the cross section at bridge 
midspan are shown; they are evaluated by considering the four models (NO - ST - 
QS - QSM), for an incident turbulent flow with a mean velocity Vmizdeck) at the 
height of the deck at midspan {zdeck = 77 m) equal to 45 m/s. 

The histograms of the magnitude of the displacements and the corresponding 
probability density functions are also reported in the same figures. It can be noted 
that by increasing the model complexity (from NO to QSM), both the mean values 
and the variances of the displacement decrease. 

The analyses have been repeated for mean incident wind velocities equal to 21 
and 57 m/s. In Fig. 9, the distributions along the whole length of the bridge of the 
maximum values of the transversal and vertical displacements are reported for all 
three values of the velocity (note that the values are not simultaneous). The plots 
confirm the trend just highlighted: by increasing the complexity of the aeroelastic 
force models, the envelopes flatten. Moreover, ST is the most sensitive model to an 
increase of the mean wind velocity. 

The analyses show that the uncertainty that characterize the model of the 
aeroleastic forces has a great relevance on the maximum values of the response 
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Fig. 7 Transversal displacement [/, of the centre of mass of the bridge cross section at midspan 
evaluated for V„{zdeck) = 45m/s: for each model (NO - ST - QS - QSM) of the aeroelastic 
forces, sample of the time history (left), histogram of instantaneous values (centre) and probability 
density function (right) 



parameters: for example, the difference between the vertical displacements derived 
by ST and QSM theories is even equal to 80% (in case of a mean velocity equal to 
57m/s). 
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Fig. 8 Vertical displacement U, of the centre of mass of the bridge cross section at midspan 
evaluated for V„,{zdeck) = 45m/s: for each model (NO - ST - QS - QSM) of the aeroelastic 
forces, sample of the time history (left), histogram of instantaneous values (centre) and probability 
density function (fight) 
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Fig. 9 Envelopes of deck displacements {Vmij-deck) = 21 — 45 — 57m/s): transversal maximum 
displacements {left) and vertical maximum displacements (right) 



4.3 The Influence of Model Uncertainty on Risk Assessment 



To evaluate the influence of model uncertainty on risk assessment, assume that (a) 
the interaction IP and structural SP parameters are deterministic and (b) the only 
IM is the mean wind velocity evaluated at the deck height Vm(zdeck)- With refer- 
ence to Eq. 12, a formulation of the complementary cumulative distribution function 
(CCDF) of EDP is simply given by: 



G {EDP) = 1 - F {EDP) 



/[/ 



-/ 



i{EDP)-dEDP 



f{EDP\IM) •f(/M)-d/M 



dEDP 



(28) 
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The function is evaluated by Monte Carlo simulation (considering 5,000 sam- 
ples). For each run, the value of Vm(zdeck) is obtained (a) by sampling a value of 
Vm{z= 10 m) by a WeibuU CDF (reference period = 1 year): 



¥{Vm{z= 10m)) = 1-exp 



-K 



F„(z=10m) 



(29) 



with parameters o and k set respectively equal to 6.02 m/s and 2.02; (b) by assuming 
an homogeneous roughness length za (equal to 0.5 m), and (c) by describing the 
variation of Vm (z) with the height z by a logarithmic law [22, 23]. 
The response parameters EDP are: 



the mean U 



y mean 



and the maximum U- 



y max 



values of the transversal displace- 



ments of the centre of mass of the cross section of the deck at midspan; 



the mean U, 



the maximum U, 



and the minimum U, „;« values of the 



vertical displacements of the same point. 

In evaluating the function f(EDP\IM), the effects of the model uncertainty as- 
sociated to the definition of the aeroelastic forces Fj^, are taken into account by 
characterizing the distribution parameters (e.g. mean and variance) on the basis of 
the results of the numerical analyses illustrated in the previous Section. It is assumed 
that each EDP is characterized by a Gaussian probability density function: 



f(EDP\IM) 



1 



^2jt ■ olopilM) 



exp 



EDP- 



jiEDPimy 



oiopm) J 



(30) 



The laws of variation of the distribution parameters ^Iedp(IM) and a^EDp(IM) are 
evaluated by a proper fitting of the mean values and variances obtained for the three 
values of the mean wind velocity (21 , 45 and 57 m/s) and the four aeroelastic mod- 
els. The values of the parameters and the laws of variation are reported in Table 2: 



Table 2 Values of the distribution parameters in Eq. 30 and laws of vaiiation as a function of IM 



EDP 


IM = 

VmiZdeck) 


Values of the distribution 
parameters (|Xedp.ct^edp) 
21 m/s 45 m/s 57 m/s 


Law of variation of the 
distribution parameters 




^ y mean 


l^EDP 
O" EDP 


1.367 
0.015 


5.724 
0.161 


9.380 
0.441 


0.0028 •/M-+ 0.0019 -/M 

6E-6 • IM^ - 0.0003 • IM^ + 0.0043 


IM 


^ y max 


fJ-EDP 
(^ EDP 


2.226 
0.279 


11.659 
3.217 


21.695 
35.194 


lE-4 • IM^ - 0.0005 • IM- + 0.0705 
0.2790+ 1E-14-/M'*'*^ 


IM 


^Z mean 


t^EDP 
f EDP 


-0.123 
0.001 


-0.262 
0.006 


-0.301 
0.010 


2E-5 • IM^ - 0.0067 ■ IM 
3E-5 • /M^ + 0.0002 ■ IM 




*^Z max 


t^EDP 
(^ EDP 


0.161 
0.012 


1.804 
2.071 


2.681 
2.766 


0.001 ■ /M^ - 0.0078 ■ /M 
0.001 ■ IM^ - 0.0109 ■ IM 




^Z mill 


t^EDP 
O" EDP 


-0.414 
0.016 


-2.329 
1.589 


-3.184 
2.121 


9.0E-4 ■ /M^ - 0.0083 ■ IM 
8.0E-4 ■ IM^ - 0.008 • IM 
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it is evident that the variance, which is assumed as a measure of the model uncer- 
tainty, increases with the considered IM. 

For each sampled value of IM, the parameters of the density function of each 
EDP are estimated by the relations in Table 2. The corresponding probability density 
functions are plotted in Figs. 10 and 11; the mean values and the standard deviations 
of the EDPs increase if Vm increases. 
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Fig. 10 Probability density functions of the considered EDPs in transversal direction: mean 
Uy !„„,„ and maximum [/,. ,„„v values of the transversal displacements of the centre of mass of 
the cross section of the deck at midspan evaluated for V„,(zdeck) = 21 — 45 — 57 m/s 
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Fig. 11 Probability density functions of the considered EDPs in vertical direction: mean U, mean, 
maximum U^ max and minimum U^ ,„,„ values of the vertical displacements of the same point, 
evaluated for V„ (zdeck) = 21—45 — 57 m/s 
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Finally, the CCDFs of the EDPs obtained by two different sets of analyses are 
compared in Figs. 12 and 13: in set 1, a deterministic value (the mean value in 
Table 2) is attributed to each EDP; in set 2, a value of each EDP is sampled from 
the appropriate density function (assuming the same pseudo-random number for all 
EDPs in each run). It is assumed that the analyses in set 2 take into account the 
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Fig. 12 Complementary cumulative distribution functions of the considered EDPs in transversal 
direction: mean Uy „,i,an and maximum Uy ,„a., values of the transversal displacements of the centre 
of mass of the cross section of the deck at midspan, evaluated disregarding or considering the 
uncertainty of the models of the aeroelastic forces 
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effects of model uncertainty on risk assessment, at least in a very rough manner. 
Looking at the two sets of plots, it results that the model uncertainty can be disre- 
garded if mean displacements are considered, while it has to be taken into account 
if response parameters related to the turbulence of the wind field are considered. 



5 Concluding Remarks 

In this paper the problem of the Aeolian risk assessment of slender structures is 
tackled in the framework of Performance-Based Wind Engineering (PBWE). A clas- 
sification of the main sources of uncertainty to be dealt with in order to take into 
account the stochastic nature of wind actions, structural response and their interac- 
tion is illustrated in detail; then, the relevance of some uncertainties is estimated 
with reference to an example case, a long span suspension bridge. The final aim 
is the improvement of a methodology for Performance-Based Wind Engineering 
currently under development [10]. 

Particular attention has been paid on the minimum information that is needed to 
characterize satisfactorily the wind field and the wind-structure interaction: this is 
essential, since the data actually available (and likely to be available in the future) 
are rather limited. 

The influence of model uncertainty is investigated with reference to buffeting, 
by implementing in time domain different formulations of the aeroelastic forces. 
The relevance of the epistemic uncertainty is investigated in evaluating the flutter 
instability, by a parametric analysis that assumes different values of the aerody- 
namic coefficients. Finally, numerical analyses have been carried out to estimate the 
influence of model uncertainty on risk assessment. 

While it appears premature to draw general conclusions, it already appears 
that both model and epistemic uncertainties affecting the characterization of wind- 
structure interaction mechanisms must be taken into account in the assessment of 
Aeolian risk. 
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The Method of Separation: A Novel Approach 
for Accurate Estimation of Evolutionary 
Power Spectra 

Dominik Schillinger and Vissarion Papadopoulos 



Abstract One of the most widely used techniques for the simulation of Gaussian 
evolutionary random fields is the spectral representation method. Its key quantity is 
the power spectrum, which characterizes the random field in terms of frequency 
content and spatial evolution in a mean square sense. For the simulation of a 
random physical phenomenon, the power spectrum can be directly obtained from 
corresponding measured samples by means of estimation techniques. The present 
contribution starts with a short review of established power spectrum estimation 
techniques, which are based on the short-time Fourier, the harmonic wavelet and 
the Wigner-Ville transforms, and subsequently introduces a method for the estima- 
tion of separable random fields, called the method of separation. The characteristic 
drawbacks of the established methods, i.e. the limitation of simultaneous space- 
frequency localization or the appearance of negative spectral density, lead to poor 
estimation results, if the Fourier transform of the input samples consists of a nar- 
row band of frequencies. The proposed method of separation, combining accurate 
spectrum resolution in space with an optimum localization in frequency, consider- 
ably improves the estimation accuracy in the presence of strong narrow -handedness, 
which is illustrated by a practical example from stochastic imperfection modeling 
in structures. 



1 Introduction 

Within the last 3 decades, computational stochastic mechanics has evolved into a 
self-contained and prolific field of research, which has brought forth a wide range 
of sophisticated and well-established methodologies for the stochastic simulation of 
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uncertain engineering systems (see [4,24] and the references therein). One emerging 
field of application is the stability analysis of thin-walled structures, where the 
random variability of geometric and material imperfections leads to considerable 
uncertainty in corresponding buckling loads [ 1 2, 1 3, 1 8, 20] . Apart from methodolog- 
ical maturity, the quality of practical stochastic simulations predominantly depends 
on the accurate reproduction of the random physical key phenomena by correspond- 
ing random field models. The most widely used technique for the simulation of 
imperfections as random fields is the spectral representation method [7,21, 23] . The 
key quantity of spectral representation is the power spectrum [14, 16, 17], which is 
related to the average energy of the random field and is obtained in practical applica- 
tions by estimation from a series of measurements [3,7, 13,22]. Despite its decisive 
importance for realistic stochastic buckling simulations, only little experience exists 
so far in transferring experimental imperfection measurements, which typically are 
strongly narrow-band functions at very low frequencies, into accurate evolutionary 
power spectra. 

Against this background, the present contribution intends to shed some light 
on key issues related to the evolutionary power spectrum estimation of strongly 
narrow-band random fields, with special emphasis on their application to stochastic 
imperfection modeling in structures. First, a concise review of the most impor- 
tant existing methods for evolutionary power spectrum estimation is presented, 
which are based on the short-time Fourier, the harmonic wavelet and the Wigner- 
Ville transforms. Second, a simple method for evolutionary spectrum estimation 
of separable random fields is introduced, referred to as the method of separation 
in the following [19]. Third, the presented methods are applied to the estimation 
of two benchmark spectra, i.e. the modulated Kanai-Tajimi spectrum [8] and the 
power spectrum of geometric imperfections in an I-section flange [6]. The results 
demonstrate the considerable advantage of the method of separation in the pres- 
ence of strong narrow-bandedness due to its accurate simultaneous space-frequency 
localization. 



2 Relevant Elements of Stochastic Process Theory 

A Gaussian random field h(x), equivalently known as a stochastic process in a time 
context, represents an ensemble of spatial functions, whose exact values are a-priori 
indeterminate, but follow a Gaussian probability distribution. It can be split into a 
deterministic mean /.t(x) and a zero-mean Gaussian random field fix) in the form 
h{x) = l^(x) + fix). In view of the spectral decomposition of its realizations into 
trigonometric functions, the Gaussian zero-mean random field fix) can be charac- 
terized by a two-sided power spectrum S, which specifies the stochastic frequency 
content and its correlation along the spatial axis [1 1, 14, 16, 17,25]. It is called homo- 
geneous, if S(ft)) depends only on frequency w, and evolutionary, if 5(a), x) depends 
on both frequency a) and space x. An intuitive approach to the power spectrum is 
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its interpretation as the distribution of the mean square of the random field over the 
space-frequency domain, so that it follows 



E[\f(x)\^]=2j'" S(aj,x)d 



CO (1) 



Analogous to Eq. 1 , the incremental energy in frequency reads 



[|FM|^]=/^ 



5(a), x) dx (2) 



Equations (1) and (2) are also known as the marginal spectral densities of a ran- 
dom field [2]. The power spectrum is called narrow-band, if the bulk of its energy is 
located only within a very small frequency band [1 1, 14]. It satisfies spectral separa- 
bility, if it can be multiplicatively decomposed into a homogeneous spectrum S(a)) 
and a modulating envelope g{x) in the form 

S(w,x) = S(w)-g{x) (3) 

If the power spectrum S(&), x) of a random field is known, an arbitrary number m 
of corresponding random samples can be generated by the spectral representation 
method [21, 23], which reads for a one-dimensional univariate zero-mean Gaussian 
random field 

N-l 

f^'\x) = V2j2An COS (a;„x + ,^^'') (4) 

n=0 

'An = ^1- S(a)„,x} ■ Aw 

, ^„ = n ■ Aco 
withi . (5) 

Ao) = tHup/ N 

Aq = Q or S(tt)o = 0,x)=0 

where i = 1.2, ... .m and n = 0.1,2. . . . ,{N — I). The parameter ft;,,^ is the cut- 
off frequency, beyond which the power spectrum is assumed to be zero, the integer 
A^ determines the discretization of the active frequency range, and (p„ denotes the 
(/)-th realization of N independent phase angles uniformly distributed in the range 
[0, 2it]. For non-Gaussian random fields, the translation field theory can be used to 
generate random samples from a simple transformation of an underlying Gaussian 
field [5]. 

The spectrum estimation methods to be presented in the following are tested 
by a standard separable benchmark problem, the uniformly modulated Kanai- 
Tajimi spectrum [8, 22], which is defined in view of Eq. 3 by its separable 
components 
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S(co) 
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(6) 



g(x) = 



0.25 



(7) 



Parameters cdq = lOrad/mm and g = 0.24 represent the natural frequency and 
the damping ratio, respectively. Their specific values in conjunction with the ex- 
ponential modulating function of Eq. 7 are adopted from [22] and yield a power 
spectrum with equally pronounced evolution in space and frequency directions, 
therefore representing a suitable benchmark for evolutionary estimation techniques 
(see Figs. 1 and 2). 

The Kanai-Tajimi spectrum of Fig. 2 is used to generate 10,000 corresponding 
random field samples f^'\x),i = l,2,..., 10,000 via the spectral representation 
formula Eq. 4. Estimates of the Kanai-Tajimi spectrum are obtained by substituting 
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Fig. 1 Components of the .separable Kanai-Tajimi benchmark spectrum 
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Fig. 2 Analytical reference solution of the separable Kanai-Tajimi spectrum 
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samples f^'\x) into the estimation methods introduced in the following, whose 
results can be assessed by comparing them to the analytical reference of Fig. 2. 



3 Existing Methods for Evolutionary Spectrum Estimation 

The estimation of a homogeneous Fourier power spectrum is a standard method 
[11, 14], which can be obtained from a series of samples f^'^{x) by the so-called 
periodogram 



Sh{o)) 



IjtL 



f 



f^'\x)-e 



-I COX 



dx 



(8) 



with L being the total sample length. The homogeneous spectrum estimate Sh(co) 
of the evolutionary Kanai-Tajimi spectrum is shown in Fig. 3. Whereas the energy 
distribution in frequency direction is predicted correctly, the spatial location of the 
energy peak is lost, since the Fourier transform in Eq. 8 averages the energy variation 
in space over the whole length L. To preserve this information, samples f^''(x) 
have to be transferred into evolutionary power spectra. 



3.1 The Short-Time Fourier Transform 

The most common approach for evolutionary power spectrum estimation is based 
on the short-time Fourier transform (STFT), also referred to as moving window or 
Gabor transform [1,2]. The idea of STFT is to emphasize the samples f^'\x) at 
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Fig. 3 Periodogram based estimate of the Kanai-Tajimi spectrum 
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a distinct spatial position x = i, whose local properties are to be studied, and to 
suppress them at positions farther away from /. This is achieved by multiplying the 
samples with a window w(:>c — /) of finite width T centered at the position of interest 
X- The window is then moved along the spatial axis at n equally-spaced positions 
X = /-' , 7 = !,...,«, and the Fourier transform is applied at each /^ . This strategy 
results in homogeneous spectrum components Sj (w, x) for each x^ 



Si(o!),x) 



2nT 



X + TI2 



j f('\x).w(x-x') 



-I cox 



dx 



X-T/2 



2-1 



(9) 



The complete evolutionary spectrum estimate, also known as the spectrogram, can 
finally be obtained by combining all components j = 1,2, .... N . The basic lim- 
itation of the method is its inability to achieve simultaneous localization in both 
frequency and space, which is a consequence of the uncertainty principle [1, 2, 15]. 
If the spatial localization is increased by shortening the window width T, the fre- 
quency resolution of the spectrum deteriorates. In turn, if the width T is increased, 
frequencies are resolved better, but the spatial localization is reduced. 

The result of the STFT based estimation for the Kanai-Tajimi benchmark spec- 
trum is shown in Fig. 4 and is obtained with a simple non-overlapping rectangular 
window 



w(x) 



1 -T/2 <x<T/2 

elsewhere 



(10) 



centered at 1 6 equally-spaced positions / ' . A compromise in the spatial localization 
of the window function is chosen, that allows for a fair localization in space without 
distorting the frequency localization too severely. 
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Fig. 4 STFT based estimate of the Kanai-Tajimi Spectrum 



A Novel Approach for Accurate Estimation of Evolutionary Power Spectra 

3.2 The Harmonic Wavelet Transform 



215 



For the joint space-frequency representation of evolutionary power spectra, 
harmonic wavelets developed by Newland [11] have proved to be especially suit- 
able due to their exact box-like Fourier spectrum. Wavelet functions of different 
frequency scales (m.n) and positions k can be interpreted as a collection of window 
functions that are mutually orthogonal, so that a generalized wavelet transform of 
a series of samples /^'^(x) can be constructed, resulting in wavelet coefficients 
'^(nm) k' Because of the strongly localized amplitudes of harmonic wavelets of the 
same frequency scale (m,n) at different positions x — k/{n — m), corresponding 



wavelet coefficients a 

r{i) 



(0 

(n,m),k 



can be used to distinguish local events of samples 

f'-'Hx) at the same frequency. On this basis, Spanos and co-workers [22] have 
recently shown that an evolutionary power spectrum can be estimated from the 
wavelet coefficients as 



4 E 



^(m,n),k 



(0 
{m,n),k 



(11) 



This formula defines the localized spectral density in the discrete space-frequency 
regions 



m 2n n 2n 
< ft) < and 



kL 



< X < 



(k + \)L 



(12) 



where integers k = 0, . . .,{n—m — l) determine the coupling between space and fre- 
quency localization. The major drawback of the harmonic wavelet based method is 
again the limitation of simultaneous space-frequency localization by Eqs. 12. They 
allow either for a fine resolution in frequency, if differences in scales (m,n) are 
small, or for a fine resolution in space, if differences in scales {m,n) are large. The 
wavelet based estimate for the Kanai-Tajimi benchmark is shown in Fig. 5, which 
shows reasonable localization properties due to a compromise in space-frequency 
resolution. 



3.3 The Wigner-Ville Transform 

A qualitatively different approach is provided by the Wigner-Ville transform [10], 
which yields the following evolutionary spectrum expression from a series of sam- 
ples f'^'Hx) 



S{a),x) = E 



1 

2jt 



jf'''{^ + l)-f'''{^-l)-e-'-^d. 



(13) 
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Fig. 5 Harmonic wavelet based estimate of the benchmark spectrum 
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Fig. 6 Wigner-Ville based estimate of the Kanai-Tajimi spectrum 



where t is a shifting parameter. Equation 13 can be interpreted as a folding of the left 
over the right part of the sample to determine possible overlaps, which will be then 
present in the spectrum at the current position x [1]. In a more formal sense, Eq. 13 
can be interpreted as the Fourier transform of an autocorrelation estimate [14]. 

The major strength of the Wigner-Ville based spectrum estimate is the exact 
representation of the marginal densities Eqs. 1 and 2, which guarantees an exact 
representation of the incremental energy content of the spectrum. Its major draw- 
back is its potential ability to yield negative spectral values, which contradicts the 
mathematical definition of the power spectrum and its physical energy interpreta- 
tion [1,2]. The Wigner-Ville estimate of the Kanai-Tajimi benchmark spectrum is 
shown in Fig. 6. 
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4 The Method of Separation: Evolutionary Spectrum 
Estimation of Separable Random Fields 

The method of separation is generally valid for the estimation of separable power 
spectra, but in particular designed to cope with the challenge of accurate simul- 
taneous space-frequency localization. For the estimation of non-separable power 
spectra, it can be complemented by a joint strategy, which is based on the partition- 
ing of the space-frequency domain into several sub-spectra that have to be separable 
only within themselves. These sub-spectra can then be estimated consecutively by 
the method of separation and finally be recomposed to the full non-separable spec- 
trum. For the introduction of the principles of the method, the present text confines 
itself to the separable case, details on the estimation of non-separable spectra with 
the method of separation can be found in Schillinger and Papadopoulos [19]. 



4.1 Theory and Derivation 

The method of separation assumes that input samples f^'^{x) represent a separable 
or at least approximately separable random field. The essential advantage of this 
assumption is the breakdown of the combined evolutionary spectrum estimation into 
a frequency and a spatial part, which can be dealt with separately. The definition of 
spectral separability in Eq. 3 allows that its multiplicative components can be chosen 
arbitrarily from a group of pairs [S'\ g'] that satisfy with respect to the original 
components [5; g] 

S'ico) = X ■ S{ca) 

g'(x) = {-g(x) (14) 

where X is an arbitrary positive number. Equation (14) constitutes sets of geomet- 
rically similar functions, whose energy content is varied by X, but whose energy 
distribution over frequency or space, i.e. the relative shapes of the curves, remain 
the same. The product of Eq. 14 yields always the correct evolutionary spectrum 
S(a>,x) in the sense of Eq. 3. 

In the method of separation, the spectrum component S' of Eq. 14 is chosen as 
the homogeneous Fourier power spectrum 

L 
Sh((o) = y I S(co,x)dx = Xh ■ S{co) (15) 



corresponding to the frequency content of the evolutionary spectrum 5(a), x) aver- 
aged over the signal length L. Its counterpart ghix) can be obtained from the first 
expression of Eqs. 14 by factor 
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L 
A^ = - ■ / g{x)dx (16) 



The evolutionary spectrum S{a),x) in the method of separation is thus decomposed 
into 

S(a),x) = Sh{w)-gh{x) (17) 

An estimate S/,(fij) of Eq. 15 can be readily obtained from the periodogram Eq. 8, 
where the frequency content of the separable input samples are averaged over their 
length L by the Fourier transform [1,2], which corresponds to the definition of 
Shico) in Eq. 15. An estimate gh(x) for the spatial envelope can be derived from 
the mean square of samples f^'\x). The basic analytical expression is found from 
Eq. 1 as 



E[\fix)\^]=2J Sh{, 



o))gh{x)do) 



= gh(x)-2J Sh{co)dcD (18) 



The estimate g^ (x) is obtained by replacing in Eq. 1 8 the analytical homogeneous 
Fourier spectrum Sfiico) and the mean square £[|/(.x:)p] by corresponding esti- 
mates, which yields 

ghix)=-k^^ (19) 

2/ Sh{td)d(D 



The final estimate of the spectrum can now be established by replacing the analytical 
expressions in Eq. 1 8 by their estimates S^ (co) of Eq. 9 and gf^ (x) of Eq. 1 8, which 
results in 



S(ftJ,x) = E 



f^'Hx) 



-J^^ (20) 



2/ Sh(co)dco 





Factor 1/2 in the right-hand side fraction is necessary, because Eq. 20 takes into 
account only one side of the symmetric two-sided power spectrum. 

The validity of Eq. 20 can be succinctly illustrated by energy considerations. The 
right-hand side fraction contains the estimate Sh (a>) in the numerator, which is nor- 
malized by the denominator in the sense that its total energy content, i.e. the area 
under the two-sided curve Sh(a>), is a constant of 1. This can be trivially verified by 
integration of the right-hand side fraction in Eq. 20 over frequency as 
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(21) 



J Sh{co)dco 





The left-hand side of Eq. 20 represents the mean square of the samples f'-'^(x), 
which on the basis of Eq. 2 is an estimation of the incremental energy in space. 
Hence, Eq. 2 1 can be interpreted as the distribution of the mean square over the fre- 
quency domain by a normalized homogeneous spectrum for each position x. This 
makes the method of separation a direct implementation of the initial intuitive con- 
cept of the power spectrum. 



4.2 Performance Test with Kanai-Tajimi Benchmark Estimation 



The complete Kanai-Tajimi spectrum estimate obtained with the method of separa- 
tion is shown in Fig. 7. The method of separation captures exact spectrum gradients 
and peak values as seen in Fig. 2 considerably better than STFT and wavelet trans- 
forms of Figs. 4 and 5 and leads to a more regular spectrum surface than the 
Wigner-Ville transform of Fig. 6. 

Stochastic convergence in a Monte-Carlo sense [14] is tested by the squared dif- 
ference between exact analytical and estimated Kanai-Tajimi spectra Sex and Sm, 
respectively, integrated over the space-frequency domain in the form 



e (m) 



/•oo pL 
= / {Sex - Sm)dxdCL> 

Jo Jo 



(22) 
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Fig. 7 Method of separation based estimate of the Kanai-Tajimi spectmm 
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Fig. 9 Method of separation based estimates of the frequency and spatial component of the 
Kanai-Tajimi spectrum with different sample sizes 



The error e of Eq. 22, which depends on the number m of input samples f^'\x),i = 
1, . . ., ff2 used for the computation of Sm, is plotted in Fig. 8 for each estimation 
method. Whereas STFT and wavelet estimates do not converge due to the system- 
atic error of the uncertainty principle, the method of separation achieves monotonic 
convergence, approaching the exact solution faster than the Wigner-Ville method. 

The two principal components the method of separation, i.e. the estimated 
mean square (left-hand side of Eq. 20) and the estimated normalized frequency 
distribution (right-hand side of Eq. 20), are shown in Fig. 9a and b, respectively. 
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Fig. 10 Marginal densities (incremental energies) of the Kanai-Tajimi spectrum estimates 



The geometric similarity of the component estimates in Fig. 9 with respect to the 
analytical components in Fig. 1 illustrates the validity of the fundamental expres- 
sions in Eq. 14. The marginal densities Eqs. 1 and 2, which are an excellent indicator 
for the quality of space and frequency localization, respectively [2], are plotted in 
Fig. 10. The method of separation and the Wigner-Ville transform are able to repro- 
duce the analytical incremental energies exactly due to their accurate localization 
properties in both space and frequency directions, whereas STFT and harmonic 
wavelet based methods exhibit observable deviations from the exact solutions as 
a consequence of the uncertainty principle. 

In summary, it can be stated that the method of separation based estimate of 
the Kanai-Tajimi spectrum is more accurate in terms of regularity of the spectrum 
surface, space-frequency localization and convergence towards the exact spectrum 
than the results of the established estimation techniques. 



Stochastic Modeling of Imperfections in Structures: 
Estimation of Strongly Narrow-Band Power Spectra 



The introduced space-frequency analysis techniques are now applied to a prac- 
tical problem from stochastic imperfection modeling in structures. The target 
power spectrum represents the stochastic variation of geometric imperfections in an 
I-section flange and has to be estimated from corresponding experimental measure- 
ments obtained from six nominally equal I-section flanges. The measured geometric 
imperfections represent the deviation of the true flange edge position from perfect 
plate geometry along the beam axis as illustrated in Fig. 1 1 . The zero-mean parts of 
the imperfection measurements, which have been previously separated from their 

deterministic mean /i(x), represent six input samples f^'\x), i = 1,2 ,6, 

which are plotted in Fig. 12a. Before the presentation of the estimation results. 
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Fig. 11 The I-section beam experimentally investigated by Hasham and Rasmussen [6] 
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Fig. 12 Imperfection samples: (a) measurements; (b) method of separation based simulation; 
(c) STFT based simulation 



some key issues related to the space-frequency analysis of strongly narrow-band 
random functions are discussed on the basis of the imperfection example. The com- 
plete results of the stochastic buckling simulation for the I-section beam-column 
corresponding to the present imperfection example can be found in [20]. 



5.1 Spectral Separability 



The assumption of spectral separability in the method of separation introduces an 
error in case of non-separable input samples. Non-separability implies that the en- 
ergy distribution over the frequency domain, i.e. the spectrum shape in frequency 
direction, differs along the length x. In the case of the strongly narrow-band im- 
perfection measurements, possible variations of energy distribution in frequency 
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Fig. 13 Normalized STIT based spectrum components 

are considerably limited, since the main lobe, which contains the largest part of 
the energy, is located only within a very small fixed bandwidth between and 
0.005 rad/mm. This is illustrated by a STFT based spectrum estimate according to 
Eq. 9, obtained at six equally spaced positions x' by a non-overlapping Hamming 
window [1, 2, 9] of length L/6. The six individual STFT components plotted in 
Fig. 1 3 are normalized with respect to the total energy represented by the area un- 
der their curves. The discrepancy between the plotted curves with respect to shape 
and amplitude thus indicates the degree of non-separability. Within the narrow-band 
main lobe containing about 95% of the total energy, approximate spectral separa- 
bility can be readily verified, since the six curves exhibit the same qualitative shape 
and diverge only slightly. 



5.2 Number of Samples and Spectral Smoothing 

In most practical applications, only a very limited number of measurements are 
available. The resulting insufficient ensemble averaging in the evaluation of the op- 
erator £ [ ] in Eq. 20 leads to spurious oscillations in the evolutionary spectrum 
estimate, due to localized under- and overestimation of the true spectrum. The spu- 
rious oscillations are stronger in spatial direction x, because the evaluation of the 
homogeneous spectrum component Eq. 8 inherently implies an additional averaging 
of frequency content over length L. An effective damping of the spurious oscilla- 
tions in spatial direction can be accomplished by spectral smoothing 



S ia),Xk) = 



1 

2n+ 1 



^ S(0),Xk+m) 



(23) 
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where Xk denote sample points in space of the discrete spectrum representation and 
S is the smoothed spectrum counterpart. Equation (23) can be imagined as a win- 
dow, which is moved in small steps along the spatial axis, successively replacing the 
central spectrum values by the arithmetic average of all visible values. The empirical 
window size (2n + 1) has to be chosen small enough not to distort the evolutionary 
trend, but large enough to effectively smoothen the spurious local oscillations. 



5.3 The Uncertainty Principle 

Originally motivated from a physical point of view by Heisenberg's observations in 
quantum mechanics, the uncertainty principle has turned out to be a general prop- 
erty of Fourier analysis [1, 2, 15]. It states that the two components of a Fourier 
transform pair, such as a geometric imperfection sample f{x) and its Fourier trans- 
form F(a)), cannot be completely localized at the same time. The implication of the 
uncertainty principle can be illustrated by an increase of localization in the mean 
square £'[|/*^'^(x)p] as illustrated in Fig. 14a, which is obtained by applying Ham- 
ming windows [1,2,9] of decreasing widths to measurements f^'^{x). Shortening 
the window width T , however, necessitates a spread of the corresponding homo- 
geneous spectrum estimate S/,(a)) Eq. 8 as shown in Fig. 14b. Due to their small 
frequency bandwidths, strongly narrow-band spectra are especially sensitive to this 
phenomenon. 



5.4 Performance of Available Estimation Techniques 

The spectrum estimates of the corresponding imperfection example obtained from 
the wavelet, Wigner-Ville, and STFT based techniques and the method of separation 
are shown in Fig. 15. All measurements have been processed by a Hamming win- 
dow prior to the evaluation of Fourier transforms to minimize spectral leakage [9]. 
The harmonic wavelet based estimate in Fig. 15a exhibits satisfactory localization 
in frequency direction, which can be obtained by the smallest possible difference in 
scales n —m = 1 . However, this choice leads to the complete loss of localization in 
space according to Eq. 12. The Wigner-Ville estimate in Fig. 14b can be expected 
to give an accurately localized impression of the true power spectrum. However, its 
major disadvantage is the appearance of negative spectral density over large parts of 
the space-frequency domain. The harmonic wavelet based method and the Wigner- 
Ville method thus yield estimates, which are unsuitable to be used in the framework 
of spectral representation. The STFT based estimate in Fig. 15c, which has been ob- 
tained with 16 overlapping Hamming windows [1,2,9] of width L/8, exhibits good 
localization in space. However, in comparison to the Wigner-Ville and method of 
separation results, which rely on a Fourier transform with full window width T = L, 
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Fig. 14 The Uncertainty Principle: Basic Mechanism for the Imperfection Example 



the spread of the main lobe of the STFT-based estimate is dramatically increased due 
to the uncertainty principle (observe the frequency scale). 

The accurately localized result of the method of separation is shown in Fig. 15d. 
Due to the small number of only six available measurements, spectral smoothing 
Eq. 23 is applied to the initial estimate in spatial direction, which results in the fi- 
nal smoothed spectrum estimate Fig. 15e. In view of the uncertainty principle, the 
frequency localization in the Fourier transform of a strongly narrow-band func- 
tion corresponds to the availability of a sufficiently long signal length L. Since 
the method of separation Eq. 20 allows the use of the full available length L in 
the Fourier transforms involved, its spectrum estimate guarantees an optimum fre- 
quency localization and a minimum spread of the energy distribution. The accurate 
simultaneous space-frequency localization in the method of separation based es- 
timate can be further evidenced by its marginal densities Eqs. 1 and 2 in Fig. 16. 
The qualitative accordance of its energy distribution and peak values with the 
Wigner-Ville estimate Fig. 15b additionally supports its plausibility. Finally, the 
smoothed spectrum estimate of the method of separation and the STFT based spec- 
trum estimate are used to generate six random imperfection samples by spectral 
representation Eq. 4, which are plotted in Fig. 12b and c. As a result of the large 
frequency spread in the STFT based spectrum, the wave-lengths of the method of 
separation based samples correlate considerably better with the measured counter- 
parts of Fig. 12a than the STFT based samples. 
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Fig. 16 Marginal densities (incremental energies) of STFT and method of separation based 
spectrum estimates of the imperfection example 



6 Summary and Conclusions 

The present paper deals with space-frequency analysis techniques for the estimation 
of evolutionary power spectra, which are used in engineering practice for the accu- 
rate stochastic simulation of random physical phenomena by spectral representation. 
In addition to established techniques, a method for the estimation of separable power 
spectra is introduced, called method of separation, which yields accurate simultane- 
ous space-frequency localization. For the estimation of the separable Kanai-Tajimi 
benchmark spectrum, the method of separation based estimate is demonstrated to 
be more accurate in terms of surface regularity, space-frequency localization and 
stochastic convergence than estimates from the established techniques. It is fur- 
thermore illustrated by an example from imperfection modeling in structures that 
the method of separation yields good localization in space and frequency even in 
for the case of strong narrow-bandedness of the target spectrum, where established 
space-frequency analysis techniques fail to provide acceptable estimation results. 
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A Seismologically Consistent Husid Envelope 
Function for the Stochastic Simulation 
of Earthquake Ground-Motions 

Sara Sgobba, Peter J. Stafford, and Giuseppe C. Marano 



Abstract Earthquake-induced ground-motion may be realistically described as 
random processes that are intrinsically non-stationary in both amplitude and fre- 
quency content. In order to take into account the finite duration and the amplitude 
non-stationarity of earthquake-induced ground-motions, it is common practice to 
modulate a stationary stochastic process with a shaping window, or envelope func- 
tion, in order to obtain a transient signal. Different shapes have been proposed in 
literature for such windows but the main problem until now has been how to cor- 
relate the parameters of the shaping window to the characteristics of some seismic 
design scenario (such as magnitude, distance, and site conditions). In this work, 
an envelope function is proposed that makes use of parameters that are commonly 
available in seismic design situations involving a scenario-type analysis. Such a 
scenario may be deterministically prescribed, or may be the result of a probabilistic 
seismic hazard analysis. The envelope function is also directly related to the Arias 
intensity of the ground motion and has a functional form closely related to that of 
a lognormal probability density function. The envelope function may be used, in 
conjunction with suitable peak factors, to predict the distribution of peak ground 
acceleration values corresponding to a given earthquake scenario. 
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1 Introduction 

Visual inspection of earthquake-induced ground accelerations reveal an intrinsically 
random nature. The randomness of the ground motion arises as a result of the 
processes of seismogenesis and wave propagation being highly nonlinear. While 
state-of-the-art approaches to deterministic modelling of ground-motions using 
seismological theory are impressive and account for many phenomena, the degree 
of natural variability that is observed among motions from similar seismological 
scenarios is so great that it is not possible to confidently prescribe future motions 
using such deterministic approaches. Nevertheless, while observed accelerograms 
appear random when viewed individually, groups of records from similar scenar- 
ios do exhibit common features. Therefore, it is clear that a suitable approach to 
modelling future accelerograms is provided by methodologies that are typical of 
probabilistic and stochastic mechanics. A robust way to treat these phenomena is 
to employ Random Vibration Theory (RVT), which is a widely applied mathemat- 
ical tool in other similar engineering problems where dynamic actions exhibit an 
analogous random nature, such as in offshore and aeronautical engineering. 

Random process representations of earthquake-induced ground- shaking can be 
employed for both generating simulated acceleration time-histories and in pure ran- 
dom vibration analysis, in order to obtain structural responses and safety evaluations 
using well-established theory [ 1 5] . In both cases it is clear that the proper modelling 
of these processes plays a central role in the accuracy of the analysis. Hence, in 
earthquake engineering, the proper consideration of the evolutionary nature of real 
seismic records is indispensable. For these reasons, an appropriate representation 
of ground acceleration must be based upon a random process with time-dependent 
amplitude and frequency content. Both of these non-stationarities can strongly in- 
fluence structural responses and safety evaluations. 

Within the context of modelling seismic actions as random process, the first at- 
tempt was made by using a simple stationary model [6, 14]. These early models 
generated time histories that represented a stationary stochastic Gaussian process 
of theoretically infinite duration. However, it has since been recognised that these 
models are unable to preserve the real time-varying amplitude characteristics of 
natural earthquake accelerograms. Following the introduction of the concept of evo- 
lutionary power spectrum [18] some non-stationary stochastic models have been 
proposed, including the modulated stationary process [7] and the filtered modulated 
stationary process [11]. Some years later, Lin and Yong [13] developed the evolu- 
tionary Kanai-Tajimi [10,28] earthquake models as a non- stationary random pulse. 
Afterwards, Fan and Ahmadi [5] expanded the site-dependent stationary Kanai- 
Tajimi model to non-stationary models, taking into account both time-varying 
amplitude and frequency content. Rezaeian and Der Kiureghian [21] have recently 
reviewed and discussed the most common of the adopted approaches in the literature 
for the stochastic simulation of ground motions. 

Despite the broad awareness that accelerograms are characterised by signifi- 
cant amplitude non-stationarity and, in most cases, by a marked variability of the 
frequency content, the simplest and most commonly adopted hypothesis consists 
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of modelling ground motions as tlie product of a stationary signal and a determinis- 
tic modulation function in order to obtain a uniformly modulated process (uniformly 
modulated in frequency). However, the analysis of a large number of seismic records 
has shown that this hypothesis cannot always be adopted as it supposes constant 
frequency content throughout the ground motion. The temporal variation of the 
frequency content can, in fact, have a significant effect on estimates of structural 
response and on reliability evaluation. In such cases, it is necessary to develop a 
more complicated non-stationary model with time-varying frequency content. How- 
ever, it is generally acknowledged that, for many applications, the component of the 
process that dominates amplitude-based measures of structural response, such as 
inter-storey drift, i.e., the strong-shaking phase, may be represented by a weakly 
stationary process [24]. For this reason, the frequency non-stationarity is often tac- 
tically neglected as it greatly simplifies the resulting mathematical operations. 

When a filtered, uniformly modulated, non- stationary stochastic process is 
adopted for modelling seismic actions, the selection of the most suitable modu- 
lation function becomes a crucial issue. The modulating function must be able to 
reproduce the shape of real records and reflect the temporal distribution of energy 
and the strong-motion duration. Not a great deal of research has been conducted on 
the issue of how to most appropriately model the amplitude modulation, as random 
vibration methods have not been as widely applied to real-world seismic analyses as 
other empirically-based techniques. However, different forms have been proposed 
for the shaping window over the years with the aim of best representing the time- 
evolution of accelerograms (trapezoidal, double exponential, lognormal, etc.). Note 
that most envelope functions commonly used in earthquake engineering include: 
the step function used by Caughey and Stumpf [2], the boxcar function used by 
Barnoski and Maurer [1], the exponential function first used by Shinozuka and 
Sato [23], the product of polynomial and exponential functions used by Iyengar and 
Iyengar [7], Saragoni and Hart [22] and the piecewise expression used by Jennings 
et al. [9]. These functions have simple parametric forms and were assumed to be 
representative of the time variation of the amplitude, or intensity, of ground shaking, 
thereby modelling the rate of build-up, rate of decay, maximum intensity and strong- 
motion duration of the accelerograms. These authors employed a continuous-time 
formulation of the models and, with the exception of Saragoni and Hart [22], divide 
each accelerogram into three segments and model the frequency content of each 
segment by stationary processes. However, the arbitrary division into segments and 
the abrupt change in the frequency content from segment to segment is not very 
satisfactory for simulating strong ground-motion. 

The primary purpose of the present work is to advance the current situation by 
offering a new envelope function that represents the first component of a full non- 
stationary stochastic approach to accelerogram generation. The approach taken in 
the present study is to define a new envelope function that could be correlated to the 
main characteristics of the expected ground-motion. For any scenario-based analy- 
sis, one should always be able to infer a magnitude, a source-to-site distance, and 
some characteristics regarding the site conditions in addition to the corresponding 
amplitudes of response spectral ordinates. The assumption that such information is 
available is pivotal to the methodology that is presented herein. 
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Fig. 1 Typical process for stochastic ground-motion simulation 



The most common approach to simulating earthquake accelerograms consists of 
starting with a Gaussian stationary white noise process w(t) which passes through 
a linear filter in order to obtain the desired power spectral density function and the 
result is then multiplied by a deterministic envelope function E(t) so that the sta- 
tionary filtered white noise Ust gets the desired time-dependent amplitude (Fig. 1). 

In Fig. 1 the specification of the frequency content of the ground motion is made 
through the generic linear filter, L|], but in most stochastic analyses the frequency 
content is prescribed directly in terms of the power spectral density function (PSDF) 
of the process. The simulation of accelerograms using this power spectral represen- 
tation has recently been outlined rigorously by Liang et al. [12]. 

As previously mentioned, various different envelope functions have been pro- 
posed over the past 40 years or so; the most common of which are discussed by 
Jangid [8]. Quek et al. [19] suggest that, so long as the envelope function is able to 
appropriately reflect the energy content of the ground shaking, estimates of struc- 
tural response are not particularly sensitive to the actual window function used. 
However, these authors were only concerned with the estimation of pseudo-spectral 
velocities and for other measures of structural response these findings may not 
hold [26]. Even if measures of the structural response are relatively insensitive to 
the windowing function it is still preferable to make this component of the stochas- 
tic model as realistic as possible. Therefore, the objective herein is to present an 
envelope function that is as realistic as possible while also ensuring that the ener- 
getic characteristics of the accelerogram are incorporated in a quantitative manner. 

In this work an analytical expression for an envelope function is presented. 
As opposed to previously proposed formulations, the envelope is directly related 
to seismological and ground-motion parameters of specific earthquake scenarios 
that could be considered for design. The mathematical formulation is tied directly 
to the expected Arias intensity of the ground motion given some seismological 
scenario as well as to two shape parameters that are in turn related to seismological 
characteristics. 

The information that is required in order to derive the envelope therefore consists 
of information regarding the scenario, i.e., magnitude, distance, average shear-wave 
velocity, etc., as well as an estimate of the Arias intensity associated with this par- 
ticular combination of seismological parameters. This information may be specified 
directly from a scenario-based analysis, where one simply defines the seismological 
parameters from the outset. Figure 2 provides a schematic overview of the avenues 
via which one may obtain the information required to implement the envelope func- 
tion that is presented herein. 
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Fig. 2 Schematic overview 
of the process via which one 
obtains an envelope function, 
E(t), and associated 
(logarithmic) standard 
deviation, cri„£(,), for the 
scenario based analysis. The 
parameters fi and a are 
generic envelope shape 
parameters that will be 
defined in what follows 
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In tills way tlie envelope function is able to represent a specific seismic event, 
fully characterised by the seismologlcal parameters that are commonly available in 
design situations. This is a key point of the procedure, because. In many previously- 
proposed approaches in stochastic dynamics, the envelope function is described by 
analytical formulations with a limited (or no) relation to any seismic scenario. 



2 Mathematical Formulation of the Envelope Function 



The form of the envelope function comes from the realisation that the Husid func- 
tion H(t): 



H{t) = 



a^{t)dt 



(t)dt _ TV r' 

Htjdt ~ IgTa Jo ' 



\t)dt 



(1) 



satisfies all of the required conditions to allow it to be regarded as a cumulative 
probability distribution function, as already shown by these authors [26]. Indeed, the 
shape of H{t) for real accelerograms is strikingly similar to that of the cumulative 
distribution function (CDF) of the lognormal distribution (see Fig. 3). 

This realisation leads one to suspect that a suitable candidate shape for an en- 
velope function for accelerograms may be closely related to the probability density 
function equivalent of the normalized Husid function which is defined as in Eq. 2. 
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Fig. 3 Example of the typical fit that may be achieved by modelling the observed Husid pdf as a 
lognormal distribution [26] 



h(t) = 



dH(t) 
dt 



2gh 



-fl'(f) 



(2) 



In order to derive the form of the envelope function we simply assume that the 
function h(t) may be modelled using the probability density function (pdf) of the 
lognormal distribution [26]. This lognormal pdf is directly related to the shape of 
the envelope and requires the specification of two parameters that correspond to the 
mean and standard deviation of the distribution. In this study we define these shape 
parameters as functions of common seismological parameters. Given the shape of 
the envelope, we must then scale this generic shape to ensure that the absolute am- 
plitude of the envelope is consistent with the amplitudes that we would expect for a 
particular scenario [26]. 



2.1 Strong-Motion Dataset 



The accelerograms that have been used in this study consist of records from the 
strong-motion database of the NGA project [3]. Not all of the available records 
have been considered in this study with the particular subset that has been adopted 
being exactly the same as that which has previously been used by Stafford and 
Bommer [25]. Here, it suffices to say that 2,406 records (4,812 individual horizon- 
tal components) from 114 earthquakes were included in the dataset for the present 
study. These records are associated with earthquakes having moment magnitudes 
ranging from 4.79 to 7.9 and depths to the top of their rupture ranging from to 
14.5 km. The recordings from these earthquakes are made at sites with average 
shear-wave velocities over the upper 30 m between 116 and 2,017 m/s and at loca- 
tions ranging from 0.07 to 100 km from the assumed rupture surface of the events. 
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2.2 Calibration of the Model 

In order to derive relationships to define the shape parameters, as well as to en- 
sure that we achieve the correct amplitudes for the envelope, we must make direct 
comparisons with the envelopes of real accelerograms. 

The calculation of the envelope of an accelerogram using the approach of 
Dugundji [4] consists of two steps (see [26] for details): 

1 . calculating the pre-envelope of the accelerogram; 

2. calculating the envelope itself from the pre-envelope. 

The pre-envelope, z{t), of an acceleration time-history, a{t), is defined as in Eq. 3. 

z{t) = a(t) + ia(t) (3) 

Here, the pre-envelope is a complex-valued signal that has the original acceleration 
time-history as its real component and the Hilbert transform of the original time- 
history as its imaginary component (i = V— T and is the complex unit). The Hilbert 
transform, a{t), of a{t) is given by the operation in Eq. 4. 

1 /-^ a{r) , 
a{t) = - / —^dr (4) 

7T y_oo t — T 

Given the pre-envelope of the original accelerogram one may compute the enve- 
lope by taking the modulus of the complex process. That is, the envelope may be 
calculated using Eq. 5. 

E{t) = Vfl2(0+fl2(0 (5) 

The Hilbert transform of the accelerogram, a(t), is a signal that has the same am- 
plitude spectrum and frequency content as the original signal but with a consistent 
90° phase shift applied to all components [16]. This fact proves to be particularly 
useful for deriving the general form of the envelope function. From Eq. 5 and the 
knowledge that the integral of a linear combination of functions is the linear com- 
bination of the integrals of the individual functions, one may obtain the following 
expression: 



E^{t)dt = / a^{t)dt + d^ 

-OO J— OO J — OO 



it)dt (6) 



Now recalling Parsevals theorem that dictates equivalence of power between the 
time and frequency domains as formally stipulated by Eq. 7, 



/OO /"OO 

\x{t)\'dt = i \X(f)\^df 
-OO J — OO 



(7) 
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we may state that the two integrals on the right-hand- side of Eq. 6 are equal (as the 
Hilbert transform acts only to introduce a phase shift and does not influence the 
amplitude spectrum) and that Eq. 6 may therefore be rewritten as in Eq. 8. 



E^(t)dt = 2 a^{t)dt 

-CO J — oo 



(8) 



Now, recalling Eq. 2 we may arrive at the general expression for the envelope func- 
tion, E{t), to be used in this study. 



EC) = ^^f'C) (9) 

The Husid pdf, given by h{t), is assumed to be modelled by the pdf of a lognormal 
distribution which leads to the final expression for the envelope function: 



£(0 = 



: exp 



tanJlTi 



(ln(0-/x)" ' 
2a2 



(10) 



Hence, the Husid Envelope Function (HEP) is completely defined for all time pro- 
vided that one has estimates of the Arias intensity corresponding to the scenario in 
question as well as estimates of the shape parameters [i and a that correspond to 
the mean and standard deviation of the lognormal distribution [26]. The estimates 
of the Arias intensity may be made using existing empirical models such as those of 
Travasarou et al. [29] or Stafford et al. [27]. The shape parameters must be related 
to the seismological characteristics of the scenario through new empirical predictive 
models. The derivation of such models is the subject of the following section. 



3 Prediction Models for the HEF Parameters 

The optimal shape parameters for every component were obtained using stan- 
dard maximum likelihood techniques as implemented in the MATLAB function 
lognf it. The shape parameters for every component were then associated with 
the metadata for each component which consisted of the most typical seismological 
parameters that define scenarios for seismic design; namely, the moment magnitude 
M, the rupture distance i^rup, the average shear-wave velocity Ks,3o and the depth 
to the top of the rupture Ztm. Nonlinear random-effects regression analyses were 
then conducted using the nlme package of R (http://www.r-project.org; [17,20]) in 
order to obtain empirical models for the shape parameters. 

Numerous functional forms were considered and the relative performance of 
each candidate was assessed in terms of standard statistical metrics such as the 
Akaike Information Criterion, the Bayesian Information Criterion, the likelihood 
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ratio test, and the residual variance. The coefficients of the various candidate mod- 
els were all checked to ensure that they were statistically significant at the 95% 
confidence level and that strong correlations among these coefficients did not exist. 
The regression analysis was conducted on the shape parameters corresponding to 
the individual ground-motion components [26]. The final functional forms are given 
in Eqs. 1 1 and 12 while the coefficients of these models are presented in Table 1 in 
the Appendix. 



,i = bi+b2M+ (bi + b4M) In yjRi~+bl + be In Vs,3o + bjZ,,, (11) 

Ina = ci + CjRrup + C3 In Ks,3o + C4Ztor (12) 

The shape parameter fi is normally distributed marginally while the shape parameter 
a is lognormally distributed marginally, as demonstrated by [26]. 



4 Sensitivity Analysis 

Once we have defined the mathematical model for the envelope, which is depen- 
dent upon the main seismological parameters, a sensitivity analysis is carried out. 
The aim is to evaluate how sensitive the envelope is to each of these parameters. In 
Fig. 4, different envelope functions obtained from a given set of seismological pa- 
rameters and different soil types are shown. The scenario is a strike-slip magnitude 
of M = 6.5 and a rupture distance of R^p = 30 km (this is required for the predic- 
tion of the Arias intensity using the model of Travasarou et al. [29]). Consistent with 
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Fig. 4 Comparison between HEFs obtained for a given set of seismological parameters (M = 6.5; 
Rrup = 30 km; Mech = 0) and different NEHRP soil classes 
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other results in the hterature, the median envelope is quite sensitive to soil condi- 
tions, in terms of the manner it influences both the maximum value and the implied 
duration of the motion. In Fig. 5 the same evaluation is presented for different mag- 
nitudes and for two soil types (B and C, according to the soil classification scheme 
adopted by Travasarou et al. [29]), while all other parameters are the same. 

Finally, two other sensitivities are considered in Figs. 6 and 7. Figure 6 shows the 
variation of the envelope function with respect to the rupture distance over the range 
10-100 km. It is evident that the envelopes are strongly sensitive to this parameter. 
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Fig. 5 Comparison between HEFs obtained for a given set of seismological parameters (Rrup = 
30 km; Mech = 0) but different magnitudes and for soil classes B and C, using the convention of 
Travasarou et al. [29] 
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Fig. 6 Comparison between envelope functions obtained for a given set of seismological parame- 
ters (M = 6.5; NEHRP soil class = B; Mech = 0) and different rupture distances 
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showing quite a rapid decrease of its peak and an increasing dispersion of energy 
in time as the distance T^iup increases. Figure 7 shows the influence of the style- 
of- faulting on the envelope. It should be noted that while Eqs. 11 and 12 are not 
explicitly functions of the sty le-of- faulting, the model for Arias intensity [29] that is 
used for these examples is. Therefore, the value of the Arias intensity that is input to 
the envelope function expression implicitly contains dependence upon the style-of- 
faulting. Through the use of this particular model quite a different envelope shape 
is obtained, but implementation of other models, such as that of Stafford et al. [27], 
will lead to different degrees of influence. 



5 Envelope Variance 



In addition to the expected shape of the envelope for a given scenario it is also very 
desirable to obtain an estimate of the variance of the envelope [26]. It is possible 
to derive an expression for the variance of the envelope given the knowledge that 
the individual parameters of la, M ^nd o are marginally lognormally, normally, and 
lognormally distributed, respectively (see [26] for more details). In order to derive 
an analytical expression for the standard deviation of the envelope function we first 
take the logarithm of Eq. 10 which leads to Eq. 13. 
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From Eq. 13 one may see that the variance of the logarithmic envelope values may 
be found by propagating the variances associated with the Arias intensity and the 
shape parameters. Although the correlations among the three parameters of \nla, fi 
and a are relatively weak [26], we retain these terms for this generic presentation. 
It has been shown that the variance of the logarithmic envelope amplitudes can be 
reduced to the following [26]: 



„2 



1 



where, 



+ (Kc - ^)p\nIaM'jCi\nIaCi\na + (Kc - 1) ^^^PMJno-Cr^O'lnCT _ 

(14) 
Kc = 2^«^ ,,5, 



A comparison between the full analytical solution, derived above under the assump- 
tion that the amplitude of envelope values is lognormally distributed, and the results 
of 10,000 Monte Carlo simulations is presented in Stafford et al. [26] and shows 
that this approximate solution is accurate and that the assumption of lognormality is 
robust. 



6 Results 

The preceding sections have outlined a full working model that enables one to pre- 
dict the envelope of an acceleration time-series for a given seismological scenario. 
The implementation of the model presented herein is straightforward as one simply 
takes the seismological parameters that define the scenario and insert these into an 
empirical model for Arias intensity, such as that of Travasarou et al. [29], and in 
the models presented herein for the shape parameters. In this way, one can directly 
obtain an estimate of the envelope function and its variance (the variance of the 
logarithm of the envelope) using Eqs. 10 and 14. 

For the purpose of demonstrating the impact of the knowledge of the spectral 
acceleration some examples have been shown in Fig. 8, where the envelope function 
is estimated and is compared to a recording from the San Fernando earthquake. 
The real recorded earthquake is reported (black thin line) with the corresponding 
analytical envelope. The mean envelope is represented by the black continuous line, 
while the dashed lines are for the mean ± one standard deviation. 

The same comparison is provided in Fig. 9 for a recording of the 1999 Chi-Chi 
earthquake. The example fits that are presented in Figs. 8 and 9 are fairly typical of 
the quality of fit that may be obtained through the use of the model presented herein. 
However, in numerous cases the implementation of the model will lead to envelopes 
that do not resemble the actual accelerograms. This is to be expected given just how 
variable the shapes of accelerograms are in reality [26]. 
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Fig. 8 Example predictions of tlie HEF for a longitudinal component of ground motion recording 
of the 1971 San Fernando earthquake 09/02/1971 (2516 Via Tejon station - longitudinal compo- 
nent), M = 6.61; R^p = 55.2 km; Mech = 2 and Vsm = 280.56 m/s 
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Fig. 9 Example predictions of the HEF for the longitudinal component of ground motion 
recording of the 1999 Chi-Chi Taiwan earthquake 20/09/1999 (TCU029 station and longitudinal 
component), M = 7.62; R,^p = 28.05 km; Mech = 0; F5.30 = 426.275 m/s 



For the purpose of generating these comparative plots, the envelope functions 
have been temporally shifted such that their origins coincide with the time at which 
0.5% of the total Arias intensity of the real record has been accumulated. This prac- 
tice is followed purely because each record in the considered dataset has a differing 
amount and amplitude of noise prior to the actual ground shaking. 
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7 Prediction of Peak Ground Acceleration 

One may appreciate from inspection of Figs. 8 and 9 that although the envelope ap- 
pears to do a good job of modelling the general shape of the accelerogram, it is 
not able to encapsulate the peak ground acceleration [26]. Often, these peak accel- 
eration values correspond to rather transient spikes and will not have a significant 
impact upon structural or geotechnical response. However, there are still numerous 
applications that make use of estimates of the peak ground acceleration and for this 
reason it is desirable to provide a mechanism via which peak acceleration values 
may be related to the envelope function. If one computes the ratio of the peak accel- 
eration and the maximum of the envelope function for all of the components in the 
strong-motion dataset one finds that these ratios are well-modelled by a lognormal 
distribution. 

The mean value of the peak factor yu,^ is very close to 2.5 (the actual value is 
2.4934) and the logarithmic standard deviation Op is 0.2095, as demonstrated by 
Stafford et al. [26]. No significant correlation was found by Stafford et al. [26] be- 
tween the values of the peak factor and the various seismological parameters that 
are used to derive the envelope function. Therefore, the mean and standard devia- 
tion just presented may be used in conjunction with the envelope function to make an 
estimate of the full distribution of peak ground acceleration values without having 
to consider any information regarding the particular scenario that is being modelled. 

As the peak factor is well-modelled by a lognormal distribution and that ordinates 
of the envelope function itself are also lognormally distributed, the product of the 
peak factor p with the maximum value of the envelope function HEFay^^ = iiCfmax) 
provides an estimate of the predicted peak ground acceleration {PGA) that should 
also be lognormally distributed: 

PGA = iipEitn,,,) (16) 

Thus, in order to evaluate envelopes consistent with the real PGA, a simple way is 
to increase the envelope mean by the peak factor - the ratio 2.5 - so that, as shown 
in Fig. 10, the envelope is simply scaled during the entire phenomenon. 

In order to estimate the logarithmic standard deviation of the predicted PGA 
estimates one may simply take the square root of the sum of the variance of the 
envelope function (evaluated at the time at which the function is a maximum) and 
the variance of the peeik factor (a^ = 0.2095^), as follows: 



CtXnPGA 



= ^^l + <^) (17) 



Because the model used herein to predict the Arias intensity has a logarithmic stan- 
dard deviation that is a function of the site class, the magnitude of the event and 
the strength of the Arias intensity itself, no single value for the logarithmic standard 
deviation of the peak ground acceleration may be provided. A sensitivity analysis 
of the logarithmic standard deviation of the predicted P GA as a function of these 
seismological characteristics is provided in Fig. 1 1 for three different soil classes. 
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Fig. 11 Dependency of the logarithmic standard deviation of the predicted PGA with respect to 
magnitude and distance for: (a) soil type B; (b) soil type C; and, (c) soil type D. Soil types are 
consistent with those used by Travasarou et al. [29] 



As can be noted, the logarithmic standard deviation of the peak ground acceleration 
varies over the range [0.5,0.7] and generally decreases with increasing magnitude 
and increases with increasing distance. The variation of these values with respect to 
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Fig. 12 Comparison between real recorded earthquakes and envelope functions for the longitudi- 
nal component of ground motion recording of the 1999 Chi-Chi Taiwan earthquake 



the various parameters (magnitude and ground-motion intensity) is strikingly simi- 
lar to the NGA models, as shown by Stafford et al. [26]. 

In Fig. 12 an example of the envelope prediction for a scenario is shown by the 
continuous black line while the estimate of the P GA is defined by the grey dashed 
line. This example demonstrates that while the temporal location of the peak accel- 
eration may not agree with that of the real records in every case, the amplitude of 
the peak is estimated reasonably well. 



8 Summary and Conclusions 



This work has addressed the problem of characterizing the time-varying amplitude 
of strong ground-motion. The primary purpose of computing such an envelope is to 
enable physically-realistic stochastic accelerograms to be generated. In order to ease 
the incorporation of this model into routine seismic design, the empirical envelope 
function has been defined in terms of the main seismological characteristics that 
define any given earthquake scenario. 

The envelope function itself is energy -based in the sense that the overall intensity 
implied by the envelope is tied directly to the expected Arias intensity corresponding 
to the scenario for which we are generating the envelope. Furthermore, the shape 
of the envelope is based directly upon the Husid function that depicts the temporal 
distribution of energy within an accelerogram. A procedure to obtain the P GA from 
the envelope function has also been presented and has been shown that the prediction 
is remarkably consistent with the PGA predictions of the empirical NGA models. 
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Appendix 

The coefficients for use with Eqs. 1 1 and 12 are provided below in Table 1. 



Table 1 Parameter values and associated 95% confidence intervals (defined as ± values) for the 
empirical models for the shape parameters fi (left two columns) and a (right two columns). The 
standard deviation terms are defined as follows: cte is the inter-event standard deviation, CTa is 
the intra-event standard deviation including the component-to-component variability, uc is the 
component-to-component standard deviation, ai is the intra-event standard deviation excluding 
the component-to-component variability, CTt,arb is the total standard deviation for an arbitrary 
component, and CTtgm is the total standard deviation corresponding to the geometric mean of two 
horizontal components 
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5.7575 ± 1.3560 






h. 


-0.1383 ±0.0217 






hi 


-0.0239 ±0.0198 






O'E.ii 


0.3269 ± 0.0491 


CE.Intj 


0.1774 ±0.0286 


C^A./^ 


0.2936 ± 0.0059 


CA.ln 17 


0.2244 ± 0.0045 


f^Cn 


0.1078 ±0.0030 


CClnff 


0.0821 ±0.0023 


O'l.fi 


0.2731 ±0.0065 


ClJiiCT 


0.2089 ± 0.0050 


Cx.ARB.fi 


0.4394 ± 0.0367 


CfT.ARB,lnt7 


0.2861 ±0.0181 


Cx.GM.fi 


0.4259 ± 0.0379 


I^T.GM.lna 


0.2740 ±0.0189 
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Sparse Representations in Stochastic Mechanics 



Hermann G. Matthies and Elmar Zander 



Abstract Computational approaches to systems involving random fields or 
stochastic processes have to discretise these fields or processes. This produces - 
when compared to the deterministic case - many variables in the computation, 
resulting in a very high-dimensional problem. Based on the conviction that the 
essential stochastic properties of the system are close to some - albeit unknown - 
lower dimensional manifold, one may try to approximate the response of the system 
by a data-sparse representation. 

The basis for this sparse representation has to be found in the course of the 
computation. One first approach is to exploit the natural tensor product structure 
between basis vectors describing the physical/deterministic behaviour and a basis 
describing the stochastic response. There are two steps involved here: one is to find 
a good basis for the physical description, and the other to find/compute a good basis 
for the stochastic part. One well-known example is the Karhunen-Loeve expansion, 
resulting from the eigenvalue analysis of the covariance. One problem is of course 
that the covariance of the response is not known beforehand. We will discuss on 
how to approximate the basis along with the solution. 

The singular value decomposition, which is very closely related to the Karhunen- 
Loeve expansion, is optimal in that it uses the minimal number of dyadic products. 
Furthermore, the stochastic part of this product is itself again naturally an element 
of a tensor product with potentially many factors, containing functions of just one 
random variable. This fact can be additionally exploited, and also be used to obtain 
an adaptive approximation of the stochastic part. 
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1 Introduction 

Computations in stochastic mechanics involve - when compared to the deterministic 
case - huge amounts of data. This is truly independent of which solution method is 
used, see [22, 29, 34-36, 45, 46, 50] for an overview. Here we take as a prototypical 
example a stationary stochastic diffusion problem. Solution methods [36] comprise 
direct integration, including Monte Carlo [10,41,47] and its relatives as well as 
deterministic integration methods such as Smolyak sparse-grid methods [16, 24, 39, 
40,43,48], stochastic collocation [6,37], and stochastic Galerkin methods [2,4,5, 
17,21,28,30,33,44,53,54], to name a few of the more popular ones. 

In general such a stochastic system will have a solution in a tensor product space 
[33], where one factor describes the physical response, and the other the stochastic 
variability. In our case the stochastic input are random fields of the diffusion coeffi- 
cient and the right-hand side, i.e. sinks and sources. Often these are introduced into 
the computation via their Karhunen-Loeve expansion, or the equivalent spectral ex- 
pansion in case of stationary fields. Thus they are already in a natural tensor product 
format. Theory shows that the solution also lives in a tensor product space, and this 
is also how the numerical solution 'ansatz' looks like: spatial trial functions (usually 
FEM) with random coefficients. The discrete system to be solved also has a definite 
tensor product structure for the operator [55]. Although this has been exploited to 
some limited extent [38] in the solution process, much more is possible. 

Here we show how the amount of data may be reduced through a sparsification 
process. The data - here naturally in a tensor product space - may be approximated 
by low-rank tensor product. This sparse representation may be kept throughout the 
computation, thereby not only reducing the amount of data to be handled, but also 
the computational cost. 

In Sect. 2, the model problem will be introduced and theoretical results collected. 
Sect. 3 introduces the discretisation of random fields, and leads more or less natu- 
rally to tensor product representations. After introducing the solution methods in 
Sect. 4, the structure of the discrete equations will be examined in Sect. 5. On this 
basis the sparse low rank tensor product approximation will be introduced in Sect. 6 
and the computational advantages regarding storage and computational cost shown 
in Sect. 7, with conclusions and an outlook in Sect. 8. 



2 ]VIodel Problem 

Our model problem is formally one of stationary diffusion. Here it arises from the 
seepage of groundwater through a porous subsurface rock/sand formation [11, 17, 
21,33,53]. 
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2.1 Deterministic Problem 

We first introduce the deterministic problem, where ^ C M'^ is the domain occupied 
by the porous subsurface formation, u is the hydrauHc head, k is the conductivity 
in Darcy's law, and / and g are sinks and sources, both in the domain and on the 
Neumann boundary Fat with normal vector n. Mass conservation then leads to the 
following equation: 

- V-(/c(x)Vm(;c)) = /(x), jce^cM'^ (1) 

-n ■ (k(x)Vu{x)) = g(x), X ^Tn C W. (2) 

On the rest of the boundary 3^ \ F^r we assume appropriate Dirichlet boundary con- 
ditions such that the problem is well-posed. Here we will for the sake of simplicity 
assume them as homogeneous, and also that the conductivity tensor *: is represented 
by just a scalar field k(x). 

It is well-known that a satisfactory theory is possible when the problem Eqs. 1 , 
2 is reformulated in the following weak or variational form [12,49]: Find u e #', 
such that for all v e /^ 

a(v, m) := / Vv(x) ■ {k(x)Vu(x)) dx 



= [ v(x)f(x) dx+ [ v(x)g(x) dS(x) =: (/,v). (3) 

Here #' is a Sobolev-Hilbert subspace of H^{^) incorporating the appropriate 
boundary conditions on the Dirichlet boundary, and S is the surface measure on 
the Neumann boundary. The continuous bilinear form a is defined on /^ x W, and 
the duality pairing (■, ■) is between W and its dual space 'W*, where / resides. 

The conditions introduced so far [12,49], together with the positivity of k - 
which follows from the 2nd law of thermodynamics - and the boundedness of both 
K and its inverse in Loo(^) guarantee by the Lax-Milgram lemma that the problem 
is well-posed in the sense of Hadamard, i.e. existence and uniqueness of a solution, 
depending continuously on the data / e W* and k e Loo(^)- 



2.2 Stochastic Problem 

In the stochastic model problem, we allow the conductivity k and the sinks and 
sources / and g to be random fields defined over some probability space (fi , 21, P), 
where Q, is the basic probability set of elementary events, 21 a a-algebra of subsets 
of Q., and P a probability measure. This gives the following equations: 

- V-(/c:(x,ft))VM(x,ft;)) = /(x,ft)), jce^cK'', w e fi, (4) 
—n-{K{x,(D)Vu{x,m)) = g{x,o)), x&Tcd^. caeQ. (5) 
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Here a:, the stochastic conductivity, is a random field, as well as / and g, the stochas- 
tic sinks and sources. Hence also the solution u(x, oj) will be a random field. These 
Eqs. 4 and 5 are not very different from their deterministic counterparts Eqs. 1 and 
2, except for the requirement that the equality also holds for w e f2 - technically 
almost surely (a.s.). 

It can be shown [4, 33, 36], that similarly to the deterministic problem of Eq. 3 
there is a weak or variational formulation for Eqs. 4 and 5: Find u € W ^ S^, such 
that for all V e ^^ (g) ^ : 

a(v, «):=E(a(v(-, «),«(•,«))) = £((/(•, «),v(., «)))=: ((/,v)), (6) 

where E(i>) := E,{b{a>)) := f^b(ci)) P(da;) is the expected value. Here .y 
is a Hilbert space of random variables (RVs), in the simplest case we may take 
^ = L2(^,P), the space of RVs with finite variance. The continuous bilinear 
form a is defined by taking the expected value of Eq. 3, and the duality pairing 
((•, •)) is between the Hilbert tensor product W ® S^ and its dual - isomorphic with 
W* S^* - where / resides. Although we have used essentially the same symbols 
in Eq. 6 as in Eq. 3, it will be clear from the context what is meant. In the case 
.y = L2(f^,P), the solution space is isomorphic to L2(f2,P:#'), the space of 
^-valued RVs with finite variance. 

Again, the conditions introduced so far [12,33,36,49], together with thebound- 
edness of both a: audits inverse, now in Loo(^x^), guarantee via the Lax-Milgram 
lemma that the problem is well-posed in the sense of Hadamard, i.e. existence 
and uniqueness of a solution in /^ (g) ,y, depending continuously on the data 
f eW* ^y* andK & L^{'S x Q.). 

Apart from the mathematical theoretical grounding, it should be noted that the 
solution is - almost by definition - an element of a tensor product space. It is this 
property that we want to exploit subsequently. 



3 Discretisation of Random Fields 

The random fields entering the Eqs. 4 and 5 or Eq. 6 are in the simplest case de- 
scribed (we take k as example) by their mean [3, 1 1, 17, 33, 36] 

k{x):='&(K^{x)) = ^{K{x,-)) and (7) 

k{x,(ii) := K{x,(i))—K{x), (8) 

the fluctuating part. Additionally the covariance may be considered at different 
positions 

C^(^i,^2):=E(/?(xi,0®/ffe,-))- (9) 

If themean^(x) = ^ is constant, and Ck(ji;i,X2) = c^Cxi —X2) is a function of the 
separation distance only, the process is called homogeneous. Here the representation 
through the spectrum as a Fourier sum or integral is well known. 
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3.1 Karhunen-Loeve Expansion 

These random fields involve infinitely (actually uncountably) many RVs. Compu- 
tationally we only can deal with finitely many RVs, so these fields have to be 
discretised. Most such discretisations come from imncdXcd product representations; 
a very well known one is the Karhunen-Loeve expansion (KLE), which in the 
special case of a homogeneous process is equivalent to the spectral representa- 
tion [3, 11,17, 33, 36]. Other names for the Karhunen-Loeve expansion are: proper 
orthogonal decomposition (POD), singular value decomposition (SVD), principal 
component analysis (PCA). 

The KLE is computed from the Fredholm eigenvalue problem with the covari- 
ance as integral kernel [13], which under suitable conditions defines a compact 
operator in LjC^)'- 



/ CiciXl,X2)gj(X2)dX2 = K^ gj(Xi). 



(10) 



As the covariance is symmetric and positive definite, so is the compact operator, 
hence the non-empty spectrum is on the positive real half-axis, with only possible 
accumulation point the origin. The eigenvalues {k^} can be ordered by decreasing 
size, and the eigenfunctions gj (x) are orthogonal. From this follows the Karhunen- 
Loeve representation: 

K(x,a)) = ic(x) + ^Kj gj(x)^j(co) =: ^ /c; gj{x)^j(co), (11) 

./ = ! .7=0 

with centred, uncorrelated, and unit variance RVs ^/(w), i.e. lE(^y) = and 



3.2 Singular Value Decomposition 

We remind the reader of the singular value decomposition (SVD) of a matrix, written 
as W = UYV'^ = '^j OjUjV j, with an orthogonal U with orthonormal columns 
Uj, similarly with V , and a diagonal E = diag(a/). The singular values Oj are 
the square roots of the non-negative eigenvalues of the positive semi-definite ma- 
trices W^W ox WW^ . In case the sum is truncated, then this is the best possible 
approximation to W with this number of terms in the Frobenius norm, the ^2-norm 
for matrices. It is also a low-rank sparse representation, as we are only using the 
diagonal elements Oj , a one-dimensional array. In this view, the SVD gives the best 
possible sparse low-rank approximation to a matrix (a second order tensor). 
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Now [27] to any random field w(x,a}) e Lji^) (8) LiC^) = ^iC^ x f2) ^ 
L2(f2; LiC^)) we may associate a linear map W ; LjC^) —>■ LiC^) via 

H^ : L2(^) 3 V ^ W(v)i(o) := (vQ, w(-,«)>L2(») 

= / v(x)w(x,co)dx € L2(Q). (12) 

We now look at Q, := VF*VF : L2(^) ^ ^2(^) when applied in the duality 
bracket with two arbitrary functions, in order to analyse and recognise its action. 
This gives for all m, v e L2(^): 

{u,C.v)L2m = {u,W*Wv)L2m = (^(«). ^(V)>L2(^) 

= E(Wiu)W{v)) = ^( I u{x)w{x,co) dx j v(y)w(y,co) dy\ 
= 11 u{x)E, (w(x , co)w{y , co)) v{y) dx dy 

Jw J'S 

= / u(x) / Cn.(x, y)v(y) dy dx. (13) 



This means that the covariance operator C„ is represented by the covariance kernel 
Cu,, and the eigenvalues are identical. Hence the KLE is the singular value decom- 
position of W [36]. 



5.5 Low -Rank Approximation 

If we truncate the KLE in Eq. 1 1 after the M largest eigenvalues in Eq. 10, where 
the Kj are the singular values of W , we obtain an optimal - in variance - expansion 
with just M RVs. This is a perfect example for a low-rank sparse approximation - 
it uses only M numbers - of a random field [33]. The task in the next sections will 
be to have something similar for the solution. It can not be the KLE to start with, as 
the covariance of the solution is unknown before the solution is computed. But we 
will try to stay as close as possible to the KLE/SVD. But it is not only necessary to 
have a sparse representation of input and output, but to preserve the sparse format 
throughout the computation, and to use it to reduce the amount of computation. 



4 Solution Methods and Tensorial Character of Solution 

We will primarily look at the discretisation of the stochastic part. We assume that the 
deterministic part Eq. 3, which is inside the expectation in Eq. 6 has been discretised 
with the reader's favourite method. We use in the following standard finite elements. 
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but this is of no real consequence, i.e. the spatial part is discretised in space via the 
finite element ansatz {Nnix)} [12,49,56] with the coefficients being RVs: 

N 
U(X,C0) = '^Un(CL))Nn(x) = [Ni{x), . . . . NN(x)][ui(a)), . . . ,UN{(i>)]^ 

«=1 
= N^ix)u{a)). (14) 

This is a semi-discretisation of Eq. 6 and results in [33,36]: 

Kico)[u(co)] = /(«). (15) 

The stochastic solution methods can all be subsumed under the heading of 
weighted residual or Petrov-Galerkin methods. In Eq. 15 we weigh the residuum 
with the test functions {i'^(ft>)}j8=i,...,^ and require it to vanish 

V;6 ; E ([/(ft>) - K{a))u{(D)]Yp{(D)) = 0. (16) 



4.1 Direct Integration 

In direct integration methods an ansatz for «(&)) is immaterial, and one chooses 
[33,36] 

Yii{aj) = 8(co-cop), (17) 

this being the Dirac-S at the integration points cap giving at each point u(a)p). The 
points (tip may be chosen randomly as in Monte Carlo (MC), from some sequences 
as in quasi Monte Carlo (QMC), or from some deterministic integration rule as in 
Smolyak sparse grid rules. 

We collect these collocation data as 

Ue = [. ..,H^,...] = (m„,^), (18) 

and see right away the tensorial structure of the solution; it may be thought of as an 
element of K^ (g) M"*, a discrete representation of #' (g) ,y via the bases {A^„(x)} of 
W and {Yp}Qf ,9'. If R^ K^ is represented via M^''^, then Uc may be thought 
of as a matrix. 

In direct integration methods the data [. . . ,up, . . .] is usually computed, but not 
stored; mostly only some functional - rather expected value of some functional of 
Uc - is accumulated by adding the appropriate weighted sums. 
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4.2 Stochastic Collocation 

In stochastic collocation [6-8, 37, 52] and stochastic Galerkin methods the second 
discretisation is performed explicitly by assuming that 

A 
u{u)) = Y,u„Xo,{a)) = 'axX{co), (19) 

a 

where the {Xa(u))} are stochastic ansatz functions X(u)) = [. . . , Z„(ft)), . . .Y , 
e.g. Hermite polynomials in Gaussian RVs. Similarly to Eq. 18, here ux = 
[. . . ,Ua, ■ ■ ■] = {un,a) is the tensorial object, but now the basis for ,S^ is {Xa}- 

Inserting this into Eq. 15 and weighting the residuum with the test functions {7^ } 
results in 

V;6: ¥.{(f(aj)-K{ay)[nxX{m)])Yii{ay))=0. (20) 

Stochastic collocation uses again the test functions of Eq. 17, and has as basic data 
Uc = (un,p)- Staying with this result is sometimes termed as probabilistic colloca- 
tion. In stochastic collocation the data Uc is transformed to ux in the following way: 
one chooses the {Xa} orthonormal in ,S^, i.e. E [XaX^) = Saj. If the collocation 
points CDy are from some integration rule, such that ^ H'yZQ,(ft)y)Z^(ft)y) = S^^p 
with integration weights Wy , we obtain 

Ux,a = ^^Vy\ ^UaXpiWy) j Z„(tt)y) = Y^WyUc,yXa(Wy), (21) 

Y \ P J Y 

and with X = (Xaio!)y))a,y one has succinctly ux = Uc diag {■Wy)X^ . 

4.3 Stochastic Galerkin 

Stochastic Galerkin (SO) is in fact a Bubnov-Galerkin method where the test func- 
tions are identical to the ansatz functions Yp = Xp [2,4,5, 17,21,28,30,33,44,53, 
54]. There is a so-called non-intrusive variant of SG, where the weighting in Eq. 20 
is performed via numerical integration. Here we want to compute the expectations 
in Eq. 20 analytically. 

In contrast to the other methods, where one solves many systems of the size 
of the original deterministic problem, the SG requires solution of one huge sys- 
tem. But the difference is that here only integrals of residua are needed to compute 
the Galerkin weighting, whereas in the other methods integrals of the solution are 
needed, making the integrand much more costly to evaluate. On the theoretical side, 
basic convergence of the Galerkin approximation may be established with Cea 's 
lemma [33,36]. 
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5 Structure of Discrete Equations 

We will in the following concentrate on the SG method, as it poses more of a chal- 
lenge at first sight, since it requires the solution of the huge system Eq. 23. 

Introducing the KLE expansion ofK Eq. 1 1 with M terms into the stiffness matrix 
in either of Eqs. 15, 16, 20 we obtain: 

V/5 : E (/ («) - J2 li i'^)Kj [u^ («)])^/i (^) ) = 0' (22) 

with K j a 'normal' stiffness matrix with the 'material' icjgj (x). Defining matrices 
A^''' with elements A^'-*(^q,) = E(Z^^yZa), that equation may be written as 
[33,36] 

Kux= I X^^y® A('Muz=f, (23) 

where f = [. . . , f p = E (f(a))Xp(a))), . . . ]. If ux is interpreted as a matrix, the 
term Kj A^'^ acts onux like KjUxi^^^^V ■ 

Now the tensor product structure is exhibited not only for the solution and right- 
hand side, but also for the operator or matrix. It is woth pointing out, that for SG the 
matrix K in Eq. 23 inherits the properties of the operator in Eq. 6, i.e. it is symmetric 
and positive definite. 



6 Sparse Approximations 

No matter whether one considers Uc from Eq. 18 or ux from Eq. 19, it represents 
a huge amount of data. There have been numerous efforts to reduce the amount of 
data and computation, especially through model reduction and adaptive procedures 
[1,9, 14, 15, 19,28,38,51,55]. In a stochastic sense it is clear that the columns are 
highly correlated in Uc- It is now the goal to find methods which do not produce 
such large amounts of data, and just as importantly, also never operate on such large 
amounts of data, thus allowing more efficient numerical procedures. 



6.1 Basic Iteration 

The system of Eq. 23 is usually solved via iterative methods [18,23,25,31-33,36, 
42], as they leave the highly structured system matrix untouched and only operate 
on the ^h approximation u*^ . Assume some preconditioner P, then a simple iteration 
would look like 

yfc+i = yfc + p-i(f - Ku*), (24) 



256 H.G. Matthies and E. Zander 

where of course P~^ means symbolically that a preconditioned system is solved. 
The fixed point of that iteration is indeed the solution, and the iteration matrix P"^K 
is assumed to have spectral radius less than one, i.e. be a contraction. Practically 
always the preconditioner also has the tensor product structure of K, e.g. in the 
simplest case P = K o <S) A^'^\ where A^o is the deterministic marix computed with 
the mean material values ^(x) and A^''^(^^q,) = E (^XpXa). 

If no special precautions are taken, the algorithm of Eq. 24 operates on the full 
matrix ux = [. . . . «„, . . .] = (un,a), costing M xA matrix-vector products with the 
K j , and M x N matrix-vector products with the A ^■'^ . If P has the simple structure 
indicated, then there are additionally A solves with Kq. 



6.2 A Sparse Low-Rank Start 

If we start with u" = 0, the first iteration is just the operation of the preconditioner on 
the right-hand side f. If the random field f(x, a>) is also approximated via its R-term 
Karhunen-Loeve expansion, this results in a SVD for the matrix f = ^^ cprfr^J^ 
(see [33]). 

This has rank R, and the first iteration only costs R solves with Kq and sub- 
sequently M X R matrix- vector products with the K j, and M x R matrix-vector 
products with the A ^'^ . This can be considerably less than for a full matrix if R <i^N 
and R <^ A, hy a factor of max(R/N. R/A). Also storage for u is reduced from 
N xAtoRx(N + A). 

But in the iteration the rank may have gone up by as much as RM (as there are 
M + I terms in the sum defining K). So again, if no precautions are taken, we will 
get close to full rank very quickly. 



6.3 SVD on the Fly to Keep It Lean 

The idea is to perform or rather update the SVD of u*^ so to speak 'on the fly' at 
each iteration, so to have the approximation within some error bound of the full rank 
tensor. We will symbolically write this rank-reduction operation as Tf{u^). It is a 
nonlinear operation in terms of u, so the character of the iteration in Eq. 24 changes. 
It now reads [55] 

u'^+i = T, (u'' + P-I(f- Ku^)) . (25) 

The manifolds of low-rank matrices have a more complicated structure than a simple 
subspace, which is why the iteration in Eq. 25 - which works in practice - is not that 
easy to analyse theoretically. Nevertheless, there is some general work [20] on such 
'truncated' approximations, and in our case it shows that the whole process may still 
be 'convergent' - it will not really converge to a fixed point but stagnate in some 
neighbourhood of the true solution - if the original iteration has a contraction factor 
less than 1/2 [20]. 
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7 Implementation of Low-Rank Format Solvers 

When implementing a solver that acts on the KL representation of the intermediate 
solutions, one needs to choose a suitable format to represent those tensor quantities. 
If ux is the quantity of interest given as matrix and ux = ^, = 1 •'/wf = VW'^ , 
with V e R^^^ and W e R"^^^, is a decomposition into R rank one tensors, then 
we choose {V , W} as representation of the low -rank tensor quantity. 

Using this format in linear or nonlinear solvers requires one to adapt the arith- 
metic therein to that of those tensorial quantities. Namely, addition becomes 
simply concatenation {Ki,H^i} -h {^2,^2} = {[^i, ^2] JH^2, ^2]} - a 
0(1) operation - , multiplication by scalars reduces to multiplication of only 
one (arbitrarily chosen) component of the quantity a{F,W} = {aK,VF} and 
application of operators in tensor product form becomes (A ^ B){V,W} = 
{AV , BW}. Application of the operator K on {V, W} would therefore result in 
{[KoV.KiV,...], [A^''^W.A^^'>W,...]}. 

Now the requirement that the representation { K , W } be equivalent to the KL, 
i.e. equating H(;c,ft>) = N{xfuxX{w) = (V ^ N (x))^ (W ^ X (w)) v/ith its 
Karhunen-Loeve expansion M(A:,a)) = ^i=i'^jUjix)^j{o!)), we find V^N{x) = 
[. . . ,OjUj{x), . . .] and W^ X{(d) = [. . . , ^j(cl>), . . .], where we arbitrarily chose 
to associate the ct; with the spatial part. Thus from the orthogonality of the KL, 
we also need V^ N{x) and W^ X{a>) to be orthogonal with respect to L2(^) and 
Lji^)- This means that 



L 



(V^Nix))(V^Nix)ydx=V^{ / Nix)Nixydx]V =V^GnV (26) 



must be an orthogonal matrix, or, in other words, that V must be orthogonal with 
respect to the spatial Gramian Gn = f^^ (N{x)N(x)^) dx. An analogous result 
holds for W with respect to the stochastic Gramian Gx = E (^X(a))X{a))^). Thus 
the discrete analog to the KL is the SVD, modified so as to compute orthogonal 
factors which are orthogonal not with respect to the Euclidian scalar product but to 
that induced by the Gramians. While this may be difficult to implement efficiently 
in an SVD algorithm for full matrices, it is particularly easy for the rank reduction 
operator, which operates on an already low-rank format, as will be seen in the next 
section. 



7.1 Truncation Operator and Strategies 

After application of the operator K in the current iteration, u is still in low-rank 
format, however the (numerical) rank of the components V and W has greatly 



258 H.G. Matthies and E. Zander 

increased. In order to reduce the rank from some R to R' < R we apply the follow- 
ing algorithm: 

• Compute the QR decompositions of V, W with respect to the inner products 
(•, Ogjv ^^'^ (■' )gx by ^ stabilized, modified Gram-Schmidt procedure: 

iQv,Rv)^QR{V,GN) 
iQw,Rw)^QMW,Gx) 

• Compute the S VD of the R x R matrix RyR^: 

{V,T,W)^SVD(RvRlr) 

• Choose R' according to some truncation criterion, i.e. either fixed or so to achieve 
a certain approximation accuracy in a given Schatten-/? norm with the most com- 
mon choice the Schatten-2 norm, i.e. the Frobenius norm. Then compute: 

This effectively implements the operator T^ : {V , W} m- {V , W'}. The complexity 
of this algorithm can be shown to be 0(R^(N + A) + R^). The truncation can be 
applied at different points in the iteration, affecting both efficiency and accuracy of 
the method. The different possible variants are: 

• After preconditioning: this corresponds directly to Eq. 25, makes the truncation 
in the correct norm - namely on that of the solution, not of the residual - and 
is best amenable to theoretical treatment, however it is very inefficient, since the 
preconditioner has to be applied to MR vectors. 

• Before preconditioning: this gives a big performance gain as preconditioning is 
concerned, since the preconditioner applies now only to R vectors. However, the 
truncation is now on the residual and the relation between norms may be difficult. 
The best choice for T^ is now probably to truncate to some relative e. 

u*+i = T, ("u* + P-I7;(f- Ku^)] . (27) 

• Inside the operator: the truncation is performed after every addition or sub- 
traction of tensor quantities. This has the advantage that the cubic term in the 
complexity estimate won't decrease performance too much with this choice. 
Otherwise, this strategy has the same advantages and disadvantages as 2. 

u^+i = T, {vL^ + P-Ir,(f- K,u^)) . (28) 

The subscript e in K^ here indicates that truncation is performed after every 
addition. 

Most of following analysis will be performed according to the first variant. 
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7.2 Termination of the Iteration 

Iterative solvers usually stop when the absolute or relative residual of the iterate has 
fallen below some threshold. However, due to the truncation, a termination criterion 
based on residual only does not necessarily lead to a terminating iteration, since 
the truncation may be larger than the error or residual allowed by the threshold 
independent of the conditioning of the discrete equation itself. 

An indication of this is that the progress made by the iteration operator is directly 
reversed by the truncation, leading to stagnating or erratic iterations. Thus, a mea- 
sure is needed of how much of the updates is actually used in the truncated iteration. 
Dissecting the truncated iteration formula into single steps gives 

Z\v" = 0„(u") (29) 

v"+i = u" + Ay" (30) 

u"+i = r,(v"+i) (31) 

Z\u"=u"+i-u" (32) 

where u" is the current iterate and (P„ is the iteration operator, which may depend 
on the step number n for instationary methods. For the stationary iteration of Eq. 25 
we have 0„ = with 0(u) = P~^(f — Ku). If the proposed step z\v" differs suf- 
ficiently from the actual step Z\u" we have an indication that either the truncation is 
too large or, put differently, that the solver is stagnating in a neighbourhood of the 
solution, and has attained its goal given the prescribed truncation parameter. To have 
a scalar criterion for this we define the update ratio: v" = {Au" , A\")/(Av",A\"), 
with the scalar product corresponding to the Frobenius norm. For the iteration to 
proceed efficiently v" should be very close to 1. If it deviates more than a pre- 
scribed threshold, either the truncation parameter should be reduced or the iteration 
should stop. Thresholds of ±0.1 to ±0.2 seem to work good in practice. Note that 
overshoots (v > I) also indicate stagnation, since the influence of the truncation 
becomes comparable to that of the iteration operator. 



7.3 Convergence and Stagnation 

Due to the nature of the modified equations, no true convergence can be expected. 
However, it is expected that the iterates will stagnate in some neighbourhood of the 
true solution. In order to control this we want to have some estimate S^ depending 
on the truncation parameter € such that for sufficiently large n 

\\u"-u*\\<S,, (33) 

where u* is the true solution. We will derive two different estimates on the size of 
this neighbourhood, depending on the type of solver used and on the assumption on 
the nature of the perturbation induced by the truncation operator. 
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For Stationary solvers of the form of Eq. 25 we can write the iteration as u"+' = 
Mu" + c and get a rough estimate for S by assuming that the truncation intro- 
duces a random perturbation to the sequence of iterates u" no larger than €. If the 
perturbation in step n is e„ and the perturbed sequence is u" , then we have 

a«+i_u"+i = 0(a")-0(u") + ff„ (34) 

Setting e" = u" - u" leads to 

«-i 
e" = M"e° + J2 M""i"'ey (35) 

J=o 

and thus 

n-l 

lie" II < ||M"e°|| + y ||M""i"'e|| < p"||e°|| + -^, (36) 

where p is the spectral radius of M. Since the first term is supposed to go to zero for a 
convergent method, we expect that the solution will stagnate in some neighbourhood 
of radius S = -^ around the true solution u*. 

Another approach which allows tighter estimates under certain conditions is 
based on [20], where the effect of truncation on iterative methods for the com- 
putation of matrix functions is investigated. Suppose that the sequence of iterates 
u" generated by the iteration operator 0„ converges ^-superlinearly to u*. Let 
the truncated sequence start with the same (truncated) initial value v'* = T^u^ 
and let v""*"^ = T(,<Pn{y")- Then, if the true solution u* is in the image of the 
truncation operator, i.e. u* e im r^, and further the effect of T^ can be bounded 
by ||u — r^ull < Ce||u — u*|| then the truncated sequence will also converge 
v" ^^ V* = u*, ^-superlinearly with the same ^-order. In the more likely case 
that u* is not in the image of T^, i.e. u* ^ imT^, and ||u* — 7"(:U*|| < c* (plus 
some more conditions) then for n sufficiently large v" e ^^(u*) with 5 = 2c*. 
For methods like conjugate gradients (CG), it can be shown that they behave like 
certain BFGS methods [26], and can thus be viewed as a ^-superlinearly convergent 
method. However, details still have to be worked out. 



7.4 Numerical Examples 

As a test problem we solved the ID diffusion equation in [0, 1] with Dirichlet bound- 
ary conditions using the finite element method with 50 linear elements (i.e. A^ = 49 
free nodes) for the spatial basis and Hermite chaos in m = 6 Gaussians with com- 
plete polynomials up to order p = A, giving A = 10!/6!4! = 210 stochastic 
basis functions. The full tensor product basis thus contains N ■ A = 10,290 ansatz 
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Fig. 1 Left: solution u with the sample realizations in grey, mean in black plus one, two and three 
up times standard deviation. Right: the first 10 KL modes of the solution 
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Fig. 2 Relative residual (left) and relative error (right) for a target relative precision of 10"'' for 
different truncation parameters from 10^^ to 10^'^. (Iteration numbers were pulled apart a bit to 
make otherwise overlaying curves better distinguishable.) 



functions. Conductivity k and right hand side / were both taken to be Beta(4, 2) 
distributed. The solution and the dominant KL modes are shown in Fig. 1. 

The progression of relative errors and relative residuals for the above system 
using a modified CG solver can be seen in Fig. 2. Relative errors were computed 
with respect to the solution of the full tensor product equation, whose size is small 
enough to be solved by some direct solver. Clearly visible is the stagnation of the 
low-rank solver in a neighbourhood of the solution. For small enough truncation 
parameters e < 10~^ the iterates show no difference to those produced by a full 
tensor product solver. 

The switch to a low-rank solver of course only pays off when the total cost 
as product of the number of iterations times the cost per iteration is significantly 
lowered. Figure 3 (left) shows that for a sufficiently accurate representation of the 
solution only approx. 21 modes are required, reducing the required storage by 90% 
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Fig. 3 Numerical rank (left) and number of iterations (right) for the modified CG solver for dif- 
ferent truncation parameters 
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Fig. 4 Left: update ratio for different truncation parameters plotted over the iteration number. 
Right: Relative error E (upper line) over truncation parameter e. In the lower line is again the 
truncation parameter for comparison 



and by 50-80% as intermediate storage is concerned. The number of preconditioner 
applications per iteration is reduced by 90%. Tiie number of iterations does not 
change significantly as long as the truncation parameter is small enough as to allow 
the solver to 'converge' as can be seen in Fig. 3 (right). However, in the range where 
the large increase in the number of iterations occurs, stagnation could have been de- 
tected much earlier, as can be seen by the wildly oscillating update ratios in Fig. 4 
(left), and corresponding action been taken like aborting the solver or decreasing the 
truncation parameter. 

Figure 4 (right) shows the relation between the relative error at the end of it- 
eration and the truncation parameter e. As expected there is a linear relationship 
between E and e with E/e ~ 50, which is in good correspondence with the esti- 
mate in Eq. 36. 
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8 Conclusion 

We have shown that for stochastic partial differential equations (SPDEs) the tensor 
product structure of the solution is not only of theoretical value, but is very important 
for efficient numerical algorithms. All numerical methods inherit this tensor product 
structure in their solution, and one may find it if one looks out for it. 

It starts with the 'input' to the SPDE represented in sparse low-rank format. 
The computational solution algorithms tend to increase the rank, which will make 
subsequent steps more costly, as the storage and computational cost is directly pro- 
portional to the rank. The SVD 'on the fly' is one way to achieve the goal to store 
and only operate on sparse data. 
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Abstract Slender structures exposed to a strong vertical component of an earth- 
quake excitation are endangered by auto-parametric resonance effect. This non- 
linear dynamic process in a post-critical regime caused heavy damages or collapses 
of many towers, bridges and other structures due to earthquake attack in the epicen- 
ter area. 

If an amplitude of a vertical harmonic excitation in a structure foundation ex- 
ceeds a certain limit, vertical response at the top of the structure looses its stability 
and a dominant horizontal response component arises. In subcritical linear regime 
only semi-trivial solution being represented by the vertical response component is 
observed, while horizontal components remain trivial. Therefore, vertical and hori- 
zontal response components are independent. 

In post-critical regime (auto-parametric resonance) the dynamic non-linear inter- 
action of vertical and horizontal response components occurs. This process results 
in dominant horizontal response components leading to a failure of the structure. 
The broadband random non-stationary excitation of the seismic type can be partic- 
ularly dangerous in this connection. 

Qualitatively different post-critical response types have been detected when 
sweeping throughout the frequency interval beyond the stability limit. Determinis- 
tic as well as chaotic response types have been observed. In general they can occur 
in a steady state, quasi-periodic and completely undetermined regimes including a 
possible energy transflux among degrees of freedom. Post-critical limit cycles are 
discussed. The processes of transition from semi-trivial to post-critical state are in- 
vestigated in case of time limited excitation period. 
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1 Introduction 

Many studies devoted to dynamics of slender structures (towers, masts, chimneys, 
bridges, etc.) related with earthquake attack have been published. They are dealing 
predominantly with an influence of horizontal excitation components. On the other 
hand a strong vertical excitation component especially in the earthquake epicen- 
ter area can be decisive. The vertical component of the subsoil movement caused 
heavy damages or collapses of many high rise structures due to earthquake attack. 
Very widely used linear approach, however, usually doesn't provide any interest- 
ing knowledge in such a case. It reveals that the origin of these problems consists in 
auto-parametric resonance effects. This non-linear dynamic process in a post-critical 
regime caused heavy damages or collapses of many towers, bridges and other struc- 
tures due to earthquake attack. 

In subcritical linear regime the vertical and horizontal response components are 
independent. If no horizontal excitation is taken into account, no horizontal response 
component is observed. The semi-trivial solution gives a full image of the structure 
behaviour. If an amplitude of a vertical harmonic excitation in a structure foun- 
dation exceeds a certain limit, vertical response looses its dynamic stability and a 
dominant horizontal response component through the non-linear interaction of both 
components is generated. Therefore the system has an auto-parametric character. 

Auto-parametric systems have been intensively studied for the last three decades. 
These investigations are motivated by various technical branches and by basic the- 
oretical research in rational mechanics. A theoretical outline dealing with these 
systems has been presented probably for the first time in [14]. During this time 
many papers contributing to analytical, numerical as well as experimental aspects 
of auto-parametric systems have been published mostly by Tondl, Nabergoj and co- 
authors, e.g. [22, 32-34]. Many other references can be found. Several monographs, 
e.g. [1 1] or [13], presenting a comprehensive overview of partial results and meth- 
ods have appeared. A couple of papers dealing with auto-parametric systems under 
deterministic and random excitation has been recently published by the authors of 
this study [23,24]. 

Let us consider the three DOF theoretical model outlined in the Fig. 1. The sys- 
tem is Hamiltonian, [2]. To deduce the governing differential system in the form 
of Lagrange equations the kinetic and potential energies of the moving system are 
formulated as follows: 

T = -{M + m)y^ + -Mp^cp^ - my(l(p + ^)sin^ -I- -m{l(p + ^f (a) 

1 , 

U = (M + m)gy - mg[l{\ - co^cp) + ^ sin^] -I- -C{y - jo) + 

+ ^CrV + 3£///'-?^ (b)(1) 

y = y{t) - vertical displacement of the B point; 

ya = yait) - kinematic excitation (seismic random process); 

(p = (p(t) - angular rotation of the system in the B point; 
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Fig. 1 Outline of the 3-DOF 
auto-parametric system 
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^ = ^(t) - bending deformation of the vertical console; 

M,m - foundation and structure effective masses; 

C, EJ - subsoil stiffness, console bending stiffness; 

r]c- ^e - viscous components of the C, EJ stiffness (Kelvin); 

Q.l - geometric parameters. 

Non-dimensional response and excitation components 



(2) 



are useful to be introduced. 

When the Lagrange equations are deduced the approximation reflecting an early 
post-critical state can be adopted: 

sin(p ^ cp ; cos 95 ^ 1 (3) 

The governing 3D0F differential system can be formulated as follows: 

't - Ko(fcp) +col(^-^o + r,c(t - ^0)) = 0, (a) 

(p-Ki(^(p) + Kixfr + Ki^f -KiCDJf + w^icp + r]c(p) = 0. (b) 

{{r -{^(pj +coliif -(p + r]eif -(p)) = 0, (c) 



(4) 



where following notation has been used: 








m m ■ l^ 








M + m M ■ Q^ 








2 ^ 22 


_ g 


c.l = 


6EJ 


" M + m' ^ M ' ^ 


m ■ /3 



(5) 
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Concerning the excitation process ^o(0^ it will be considered as harmonic in the 
first step. Later the random non-stationary character of ^o(0 will be respected. 



2 Semi-trivial Solution and Its Stability 

Let us consider the harmonic excitation transformed into the dimensionless form: 

yo = Aq sinwf => ^0 = flo sin cot , Aq = oq ■ I (6) 

and assume that the stationary semi-trivial solution exists. Its general form can be 
written as follows: 

i,s = <^c ■ coso)? + Us ■ smmt , xj/ = . (p = (7) 

Substituting Eq. 7 into the system (4), Eqs. 4b and c are satisfied identically, while 
Eq. 4a provides the coefficients fle, a^ doing obvious modifications: 

2 2 

QoWq 3 CIoMq 2 2 , 2 2 2\ 



S = {w^-o)lf + co^a)'^ril (8) 

Expression (7) together with coefficients (8) represents an approximate simple linear 
stationary solution of the SDOF system moving in vertical direction being excited 
kinematically in the point B . The resonance curve of the response amplitude has the 
form: 

Rl = al + al=''^{\ + o,Wc) (9) 

which can be seen in Fig. 2. However the solution being characterized by this curve 
can be unstable beyond a certain value of the excitation amplitude uq in some in- 
tervals of the excitation frequency o). For this reason the stability analysis must 
be carried out. Very well known general monographs dealing with this topic ap- 
peared together with their re-editions, i.e. [8]. Nevertheless, dynamic stability of 
non-linear systems with one or a couple of degrees of freedom has been discussed 
using various methods by many authors in problem oriented papers, e.g. [3,5], or in 
auto-parametric system focused monographs, e.g. [32]. 

Let us adopt the linear perturbation approach in order to assess the stability limits 
of the semi-trivial solution (7). Hence it can be written approximately in the arbi- 
trarily small neighbourhood of the semi-trivial solution: 

^(0 = i;s{t) + r{t) = ^ At) + rAt) cos Mt + rs{t) sin cat , (a) 
(fit) = 0-1- p{t) = Pc(t) cos -CDt + Ps{t) sin -cot , (b) 

f {t) = + s{t) = Sc{t) cos-cot + Ss{t) sin -cot . (c) (10) 



Auto-parametric Stability Loss of 3D0F System 
1.0 



271 




0.4 


Rl \ 






m = 10 


0.3 




A 




1 


0.2 




1 


S4 

3o 




0.1 




' 




p 0.10 
- 0.05 




0.0 


Sfj 


r 


{ 




to 





0.0 0.5 1.0 



2.0 0.0 



1.0 2.0 3.0 4.0 



Fig. 2 Relation of resonance curves (.solid) and stability limits (dashed); 

left picture: M = 3,990, m = 15, rj,. = 0.2, rj, = 0.2, 1 = 20, g = 9.81, EJ = 10,000, 

C = 4,000 >gml/r^ = 2,943; oo = 0.2 =^ si= 0.4548, S2 = 0.5718, Si = 0.8671, ,S4 = 1.0680; 

right picture: m = 10; C = 4,000 > gml/r^ = 1962; oq = 0.1 =^ .si = 0.7652, .?4 = 1.0396 



The argument (f) will be omitted in further text where possible (^, (p,if/,r,rc,rs, ...) 
etc. Introducing expression (10a) into Eq. 4a and taking into account that ^^ repre- 
sents its semi-trivial solution, following equation for perturbation r can be extracted: 



r + wl{r + r]cr) 







(11) 



Equation 1 1 is linear and homogeneous. It is obvious that the lim rc,rs = and 

the stationary solution vanishes. For this reason the vertical response component ^ 
remains independent and stable in the neighbourhood of the semi-trivial solution 
^s (on the level of the linear perturbation approach). Let us put now the second 
column of the expressions (lOa-c) into Eqs. 4b, c. Keeping only the linear terms of 
perturbations p. s and respecting that r = one obtains the following differential 
system: 



p + (Ki(»^r]e + Mir]c)p - Kiicojrje - ts)s + 
-l-(A:ia'3 -I- a>f)p - Ki(bol + (dI)s= 



(a) 



s - (w^r]e + ts)P + co^rjeS - (ft>| -I- ls)p + «f ^ = (b) 



(12) 



The system (12) is linear as well. However three coefficients include harmonic com- 
ponents due to ^s, ^s terms being given by Eq. 7. The system (12) is of the Mathieu 
type and its solution stability should be verified, cf. for instance [1,35]. 

As the next step, the functions p, s in Eqs. 12 should be replaced by means of 
their first harmonics represented by the third column in Eqs. lOa-c. The method of 
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harmonic balance enables to obtain the following homogeneous algebraic system 
for pc, Ps.Sc, Ss parameters: 



■-iw^ + (/ciw^ + wf), ^{Kicojrie + mfric). 






\(i>\r]e + \tiy^as. -coj - \(»^ac 



-Klimi + tt)|) + Ki\a)'^ac, 



-jKicojrie -\-Ki\oy^a, "■ 



jKiW^rje + Ki\ccP-as. -Ki{(jol + col) -'^i\(^^<^c 



— ^coco^rje. 






Pc 
Ps 
Sc 
Ss 



(13) 



Let us be conscious that Eq. 13 is meaningful only under certain conditions. The 
system response should be fully or at least nearly stationary in order to be entitled 
to apply the harmonic balance method. In other words functions Pc, Ps,Sc, Ss should 
enable to be approximated by constants within the interval of one period or at least 
to be considered as functions of the "slow time". Under circumstances of a chaotic 
or quasi-periodic response with noticeable energy transfer between ^ and (p, \j/ com- 
ponents, the harmonic balance method is inapplicable and the system (13) becomes 
meaningless. Rich references can be addressed to get experiences with early stage 
of the post-critical processes with dominating chaotic component, see e.g. papers 
[1,4, 12], or monographs [17,25,29] or even with random character, e.g. [20]. For 
special considerations regarding non-linear dynamic systems, see [31]. 

If the above general condition is complied with, Pc, Ps^^c, Ss can be taken as 
parameters. The system (13) being homogeneous cannot provide non-trivial solution 
unless the determinant of its matrix vanishes. The respective determinant can be 
evolved with respect to Rq amplitude, see Eq. 9, and written in the form of the 
scalar homogeneous equation: 



K^co^R^ - 2co'^KiA2ico)Rl + Aoico) = 



(14) 



where Ai (a>) are polynomials in (a: 



Aoico) = co^ + 4co^ Ucofric + Kicojrjef -{2kx -h 1) (l - cojril) a)j-2cof-co(] 
+ 16co'^\co^cOjr]c {co^rjc {colr}l -2) -I- 2/citt>|/]e) 

-F2ywf (1 - (Ki + 1)0)17)1) + {iic\ + l)«f + «f)^] 
+64co^\co^co^f^ + y^colril - lyco^ ((ki + l)co^ + cof) 



+ 256y2tt)4 
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A2(o}) = ft)4 - 4ft)2|^ft)2 (1 - oif^c^^) +ft)2 (^^ (1 _ 2a,jr]^) + l) 
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cot 



■ KiCof. 



and y 

Equation 14 represents a quadratic equation for R^. Only real positive solution 
is useful. Negative or complex conjugate roots should be avoided. Conditions for 
parameters (5) and variable frequency w could be carried out to fulfil these requests. 
Consequently Rq > as a function of co consists in a general case either of two 
or one branches or doesn't exist. Number of real roots of (14) is governed by the 
behaviour of the discriminant, which has the following form: 

£14^14 + Bi2C0^^ + Biow^^ + Bgco^ 

The coefficient B14 is always negative, B^ always positive. Thus, for small co there 
exist two real values of R^. On the other hand, for large a> is the discriminant neg- 
ative and the semi-trivial solution is stable. According to actual values of the other 
coefficients, the real values of Rq can occur for one or two intervals of w. 

Two typical examples have been plotted in Fig. 2, (the left picture is a more de- 
tailed and a larger scaled grayed item in Fig. 3). 
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Fig. 3 Resonance curves (solid) and stability limits (dashed) for an increasing value of the mass 
m e (10; 180) 
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Resonance curves for a few excitation amplitudes qq are plotted using solid lines 
while the stability limits described by the Eq. 14 are shown in dashed lines for a set 
of fixed parameters of the system (all parameters used are written in the caption). 
Points Si,S2 and 53 , ^^4 in the left picture represent lower and upper limits of intervals 
where the semi-trivial solution becomes instable and post-critical response should 
be investigated. It is obvious that the most sensitive interval where the stability loss 
can be expected is in the domain of the basic eigen frequency wo as we can see 
in the left picture - interval a> e (i3,i'4) and also in the right picture - interval 
(D G (i'i,i'4). However the stability limit indicates also another instability interval 
CO € (si, S2) in lower frequency range. This fact is related with a hypothetic "eigen 
frequency" in the component cp. The right picture demonstrates two separate parts 
of the particular stability limit. 

In order to get a certain overview regarding the influence of basic parameters 
m (mass of the structure) and C (stiffness of the subsoil) on the stability loss, 
dynamic response and other properties of the system for various sets of input param- 
eters have been evaluated. Respective results are summarized in Fig. 3 (increasing 
m e (10, 160)) and in Fig. 4 (increasing C e (1,000, 15,000)). With increasing m 
a certain drop of system sensitivity in the area of coo against the stability loss is 
evident m e (10, 30). The size of the secondary instability area is also decreasing 
in the same time. Starting at m = 30 the resonance domain cdq gains importance 
once again and for m > 100 both instability domains join together. Although the 
cases for m > 25 demonstrated in Fig. 3 are rather beyond the static stability and 
consequently their interpretation can be problematic, this series provides an obvious 
warning against an existence of an upper limit of m when other parameters remain 
fixed. 




2 4 e 8 10 2 4 6 8 10 2 4 



8 10 



Fig. 4 Resonance curves (solid) and stability limits (dashed) for an increasing value of the spring 
stiffness C £ (1,000; 15,000) 
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Fig. 5 Influence of the viscous damping on the stability limits {dashed curves); left picture: spring 
viscosity r^^ fixed, viscosity of the vertical deformable console rj^ e (0, 0.4) increasing; right 
picture: t]c ^ (0- 0.4) increasing, r}^ fixed 



Just opposite tendency can be noted when increasing the stiffness C . The succes- 
sive disappear of the secondary instability area with increasing C is obvious. Taking 
into account the drop of the resonance curve in the resonance domain, one should 
conclude that increase of C stiffness contributes to the system stabilization. 

Let us draw our attention to the influence of the internal damping. Two types 
of the damping have been taken into account in the basic mathematical model. 
The first one being quantified by r]c influences strongly the semi-trivial solution 
and the resonance curve shape, see Fig. 5. The right part demonstrates the system 
sensitivity to r]c especially in the wq area. Concerning the left part of Fig. 5, we 
can see that the influence of the viscosity of the vertical console is significant af- 
ter the stability loss in the post-critical regime. Therefore position and extent of the 
instability domain is very weakly influenced by the parameter r]e. Concerning the 
secondary instability area they are not very different regardless whether r}c or r\e is 
altered within the interval indicated. 



3 Post-critical System Response: General Consideration 



In order to get overview concerning the system behaviour in frequency intervals 
of stable semi-trivial and post-critical solutions, several numerical analyses using 
the governing differential system (4) have been done. The input data correspond 
with those providing results plotted in Fig. 2 {left picture). Results of simulations 
are depicted in Fig. 6. In the left column the vertical response component i,(t) in 
dimensionless form, see Eqs. 2, is presented. In the right column the both ip{t) and 
i/f (f ) response components are plotted. The both curves almost coincide in this case. 
The excitation amplitude is always ao = 0.2. Numerical integrations has been done 
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Fig. 6 Time liistory of the system response; right column: ipit). ^(t) (post-critical response com- 
ponents); left column: ^(t) (vertical response component at point 5); limits of semi-trivial solution 
stability/instability: .?, = 0.4548,.?, = 0.5718. .S3 = 0.8671,. S4 = 1.0680 
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Fig. 7 Tlie pliase plot of selected cases of the time history of the system response; left column: 
t,(t), middle column: ^(t), right column: <p{t). Time interval shown here is / £ (800, 1,000). Cf. 
corresponding rows (c) and (i) in Fig. 6 



using the Wolfram-Mathematica code, in particular Gear - predictor-cotrector pro- 
cedure has been repeatedly applied. The stationary state (if any) has been tested after 
a certain time when the appropriate tests of stationarity passed. The phase plots for 
selected components of the Fig. 6 are shown in Fig. 7. 

The time history of the system response for the excitation frequency o) = 0.4 is 
demonstrated in the Fig. 6 - row (a). The semi-trivial response is stable despite of 
a small initial deviation of i/f component. Components (p(t),if/(t) are approaching 
asymptotically to zero. A transitional state and a beginning of the post-critical state 
is visible in the row (b) where holds m = S\. For details of transition process def- 
inition, see e.g. [18]. The noticeable increase of (p(t), "fit) components within the 
interval w e (s\,S2) is obvious in the rows (c,d), while ^(f) still remains on a simi- 
lar level. Amplitudes of <fi{t), xlr(t) are approaching to certain horizontal asymptotes 
for t —^ oo, cf. also Fig. 7. There is a question if such an increase of the horizontal 
component of the system response is admissible for the structure with respect to 
various regulations. Overcoming S2, the semi-trivial response is re-established and 
(pit), if(t) vanish once again, although vertical component ^ significantly grows up, 
rows (e-h). Finally in the row (i) very dramatic post-critical system response in the 
interval o) e (i'3,i'4) is obvious, nevertheless (p{t), xj/it) are still approaching to a 
certain horizontal asymptotes, see Fig. 7. In the row (j) the stable semi-trivial solu- 
tion without any horizontal components for any arbitrary co > S4 arises. 
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Fig. 8 Values of the largest 

Lyapunov characteristic 

exponent A depending on 

excitation frequency 

a> £ (0.4, 1.1), computed for 
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Let us notice that the dynamic stability limits are influenced by the bending stiff- 
ness EJ of the vertical console very weakly. However the system response in the 
post-critical state in particular (p(t). \l/(t) components are influenced by this param- 
eter significantly, see Fig. 6, rows (c,i). 

The asymptotic behaviour of the response computed for the different excitation 
frequencies can be assessed also from the point of view of the Lyapunov charac- 
teristic exponents (LCE). Numerical procedure follows guidelines published e.g. in 
[10,28], cf. also the comprehensive review [30]. Figure 8 shows the largest LCE for 
four excitation amplitudes ao depending on the excitation frequency. To relate the 
LCE with the semi-trivial solution, an obvious almost-zero initial condition has been 
supposed. Positive values of the LCE indicate the unstable part of the trajectory of 
thesemi-trivialsolution.However, evenif theLCEarefora) e (5i,52)U(i'3,,y4) (see 
Fig. 2) positive, their rather small absolute values permit the trajectories to remain 
within limits for the whole simulation time. 

This preliminary analysis shows that within resonance domains the semi-trivial 
response can remain in force although post-critical response type is rather typical. 
Three basic categories of post-critical response can be noticed: 



(a) - Response amplitudes are either weakly variable or constant. 

In such a case the system response can be studied by means of the harmonic 
balance method. It eliminates an oscillatory response character investigating (ap- 
proximately) amplitudes only. Let us introduce the harmonic excitation just like in 
Eq. 6: 

yo = Aq sin CDt =^ ^0 = flo sin cat , Aq = ao ■ I (6') 

In the post-critical state all response components are non-trivial. Therefore ex- 
pecting a single mode response, following approximate expressions can be written: 



^(f) = Rc{t)cos(ji)t + Rs{t)smMt , 
(p{t) = P^{t) cos joot + Ps(t) sin \(Dt 
■f{t) = Sc{t) cos ^cot + Ss(t) sin ^cot . 



RHt) = Rlit) + R^At) (a) 

pHt) = p^{t) + pf{t) (b) 

SHt) = S2(0 + S^{t) (c) 



(15) 



Auto-parametric Stability Loss of 3D0F System 



279 



To make a decision between single and multi harmonic approximation is a delicate 
question. For some interesting experiences, see [26]. Another opinion can be found 
in [16], when internal resonance or its proximity should be analysed. 

Let us put approximations (3) in the system (4). Going through the harmonic 
balance procedures a differential system for amplitudes 



X(0 = [Rcit),Rs(t),Pc{t),Ps(t),Sc{t),Ss(t)]' 



can be obtained: 



H(X) 



dX 

d7 



K(X) ; H(X) ^R^""^, K(X) e M ^ 



(16) 



The detailed structure of the matrix H(X) and the vector K(X) is as follows (for 
sake of simplicity the argument {t) in Re {t), Rs{t), ... will be omitted): 



H(X) 






2 
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K(X) = - 



4 {aor]cWWg + {w^ - oj^) Re - r]cOjoj^R,) + KqW^ (P^Ss - P^Sc) 
4 (aowl + (co^ - w^) R, + r],wwlR,) - k^qj^ (P,S, + ^,5",) 
(P, («2 (1 - KiR,) - 4«2) _ 2«?;,P,«2) _ 

-K, (((/?, - 1) W2 _ 40)2) s^ _^ W^R,(Ps + S,)) 

(P, (a)2 (1 + KiR,) - 4tt)2) + 2cor],P,co^) + 

+/ci {{(R, + 1) «2 + 4«|) 5, - oj^R, {P, + S,)) 

(-P,R, - P,R, + S,)aj^+2iDl (2(P, - S,) + wr], (P, - S.,)) 

(P,R, - P,R, + S,) w^+2col (2(P, - S,) -WT], (P, - S,)) 



Approximations (3) are not too far from a simple form (7). However, amplitudes 
in (3) are assumed to be functions of time. The system (16) for amplitudes X(?) is 
meaningful if they are functions of a "slow time", in other words if their changes 
within one period T = Itt/o) are small or vanishing and individual steps of the 
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harmonic balance operation are acceptable. In such a case two response regimes 
corresponding to excitation (6') can be encountered: 

(al) Weakly non-stationary response. The system (16) cannot be solved analyti- 
cally and numerical procedure must be applied. As a feedback the variability 
rate of the X(f ) components is to be checked. If some periods are comparable 
(or even shorter) with T, results should be rejected. In general, shapes of am- 
plitudes X(f ) are deterministic and periodic with possibly small perturbations. 

(a2) Stationary response (special case of the previous one). The time derivative of 
the amplitudes X(f ) vanishes and therefore the remaining non-linear algebraic 
system should be solved: 



dX 

— = 0^ K(X) = 0; K, X- constant fields (17) 

d? 

Both (al), (a2) can cover limit cycles which are typical for certain types of the post- 
critical behaviour. System (16) can provide stable as well as unstable limit cycles, 
see e.g. [6]. 

(b) - Response amplitudes are strongly variable. 

Provided that the response is of any other type than (a), numerical integration of 
the original system (4) is necessary. The following most important regimes of the 
response can be observed: 

(bl) Transition processes: The systems is asymptotically approaching the station- 
ary state due to sudden energy supply/loss, etc. Response shape is rather 
deterministic. For some aspects of transition processes and their asymptotic 
properties, see e.g. [7, 18, 19]. 

(b2) Quasi periodic regime - energy periodic transflux between DOFs: Beating ef- 
fects arose due to two or more DOFs interaction. A structure of one period can 
be complicated. However, the time history repeats and the length of individual 
periods fluctuates within very limited interval, e.g. [21]. 

(b3) Chaotic regime: Its existence can be identified by means of Lyapunov expo- 
nent testing. For various techniques based on the Lyapunov exponent see e.g. 
[5,25,27]. 

(c) - Response amplitudes blow up. 

This case can be treated as the special case of the previous paragraph (b). Due to 
the unstable nature of the system under study, excitation which crosses certain limit 
leads to the collapse of the structure. However, it appears, that the structure can 
withstand some time limited non-stationary response. Figure 9 can serve as a rough 
illustration. The amplitude of the response cp is plotted there for various excitation 
frequencies and amplitudes: white area corresponds to the negligible rocking com- 
ponent (p, gray area shows nonzero but limited amplitude of (p. Return to the stable 
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Fig. 9 Sensitivity of tlie 
system on the frequency and 
amplitude of the excitation. 
Light gray area corresponds 
to the non-zero stationary 
response in (p and i/f 
components. Dark gray area 
exhibits areas of 
non- stationary (growing) 
numerical response of the 
rocking components 




0.5 0.6 0.7 0.8 0.9 1.0 



state is still possible, if relevant conditions are regained. The dark gray section of the 
figure corresponds to the cases, where numerical integration fails, i.e. cp —>■ oo. The 
final collapse is inevitable. Coincidence of the infected ranges of cd with instability 
intervals (i'l, i'l) and {sj, S4), see Fig. 2, is evident. Details will be discussed in the 
Sects. 4 and 5. 

Limits between above categories and their regimes are rather smooth due to per- 
manent mixture of deterministic and chaotic/random component of the response. 
It is obvious that the link of particular cases and their position within domains 
indicated above depend predominantly on excitation frequency and amplitude. 
Therefore detailed analysis in subsequent sections will be classified with respect 
to these parameters. 



4 Large Excitation Amplitude 



Let us demonstrate the typical system behaviour under excitation with a large ampli- 
tude. Resuming the parameter set C = 10,000, EJ = 10,000, g = 9.81, M = 
3,990, m = 15, r]c = 0.2, rje = 0.2, / = 20 being used in the section 2, the 
basic features of the response can be outlined, see Fig. 10. The excitation with the 
amplitude Gq = 0.20 can be considered as large providing the response amplitude 
plotted by a bold curve. The system is unstable within intervals o) e {si. S2) and 
a> € {s3,S4), see hatched (squared) areas in the figure. In order to assess a real 
behaviour, three types of analysis have been done. 

Let us follow respective results in the Fig. 11. The left part concerns amplitudes 
R of the vertical component ^(f ), while right part amplitudes S of the dimensional- 
less horizontal (or angular) component i/f(f). The curves plotted in dashed lines have 
been obtained using algebraic system (17), thick solid curves have been provided 
by means of the system ( 1 6) and finally thin solid curves represent results of direct 
simulations on the basis of the differential system (4), cf. adequate sections in [9], 
or [15]. 
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Fig. 10 Instability intervals 
of the system under large 
excitation amplitude 
(ao = 0.20), bold 
smooth curve 
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Fig. 11 System response amplitudes evaluated by means of three different techniques; left, vertical 
component f (/) — > R, right: horizontal component ^(t) — > S 



As the simulations proved to have considerable chaotic component especially 
in the interval a> e (53, 54), variance of the amplitude has been evaluated and 
corresponding areas shown as hatched (squared) in Fig. 11. It is obvious that an 
applicability of results obtained by semi-analytical procedures, Eqs. 16 and 17 is 
very limited. They can be accepted in the lower interval co e (si,S2), where so- 
lution of differential system (16) provides the most realistic results, see also time 
history in the Fig. 6c and d. The algebraic system leads here to twofold solution and 
below si unstable branch should be eliminated. However, simulation gives similar 
results especially in the upper part of the interval. 

In the upper interval o) e (^3 , ^•4) the high degree of instability is visible, cf. 
Fig. 6h-j. It applies mainly the S component. Obviously analytically obtained static 
amplitudes (dashed curves) are not realistic and only simulation results providing 
chaotic results are representative. This is the case discussed in the paragraph (c) 
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above, see also the corresponding dark parts of Fig. 9. The part of the dashed curve 
above 54 is not accessible neither numerically nor experimentally being unstable 
(only SDOF nonlinear systems can deal with this branch having no possibility to 
escape into the stable state due to some other degree of freedom). 



5 Medium and Small Excitation Amplitudes 

The same three DOF system has been investigated for the excitation amplitude 
flo = 0.15. Frequency response curve of the semi-trivial solution intersects the 
dashed stability limit once again, see Fig. 12. There arose two instability intervals 
once again. However, their width became significantly smaller than in the previous 
case. This time the post-critical state enables to be investigated using differential or 
algebraic system (16) or (17) respectively. However some detailed properties need 
to be investigated using simulation. Observing time history of the response compo- 
nents, see Fig. 13, the transition effects should be analysed. 

Inside of the lower instability interval (mean o) = 0.5010) the vertical component 
doesn't prove any dramatic effects. The only detail to be noticed is a non-significant 
decrease of the amplitude above the axis only starting approx. t = 4,000. This mild 
de- symmetrizing with respect to time axis is related with a real start of the gradual 
semi-trivial solution stability loss when horizontal response components are arising. 
This transition effect represents a slight non-periodical energy transflux between 
vertical and horizontal DOFs. In other words we can conclude that the stability loss 
is not any process emerging suddenly, although a velocity of its breaking out can 
be low or very high remembering a snap-through. Detailed time history is rather 
simple. For better insight the steady state within the interval t e (5,700, 6,000) 
supplements every basic graph on ? e (0, 6,000), see indications in lower parts of 



Fig. 12 Instability intervals 
of the system under medium 
excitation amplitude 
(ao=0.15) 
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Fig. 13 Time liistory of tlie response due to medium excitation amplitude inside of instability 
inteiTals; left column: vertical component f (/), right column horizontal (or rocking) compo- 
nents tp.il/; every graph is presented in an original scale t £ (0, 6,000) and magnified scale 
t e (5,700, 6,000) 



the individual pictures on Fig. 13. Concerning the higher instability interval (mean 
o) = 1 .002 1 ), nothing surprising has been detected. Horizontal response components 
are non-trivial but asymptotically approaching to a small value, making together 
with the vertical component a stable post-critical state being controlled by non- 
linear terms. The respective limit cycle which would characterize the post critical 
response is not elliptic, as it contains multi-harmonic components, see detailed time 
history in the lower right graph on Fig. 13. The both instability intervals can be seen 
in the Fig. 9: for the driving amplitude ao = 0.15 the corresponding frequencies 
belong to the unstable gray areas but not to the dark failure region. 

Let us assess the above results comparing them with Figs. 14 and 15. They 
demonstrate stable branches of the response amplitude R - Fig. 14 and amplitudes 
P. S - Fig. 15. The response curve in the left picture of the Fig. 14 proves that within 
instability intervals only small difference between the original response curve and 
stable post-critical characteristic exists concerning the vertical component. How- 
ever, quite large amplitudes of horizontal movement can be achieved, as it follows 
from Fig. 15. In the same time it can be concluded that no significant differences be- 
tween results provided using systems (16) - P and (17) - S have arisen. As another 
evidence regarding these conclusions serve respective variances plotted in right parts 
of Figs. 14 and 15. 



Auto-parametric Stability Loss of 3D0F System 
0.8 



285 




0.5 OJ 0.9 1.1 0.5 0.7 0.9 1.1 

Fig. 14 Vertical response amplitude ^(t) —^ R and corresponding variance (squared area) 



15 




t' 


- 






r 




■ 


10 




1 




: 


:: 


5 




: 




n iT 


t\ 






1 ■ 






- 




s-*f 


1 







: 




£ 


i W 











X lo- 




co 



0.5 



0.7 



0.9 



1.1 



0.5 



0.7 



0.9 



1.1 



Fig. 15 Horizontal (or rocking) response components (p(t) — >■ P.ifr(t) —^ S and their variances 
{squared area) 



6 Transition from Semi-trivial to Post-critical Response 



Let us demonstrate a detailed process of the stability loss and of the transition from 
the semi-trivial to post-critical response. The underlined parameters of the system 
examined in previous sections have been slightly increased (subsoil stiffness and 
internal damping). The actualized parameter set reads now: C = 16,000, EJ = 
10,000, g = 9.81, M = 3,990, ?n = 15, rjc = 0.6, rie = 0.2, / = 20. Outline 
of instability domains for various amplitudes of excitation and corresponding bi- 
furcation diagrams can be found in Fig. 16. Figure 16a represents resonance curves 
(solid) of the semi-trivial solution for amplitudes ao e (0.3, 0.6). Stability limit 
(dashed) represents the set of bifurcation points delimiting intervals o) where two 
solutions appear: the unstable semi-trivial solution (dotted) and stable post-critical 
solution (solid line). 
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Fig. 16 Process of the stabihty loss and of the post-critical response; (a) instability domains for 
various amplitudes of excitation, (b) bifurcation diagram of the vertical response component am- 
plitude R, (c and d) bifurcation diagrams of horizontal (rocking) components P and S 



Evolution of the response amplitudes R, P, S for frequency ft) = 1 . 1 700 (roughly 
the middle of "instability interval") with increasing excitation amplitude ao is 
demonstrated in Figs. 16b and c. With respect to testing techniques mentioned in 
the third section (Lyapunov exponent, structure of the response frequency, etc.) 
it can be shown that Eq. 16 or 17 are suitable to evaluate response amplitudes for 
ftj = 1 . 1 700. In Figs. 1 6b and c, starting from the bifurcation point Bi , two branches 
evaluated by means of Eq. 17 can be found. Dotted curves represent unstable part 
corresponding to semi-trivial solution, while long-dashed curves (nearly horizontal 
for R and rising curvilinear for P, S) demonstrate stable post-critical solution. 

Evaluating the system response for the same parameters and homogeneous initial 
conditions by means of numerical simulation, nearly the same results are provided, 
when a long time elapsed T —^ oo (the curve Too) and a steady state is concerned. 
If the period of excitation is limited, an effect of transition from the semi-trivial un- 
til post-critical stable state proceeds, see curves Ti and Tj in Fig. 16b-d. For short 
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Fig. 17 Time liistory of tlie response components i,(t),(p(t),'tj/(t) for increasing excitation 
amplitude 



excitation period (curve T\ ) the excitation amplitude uq can significantly exceed the 
bifurcation point B2 and the response has still the semi-trivial character, although in- 
creasing Go even more, the response is approaching to the steady state (long-dashed 
curves. Too)- The medium time of excitation leads to some intermediate response 
type (T2 curves). It can be ascertained that for time limited excitations, e.g. earth- 
quake attack, higher excitation amplitudes can be admissible than those obtained for 
the steady state vibrations. 

Detailed time history of all three response components for amplitudes oq £ 
(0.4, 0.6) discussed above is given in Fig. 17. Asymptotical approaching of the 
horizontal response amplitudes (p(t), ^(t) to non-trivial constant are obvious. This 
constant in case of ao = 0.4 is rather small and the result doesn't differ from the 
semi-trivial solution too much. 



7 Conclusions 



Non-linear auto-parametric system with three degrees of freedom has been investi- 
gated. The aim of this study was to compose a simple mathematical model which 
enables to assess the nonlinear post-critical dynamic response of a slender vertical 
structure on an elastic subsoil exposed to strong vertical excitation. The existence 
of certain intervals of the excitation frequency has been proved where semi-trivial 
solution loses its dynamic stability and strong horizontal response components be- 
come decisive from the point of view of various standards. In post-critical state 
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mainly bending effects in the structure foundation and deformability of the vertical 
console are dominant. Various forms and internal structure of stability limits with re- 
spect to principal system parameters have been found. Post-critical states have been 
thoroughly analysed with respect to excitation frequency and excitation amplitude. 
Various types of post-critical regimes of the system response can be encountered 
beyond the stability limit. They include deterministic and chaotic types. Both of 
them enable steady state, quasi-periodic and irregular time history. Limit cycle por- 
traits can have a single as well as multi-harmonic form. Post-critical response above 
the bifurcation point depends significantly on time when excitation is applied. The 
response amplitudes can remain in acceptable limits when adequate excitation (fre- 
quency and amplitude) acts throughout a short time interval. It is mostly not the 
case when the excitation lasts an infinite time and the response is approaching to the 
steady state. 
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Probability Based Size Effect Representation 
for Failure in Civil Engineering Structures Built 
of Heterogeneous Materials 



Adnan Ibrahimbegovic, Jean-Baptiste CoUiat, Martin Hautefeuille, 
Delphine Brancherie, and Sergiy Melnyk 



Abstract In this work we discuss the failure analysis of civil engineering structures 
built of heterogeneous materials. The material heterogeneities call for a detailed 
representation of typical micro or meso-structure, which can be provided with the 
structured FE mesh representation as illustrated herein for 2D case and two-phase 
material. The building-block of such a representation is the constant stress triangu- 
lar element that can contain two different phases and phase interface, along with 
all modifications needed to account for inelastic behavior in each phase and the 
corresponding inelastic failure modes at the phase interface. We further show by 
numerical simulations that the proposed structured FE mesh approach is much more 
efficient than the non-structured mesh representation. This feature is of special in- 
terest for probabilistic analysis, where a large amount of computation is needed in 
order to provide the corresponding statistics. One such case of probabilistic failure 
analysis is also considered in this work, where the geometry of the phase interface 
remains uncertain since it is obtained as the result of the Gibbs random process. 
This computation is further used to provide the appropriate probabilistic descrip- 
tion of material parameters of phenomenological model of localized failure in terms 
of correlated random fields. Subsequent Monte Carlo computations of failure phe- 
nomena in simple tension test performed with such probabilistic phenomenological 
model clearly show the capability of presented approach to recover the size effects 
anywhere within a range between the two classical bounds which are Continuum 
Damage Mechanics and Linear Fracture Mechanics. 



1 Introduction and Motivation 

In this paper, we address the problem of modelling the size effect encountered in 
failure phenomena of engineering structures built of quasi-brittle materials. The ap- 
proach to failure analysis we propose is placed within stochastic framework, which 
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Fig. 1 Tensile test behavior: (a) Typical quasi-brittle failure pattern in engineering stmcture, 
(b) Quasi-brittle material ID model 



provides a very good basis for taking into account the intrinsic randomness of 
the heterogeneities of real building materials: concrete, mortar, soils or any other 
geomaterial. Such materials have a particular mechanical behavior, known as quasi- 
brittle, which can be seen as a sub-category of softening materials (see [11]). 
A typical failure pattern we should be able to represent contains the fracture pro- 
cess zone (FPZ) along with the macro-crack that is a final threat for the structural 
integrity (see Fig. la). In the context of simple ID model interpretation, this behav- 
ior can be described with four material parameters (e.g. see [12] or [4]): Young's 
modulus E, the yield stress Oy which induces micro-cracking or the FPZ creation 
and the failure stress a,, which induces macro-cracking after the sudden coalescence 
of the micro-cracks leading to a softening behavior (see Fig. lb). The last parameter 
is the fracture energy G/ [J.m~^] which represents the amount of energy necessary 
to create and open a macro-crack. 

Several theories exist on how to model the failure in quasi-brittle materials and 
most of them link the micro-cracks coalescence phenomena to size effect, a depen- 
dency on the size of a structure to its failure load. The aim of all those theories is to 
hook up together the continuum damage mechanic (CDM) where the failure stress 
does not depend on the size of the structure to the linear fracture mechanic (LFM) 
where size effect appears naturally as the logarithm of the failure stress depends 
linearly on the logarithm of the size of the structure (see Fig. 13). It can be experi- 
mentally demonstrated that even if purely brittle materials follow LFM, quasi-brittle 
materials do not and follow a non linear relationship between the two previous log- 
arithms of the failure stress and the size of the structure. These materials exhibit a 
different size effect than the one encountered for purely brittle materials. 

Numerical analysis of failure processes of quasi-brittle structures raises many 
important modelling issues, chief among them how to account for heterogeneities 
of real materials and how fine should be the chosen scales. Cement-based materials, 
such as concrete or mortar, can be considered at different scales, depending on the 
objectives and the physical mechanisms that are important to account for. Consid- 
ering nowadays computational resources for typical engineering applications, most 
frequently we ought to perform an analysis at the structure scale or macro-scale. At 
this scale cement-based materials might be considered as homogeneous, and their 
properties obtained by using the key concept of Representative Volume Element 
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(RVE, see [3, 17]) to retrieve phenomenological models of inelastic behavior (e.g. 
see [1,11, 39]). Those models are well known for their robustness and lead to rel- 
atively small computational cost. Due to two these main points, phenomenological 
approaches are widely spread. On the other hand, such models are based on a set 
of "material" parameters which need to be identified (e.g. see [20]), mainly from 
experiments and providing unique load paths and boundary conditions. Hence this 
"natural" methodology leads to a set of parameters which is linked to the chosen 
load-path. Being not adapted to another path, it's hardly possible to get any predic- 
tive features from those phenomenological macro-model. The main reasons for this 
is that the macro-scale is not the right scale to consider with the aim to model failure 
of heterogeneous materials. Many authors tried to overcome this major drawback 
by furnishing micro-mechanical bases to the macroscopic model set of parameters 
(see [21,23]) and provide more predictive macro-scale models. One possible way to 
achieve such goal is to adopt homogenization methods which are leading to accu- 
rate results for linear problems. In presence of non-linearities such methods are not 
capable to provide good estimates for the effective (macroscopic) properties (see 
[9]). Moreover, such approach does not take into account the inherent uncertainties 
attached to heterogeneous materials and structures. 

At finer scale than the macroscopic one, cement based materials appear to be 
heterogeneous exhibiting an important variability. This variability might be viewed 
from the geometrical point of view, considering the arrangement (positions, shapes) 
of the different phases. In this work we propose to take account for the meso-scale 
variability in order to: First compute the macroscopic (effective) properties statistics 
for a porous media made of a non-linear matrix. Second show how these statistics 
(mainly the correlation length through the covariance function) might be used at the 
macroscopic level to model particular features of cement-based materials such as 
size effects. The key point is that the material parameters at meso-scale are assumed 
to be deterministic, so that the variability is only related to the size and the posi- 
tions of the voids in the porous media. In order to solve this stochastic problem and 
compute the statistical moments for the response quantities, we employ the Monte- 
Carlo method within a distributed software environment. This stochastic integration 
method is based on many evaluations of the meso-structures responses thus lead- 
ing to a time-consuming process. Moreover, as the error can directly be evaluated 
in terms of the number of realizations, it is necessary to choose a relatively small 
discrete problem, even in the case of complex meso-structures. To achieve this we 
propose a model based on a regular mesh which is not constrained by the physical 
interfaces. This model relies on classical CST elements, whose kinematics descrip- 
tion is enriched by the use of strain and displacements discontinuities in order to 
represent two phases. 

The outline of this chapter is as follows: in Sect. 2, we present the meso-scale 
level description, with the plasticity model employed and the structured mesh repre- 
sentation, leading to fast computing of non-linear response without any remeshing. 
In Sect. 3 we describe the stochastic problem, the geometrical description process 
for defining the meso-structure and the stochastic integration method. Section 4 
presents the results obtained for the SRVE size, as well as the corresponding 
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macroscopic properties statistics. Finally Sect. 5 deals with size effect modelling 
based on second order correlated macroscopic properties fields. Concluding remarks 
are given in Sect. 6. 



2 Meso-Scale Model of Material Heterogeneities 
with Deterministic Material Parameters 

Meshing is one of the major issue in modelling heterogeneous materials. The possi- 
bly high number of phases and their complex shapes frequently might lead to a quite 
high number of degrees-of-freedom and also quite distorted meshes. Moreover, the 
meshing process itself might consist in a complex and time-consuming algorithm. 
The objective of this first part is to show how to employ structured meshes in or- 
der to simplify the meshing process of heterogeneous materials. Hence this section 
presents the main ideas leading to regular meshes which are not constraint by the 
physical interfaces between the different phases. The key ingredients to provide 
such models are field discontinuities introduced inside the elements in which the 
physical interfaces are present. These kinematics enhancements might be developed 
within the framework of the Incompatible Modes Method (see [15, 37]), and require 
a dedicated solution algorithm which is illustrated next. 



2.1 Structured Mesh and Element Kinematics Enhancements 

At meso-scale, we consider a heterogeneous material in 2D built of different phases 
and we assume that each of these phases is described by the inclusions positions 
and shapes. In order to model such material with a structured mesh. Fig. 2 shows a 
typical 3-nodes triangular finite element representing two phases. Those two phases 
are introduced through two types of discontinuities (see [14]), namely a disconti- 
nuity of the strain field and a discontinuity of the displacement field, both of them 
lying at the same position (prescribed by the known physical interface between the 



Fig. 2 Two phase 3 node 
triangular element, interface 
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two phases). The strain discontinuity permits the proper strain representation of two 
different sets of elastic properties corresponding to each phase. The displacement 
discontinuity leads to the possibility to model debonding or any failure mechanism 
at the interface. For the latter, two failure mechanisms are considered: one corre- 
sponding to the opening of the crack in the normal direction and the second one to 
the sliding in the tangent direction (see [32]). Both of these discontinuities are intro- 
duced by using the Incompatible Modes Method (see [15, 37] ). The key advantage 
of this method is to lead to a constant number of global degrees-of-freedom. 

Both of those kinematics enhancements are added on top of the standard CST 
element (Fig. 2). Hence this element is divided into two parts by introducing an in- 
terface whose position is obtained by the intersection of the chosen structured mesh 
with the inclusions placed within the structure. The domain 12'' of the standard 
3-node constant stress triangle (CST) element is thus divided into two sub-domains 
Q" and Q^ . One of the most important and well-known features of strong (dis- 
placement field) discontinuities models is their capability to be independent from 
the mesh, even for softening laws. This ability lyes in the fact that the dissipation 
process occurs on a line (i.e. the interface) and not in the whole volume. However, 
different elastic-plastic or elastic-damage behaviors laws, with positive hardening, 
might be chosen for each the two sub-domains split by the interface, with different 
elastic properties (see [13]). 

It is worth to note that the strain field discontinuity is always present, due to 
the different elastic constants between the two phases. In contrast and because of 
representing a failure mechanism between the two phases, the displacement field 
discontinuity needs to be activated according to some chosen failure criterion. 

Introducing those discontinuities requires to enhance the kinematics of the el- 
ement by using two incompatible modes. Thus, the displacements field might be 
written as follows: 

3 

u^x, t) = J2 Na{x)da(t) + M?(x)ai(0 + M^ix)pi(t) + Mn(^)aii(0 (1) 

a = l 

This expression contains four terms: the first one provides a constant strain field 
inside the element (as the classical CST element does). The second and third terms 
both represent jumps in the displacements field, in the normal and the tangential 
directions. Finally, the last part provides the strain field discontinuity. All the strain 
and displacement enhancements are limited to a single element only; the latter pro- 
vides much better basis for constructing robust operator split analysis from the 
X-FEM method. The shape functions Mi(x) for the first incompatible mode (see 
Fig. 3a) corresponding to the displacements field discontinuity for both normal and 
tangent directions (see [12]) might be written as: 

Mi(x) = Hrs(x)- J2 ^«(^) (2) 
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Fig. 3 Incompatible modes corresponding to displacements (a) and strain (b) discontinuities for 
CST element 



where Na represents the normal CST shape functions element and Hr^ the Heav- 
iside function placed at the interface position. The shape function Mii(jc) which 
provides the jump in the strain field is shown in Fig. 3b. 

Considering the displacement interpolation (1), the strain field might be writ- 
ten as: 

s^(x, = Bd + Giittii + (n^ (8) n)G^^.Q'i + - [n^ m + m^ nlcf^ySi (3) 

where B(x) are the well known CST element strain-displacement matrix (e.g. see 
[39]) and Gi,. (x) contains the derivatives of the first incompatible mode. Finally, in 
(4), Gn is the matrix containing the derivatives of the second shape function Mii(^). 



2.2 Operator Split Solution Procedure for Computing Interface 
Failure Modes 

Deriving from the Incompatible Modes Method for the two kind of discontinuities 
added on the top of the classical CST element (strain field and displacement field), 
the total system to be solve consists of four equilibrium equations, with (4a) as the 
global equilibrium equation and (4b) to (4d) are corresponding to the local ones. It 
is worth to remind that Eqs. 4b and 4c have to be solved only in case of activation 
of the displacement discontinuity in the normal or the tangent direction. 
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The consistent linearization (e.g. see [1 1]) of this set of equations leads to the 
linear system, in the matrix form: 
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(5) 



The expanded form for each block can be found in [10]. 

The operator split strategy consists in first solving the local equations of system 
(4) (namely Eqs. 4b-4d) at each numerical integration point and for fixed global 
degrees-of-freedom values. The second step is then to carry out static condensations 
(e.g see [36]). These static condensations leads to the effective stiffness matrix (see 
[10,31] and thus the last step is to solve the global system of equations (4) to obtain 
the updated value of the displacement field (i„^_j = '^n+i + ^'^n+i 



^(k) AAk+l) _ (k) 



(6) 



One of the key point to note is that the total number of global unknowns remains the 
same as with the standard CST element which is the major advantage of Incompat- 
ible Modes Method. Simple illustrative examples dealing with the use of structured 
meshes might be found in [10]. 



2.3 Comparison Between Structured and Unstructured 
Mesh Computations 



Here we aim to make a comparison between structured and unstructured meshes in 
order to assess the capability for both cases to get very close results. For this we 
consider a porous material made of a perfectly plastic matrix with circular voids 
of different sizes. The first case (Fig. 4a) presents an exact mesh obtained by using 
the software GMSH. Obviously in this case each element contains only one phase 
(namely the matrix or the "voids"). Moreover several elements are strongly distorted 
and they exhibit quite different sizes. For these two reasons the stiffness matrix is 
poorly conditioned. The second case (Fig. 4b) relies on a structured mesh which is 
based on a regular grid. In this case, the elements needs to represent two phases to 
model the inclusions and we adopt the strategy presented at the beginning of this 
section. Figure 4 shows the axial displacement contour plot (with an amplification 
factor of 100) for both unstructured and structured meshes. Figure 5 plots the corre- 
sponding macroscopic axial reactions displacement curve. 

We show that both cases are providing very close results, but with a gain of 
computing time in favor of the structured mesh strategy (this point is mainly due 
to the tangent matrix optimal conditioning). Combined to a meshing process which 
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Fig. 4 Longitudinal displacement contour plot corresponding to max. load for adaptive mesh (a) 
and regular mesh (b) 




0,002 0,003 

Displacement (cm) 



0,004 



0,005 



Fig. 5 Reactions sum versus displacement curve (black unstructured mesh, red structured mesh) 



is much easier, the structured mesh way appears to be a good and accurate method 
to model heterogeneous material, especially in the context of many realizations that 
have to be analyzed. This last point is one of the key issues considering probabilistic 
aspects for heterogeneous materials. 



Probability Aspects of Inelastic Localized Failure 
for Heterogeneous Materials 



At finer scale than the macroscopic one, cement-based materials obviously appear 
to be heterogeneous. As an example, at this meso-scale mortars are made of three 
phases: two solid ones (the grains and the cement paste) and voids. It is well-known 
from experimental data that macroscopic properties of such materials are strongly 
linked to the (at least) meso-scale constituents. In ([38]) the authors gathered some 
experimental results showing the very important decreasing of macroscopic me- 
chanical strength (in tension or compression) along the increasing voids volume 
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fraction. Moreover, considering a constant porosity, the voids shapes and positions 
also have a major influence on the macroscopic properties, especially for small spec- 
imens. This key point is linked to the statistical RVE size (see e.g. [17]) which 
size has to be determined along a prescribed macroscopic error tolerance. The main 
objective of this section is then to illustrate the possibilities provided by the use 
of structured mesh representation and the efficient computation capabilities of the 
proposed model for dealing with random heterogeneities. To that end, we consider 
herein a porous material, typical of mortars at a meso-scale level. At this scale we 
assume that such material is characterized by a two-phase micro- structure with a 
solid phase and a fluid phase. The former will be referred as the "matrix" and the 
latter is supposed to represent the voids or inclusions. Depending on the number of 
inclusions, their sizes and positions, the non-linear macroscopic response of such 
a material will vary. In other words, the macroscopic properties, such as Young's 
modulus or the yield stress, will be influenced by the meso-scale geometry. Our 
goals here are: first to determine the statistical RVE size corresponding to such a ge- 
ometry (morphological RVE); second to carry out numerically the variations of the 
macroscopic characteristics upon the inclusion sizes and positions. The key point for 
this study is that the variability introduced into the model is restricted to the spec- 
imen geometry only, whereas the mechanical characteristics of the two phases are 
assumed to be deterministic. To be more precise, the matrix phase is supposed to be 
accurately modelled by an elastic-perfectly plastic model based upon the Drucker- 
Prager criterion (see [8]). The voids are represented by a simple linear isotropic 
elasticity model with very small Young's modulus value. In the following sections 
we first begin to describe the Gibbs point process, leading to the realizations of 
the meso-structures. We also show an example of one typical mesh obtained and the 
corresponding macroscopic response to a tension test. Then we turn to the stochastic 
integration method which has been chosen to numerically solve this problem and the 
corresponding Software Engineering aspects. Finally we present the methodology 
leading to the RVE definition and we discuss the results obtained for this stochastic 
problem. 



3.1 Geometry Description of Material Meso-Structure 

Here we describe both the process and the hypothesis leading to the meshing proce- 
dure within a rectangular domain (3.6 x 1.8 cm^). The meso-structure geometry of 
such domain is here supposed to be accurately modelled by a Gibbs point process. 
Such point process is built on a two steps scheme. The first one is the determina- 
tion of the inclusions number according to a Poisson law. The second step consists 
in the determination of the inclusion centers coordinates as well as the radius for 
each inclusion. While such a Gibbs process already naturally leads to a set of non- 
intersecting inclusions, we applied an even more restrictive criterion, by choosing 
the minimal distance between the inclusions (here equal to 2 mm). Moreover, in or- 
der to be consistent with the mesh size and the model features, the inclusions radius 
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Fig. 6 Meso-structure geometry (a) and corresponding structured mesh (b) 



are bounded between 1 mm and 3 mm. Figure 6 shows a particular realization of the 
meso-structure and the corresponding structured mesh. We can notice that each in- 
clusion is correctly modelled by a set of discontinuities without any major distortion. 
Since the material parameters are chosen to be deterministic, the statistics of the 
macroscopic response depends on the meso-structure geometry only, defined by the 
voids volume fraction and consequently the voids radius and centers positions. Thus 
the macroscopic problem is stochastic and requires stochastic integration method 
which is presented in the next section. 



3.1.1 Stochastic Integrals Computations 

As we just mentioned, the positions and sizes of the voids in the matrix are described 
by a discrete random field, based on a Gibbs point process. In a general sense, a 2D 
random point process might be viewed as a finite set of random variables, which 
are indexed by the spatial coordinates vectors in R^. Thus the meso-structure ge- 
ometry is defined as a random field, which implies that every solution computed 
by the mechanical model is also a random field (e.g.. the structure displacement at 
a fixed point is a random variable). In this study, we are interested in characteriz- 
ing the macroscopic mechanical properties of our structure. To achieve this goal, 
we use a global approach which consists in identifying the material properties gov- 
erning the global behavior of the structure. More precisely, we aim to determine 
the effective global material properties by the corresponding identification of the 
global response computed by the Finite Element model. Therefore, since the global 
responses (displacement and reactions) are random variables, the global material 
properties we aim to identify, such as the Young modulus or the yield stress, are 
also random variables. 

Probabilistic characterization of the macroscopic mechanical properties can be 
viewed as describing the probabilistic law followed by each of these properties. 
Two approaches can be drawn to find a probabilistic law describing a random phe- 
nomena. The first one, so-called frequentist approach [19], is based on statistical 
tests, like the /^ test for the Gaussian probability law. Results of these tests are 
error margins that evaluate how the outcomes of the given random phenomena fit 
with respect to a given probability law. The second, so-called Bayesian approach 
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[16], is trying to use all the available information along with the maximum entropy 
theory (see [30, 34]) in order to provide the most general probability law for a given 
state of information; thus, to fully describe this probability law, the statistical mo- 
ments of different orders have to be computed. In this work, the second approach is 
chosen. The macroscopic material properties we tend to characterize are all defined 
on the positive real line. Moreover we assume that they can be given a mean value 
and a finite standard deviation. On the basic of such information, the maximum en- 
tropy theory leads to the most general probability law for this case in terms of the 
log-normal distribution, which is fully described by its computed mean value and 
standard deviation. 

Consequently, in order to characterize the macroscopic mechanical properties 
using the Bayesian approach, the first two statistical moments of each of these prop- 
erties have to be computed. The statistical moment of any random variable is an 
integral of a functional of this random variable over a probability space. Hence, an 
efficient numerical tool to compute such integral in multi-dimensional space is re- 
quired. Rather than high order quadrature rules like Smolyak algorithm [33], we use 
here a simple direct integration algorithm which is Monte Carlo simulation [5]. The 
basic idea of Monte Carlo simulation is to approximate the integrals of a functional 
of a random variable by a weighted sum of realizations of this random functional. 
Let ^ be a random variable defined on some probability space {i2, B, P), where f2 
is the space of event, 5 is a a-algebra built on Q and P a probability measure. 
Any defined moment of ^ can be written as f^ /(^(ft)))dP(ft)). The simple Monte 
Carlo algorithm consist in approximating this integral as a finite weighted sum of 
realizations /(^(a),)), each computed at a randomly independent chosen point o)/ 
in f2, multiplied by the corresponding weights j^ (with A^ the given number of 
realizations) 

r 1 ^ 

/ /(^(«))dP(«)«.-^/(^(«,)) (7) 

Jo N .^^ 

For this kind of numerical integration, the convergence rate can be a priori com- 
puted thanks to the central limit theorem [22]. We can find the error estimate which 
is proportional to the standard deviation of /(^) over ^H^, N being the number of 
evaluations of /(^). As each realization of the Gibbs process is stochastically inde- 
pendent from the others, this method can be directly applied here and further more 
parallelized using an appropriate software environment to eliminate the main draw- 
back of Monte Carlo algorithm, the slow-rate convergence. In this case, where no 
correlation exists in the geometrical space, no other tools such as Karhunen-Loeve 
expansion is required (see [7,22]). 

The software architecture used here is based on the software component technol- 
ogy and the middleware CTL [24], which provides the adequate network environ- 
ment to enable code communication under a prescribed protocol and more generally 
code coupling. The basic idea of software component technology is to divide a soft- 
ware framework into several tasks and then to implement software components, 
each of them being able to carry out this particular task. Existing software can be 
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Fig. 7 Pai'allel software architecture for Monte Carlo simulations using coFeap component 



turned into a component by defining an interface through which the communication 
will be channelled. Implementing a component from for a pre-existing program con- 
sists in coding a set of methods that other software can call through this interface. In 
the case of Monte Carlo simulations, two different tasks can be drawn. One is to gen- 
erate a Gibbs process and to transfer this result defining the inclusions geometry in a 
structured mesh. The other is to run a computation with this given geometry within 
the mechanical model defined in the first section. Based on the FEM code Feap [39], 
a CTL software (e.g. see [25,26]) component named coFeap has been derived [18]. 
The second component in charge of the geometry generation (the so-called client in 
Fig. 7) will ask for several runs of the coFeap component at the same time, each of 
them using a different meso-structure realization. 

Further details on the use of this parallel framework and results are presented in 
the following section. 



4 Probabilistic Characterization of Two-Phases Material 
at IVIacro-Scale 

4. 1 Determination of Statistical R VE Size 



As we already mentioned in the introduction part, macroscopic models are usually 
based on the concept of RVE. Here we focus on the notion of Statistical RVE (see 
[27]) leading to a volume element large enough to assure that its macroscopic prop- 
erties are assumed to be deterministic, up to a certain tolerance. Obviously such 
size strongly depends on the properties to be considered and we restrain our ana- 
lyze to geometrical properties, namely the voids volume fraction. Following [17], 
the methodology adopted consists in estimate the voids volume fraction mean p and 
variance a^ along different domain sizes. In order to get those estimates we used 
the Monte Carlo framework presented before considering a set of 10,000 realiza- 
tions for each volume fraction and domain size. As a result. Fig. 8 shows the 0.95 
confidence interval along the domain size. This confidence interval is defined for 
one realization as [p — l.96ap ; p + 1.96ap]. 
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Fig. 8 (a) Voids volume fraction confidence interval (0.95) along domain size and (b) 5% relative 
en'or morphological RVE size 



Table 1 SRVE size for different mean voids volume 
fractions and 5% relative error 



p(%) 1.15 3.4 6.1 9.6 12.3 

SRVE size (m) 0.48 0.203 0.125 0.075 0.055 



Table 1 as well as Fig. 8b show the SRVE size corresponding to 5% relative error 
for different voids volume fraction. Clearly the SRVE size is decreasing with an 
increasing porosity. Typical porosity values for mortars are in the 5-10% range and 
so leading to a 0.07-0. 15 m morphological SRVE estimate range. As we mentioned 
before, although the same methodology might be followed in different cases, this 
estimate does not provide any information about SRVE size linked to any non-linear 
mechanical properties (e.g. macroscopic yield stress). 



4.2 Simple Tension Test: Numerical Results and Discussion 



By using the stochastic numerical integration method detailed in the previous sec- 
tion, we performed Z = 10,000 integration points, each of them corresponding to an 
independent meso-structure realization. These Monte-Carlo integration points have 
been distributed on 9 processors and we shall present here the different results. 

The first point to be mentioned deals with the voids volume fraction for each 
meso-structure geometry. To some extend those data might be viewed as the "input" 
parameters according to the stochastic integration method. We recall here that each 
meso-structure realization is built by using a modified Gibbs point process with 
inclusions radius bounded between 1 and 3 mm. Figure 9 shows the voids volume 
fraction (ratio of the voids volume versus the total volume) histogram corresponding 
to the Z realizations. The associated mean value is 6.26% and the standard deviation 
3.59%. 
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Fig. 9 (a) Voids volume fraction histogram (b) 100 realizations sample results 
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Fig. 10 Macroscopic mean stress w.rt the macroscopic strain (a) 0.999 confidence interval 
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The stochastic integration process is leading to a set of Z axial reaction force- 
displacement diagrams. Figure 9 shows a subset of 100 realizations. It is worth to re- 
call again that the variability shown by this sample is due only to the meso-structure 
geometry variability (the material parameters are assumed to be deterministic and so 
constant along the realizations). Moreover we shall note that some meso-structures 
included in this sample have obviously no voids. This point is directly linked to the 
Gibbs point process features, in particular to the discrete Poisson law leading to the 
inclusions number which is possibly zero. 

Figure 10 shows the estimated mean macroscopic stress-strain curve as well as 
the 99.9% confidence interval. Since this confidence interval is quite narrow the 
number of integration points for the stochastic integration method is sufficient to 
make accurate conclusions and to provide good estimates of statistical moments. 
Moreover, the macroscopic stress a and strain e are defined as equivalent homoge- 
neous quantities, 

A a = ^' ^' 



S = 



(8) 
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Table 2 Macroscopic Mean estimator Std-dev interval 

quantities statistics 



CT„ 6.63 MPa [5.82 MPa, 7.45 MPa] 

Oy 2.49 MPa [2.15MPa, 2.54MPa] 

E 9.93 GPa [9.27 GPa, 10.60 GPa] 



where Lx and Ly are the size of the domain and Ri the axial reactions. This macro- 
scopic mean curve leads to the determination of an estimate for the macroscopic 
mean Young's modulus as well as to an estimate of the maximum stress mean Of. 
Table 2 summaries the statistical macroscopic estimates obtained from this numeri- 
cal example. Those estimates are quite good candidates to be employ in the context 
of a macroscopic phenomenological model, here for ID case. Actually these macro 
model parameters might be used in order to define macroscopic random fields and, 
therefore, a stochastic macro-model (that we would have to be solved using any 
stochastic integration method). It is worth to note that the only missing data in order 
to fully define weakly homogeneous second order random fields is the covariance 
function. In the most simple case, such second-order information might be given 
according to one scalar parameter only, the macroscopic correlation length. 



5 Size Effect Representation 

Size effects for quasi-brittle materials can be experimentally demonstrated at macro- 
scale and several ways exist dealing with its modelling. Most of them are linking the 
micro-cracks coalescence phenomena which consists in the failure process first step 
to such size effect. An extensive literature exists on that topic, from the early studies 
of Weibull (see [35]) dealing with infinite chains built from brittle links (theory of 
the weakest link), to the current two concurrent theories of Bazant on the one side 
and of Carpinteri on another. The first one tends to describe size effect as a determin- 
istic theory of strength redistribution in a Fracture Process Zone (FPZ) which size 
is proportional to a characteristic length, that leads to energetic dissipation. At some 
level, the micro-cracks coalescence that induces both heterogeneous behavior and 
some kind of localization, is strongly intricate to size effect. Hence, a way to study 
the fracture of quasi-brittle material is to study size effect. Recently, Bazant has de- 
veloped a new theory as a combination of this previous theory with the Weibull's 
one leading to the so called energetic-statistical size effect (see [2]). An other theory 
melting a non-local model and a stochastic approach has been developed in [29]. On 
the other hand, Carpinteri's theory is based on the study of quasi-brittle materials 
seen as materials with a fractal micro-structure (see [6]). 

Our goal is to stress on the possibility to model size effect, taking place at 
macro-scale, with the use of correlated random fields for macroscopic properties. 
With some basic assumptions, such macroscopic random fields are defined by their 
marginal (point- wise) first and second moments as well as their covariance function. 
Adding isotropy condition, this covariance function might be parameterized using. 
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for example, a unique scalar value: the correlation length Lc- This length plays a 
key role in this context of size effects. Contrary to classical macroscopic model 
which are based on the RVE concept only, Lc actually defines a scale to which the 
whole structure size is compared. In that sense such correlated fields naturally in- 
corporates size effects. Moreover and to some extend, such correlation length Lc 
might be considered as the "characteristic length" which needs to be defined using 
the well-known macroscopic non-local models [28]. Contrary to this characteristic 
length for which there is a lack of physical interpretation, the correlation length Lc 
as well as the marginal first and second orders moments necessary to fully defined 
macroscopic properties random fields, might be retrieved from a two-scales anal- 
ysis like the one presented in the previous section. Thus we draw here a complete 
macroscopic modelling methodology, starting from properties and uncertainties at 
meso-scale (which appears to be the most pertinent one considering mechanical 
failure of cement based materials) to macroscopic behavior. 

As an example of this methodology in a ID context, we first begin to recall some 
of the key points dealing with random fields and the Karhunen-Loeve expansion, 
which is one of the most efficient way of representation in a computational context. 
Then we turn to the macroscopic description of the model and its integration using 
once again the direct Monte Carlo simulations way. 



5. / Random Fields for Material Properties 
and Their Karhunen-Loeve Expansion 

The macroscopic ID model we consider here is representing a three-stage failure 
process which is typical of cement based materials. After the elastic regime, the in- 
elastic behavior starts considering a homogeneous micro-cracking in the so-called 
Fracture Process Zone (FPZ). Such phenomenon might be modelled by a volume 
dissipation process and phenomenological macro-models are obviously good can- 
didates to this. Once having reached a certain loading limit, the coalescence of 
the micro-cracks turns to some kind of localization and macro-cracking. For this 
last stage (and so just before structure's failure), phenomenological models are no 
more valid, mainly according two points: first they are leading to some mesh depen- 
dance which are typical of softening laws; second because of localization the RVE 
concept is not applicable. To overcome this drawback, many authors turned to the 
well-known non-local theory which consists in considering a characteristic length. 
Another way is to consider strong discontinuities models like the one presented in 
Sect. 2 for the meso-scale. For ID context this model requires four parameters to 
fully describe all the failure process (see Fig. 1), namely the elastic modulus E, the 
yield stress Oy, the failure stress ct„ and the fracture energy G/. 

In order to model size effect with such macro-model, the key idea is to consider 
its macroscopic parameters (namely Oy and the gap ej = a,, — CTj, ) as correlated ran- 
dom fields over the geometric space ^ and a probability space Q . Mathematically 
speaking, i2 is a space of random elementary events, together with a class of subsets 



Probability Based Size Effect for Failure 



307 



3 of ^ (i.e a a-algebra, see [22]) to which a real number in the interval [0, 1] may be 
assigned, the probability of occurrence, mathematically a measure P . A 1^- valued 
random variable r is then a function relating to each oj € Q an element r(ft;) e y. 
In case the space 1^ is a space of functions ^(^) on a spatial domain ^, then r de- 
fines a random field. In some sense, this random field r can be viewed as an infinite 
family of random variables r{x, co), assigned at each point x € &. Both ay and e/ 
are positive and supposed to have a finite known variance. We also assume that our 
solution, here the displacement along the bar is of the second order. Thus, thanks to 
the maximum entropy theory (see [30, 34]), these two random variables Uy and e/ 
can be taken with lognormal distribution. Without loss of generality, it is convenient 
to consider that these two random fields are defined as non-linear transformations 
of Gaussian random fields yi and yi- 



ay = exp(yi) and e/ = exp(y2) 
Yi and 72 are fully described by their expected values and their covariances: 



Ey.{x) and CoVy.{x,y) = Vj exp 



(-^if^) 



(9) 



(10) 



In (10) above we indicated that the Gaussian random fields yi and y2 are supposed 
to be weakly homogeneous with an exponential form of the covariance and the 
correlation length Lc- As the geometric space is of dimension one, the covariance 
can be drawn as a surface in a three dimension space over the two dimension space 

^ X ^ (see Fig. 11). 



^1^ v4 J^ 








Fig. 11 Random field covariance obtained from 5, 10, 20 and 50 modes in truncated KLE 
expansion: (a) 3D representation, (b) 2D representation, (c) representation error 
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Solving for the response of such a stochastic system essentially consists in com- 
puting some response statistics (e.g. its expected value). To that end, we once again 
employ here the so-called Monte-Carlo method which requires to solve many deter- 
ministic systems, each of them being built with realizations Oy (• , o), ) and efi-.coj) 
(see Fig. 12) of the random fields ay and e/. In order to provide these realizations 
an effective computational representation of correlated random fields is needed. One 
possible way is the Karhunen-Loeve expansion (see [22]), which is basically a pro- 
jection of a given random field onto the eigenvector basis, ortho-normal in LjiS)), 
obtained by the Fredholm eigenvalue problem of the second kind (11), 



/ 



CoVy(x, y)0i {x) dx = Pi 0i (y), y 



(11) 



The solution of this eigenvalue problem for any domain 2! is obtained using finite 
element techniques and yields to a way to synthesize the two Gaussian random fields 



y(x, y) = Y^ ^i'^i (•^)fi («) 



(12) 



/=i 



and consequently Gy and ej through relations (9). In Eq. 12, the ^\{m) are uncor- 
rected Gaussian random variables (with unit variance and zero mean) and thus 
independent. Having a computational approach in mind, the infinite sum (12) must 
be truncated. Figure 1 1 shows the covariance function synthesized using a different 
number of modes in KL expansion. These computations have been performed using 
a modified version of the finite element code FEAP (see [39]). 



5.2 Size Effect and Correlation Length 



As mentioned before, the ID macro-model we consider here is based on a strong 
discontinuity model (see [14]) which leads to the possibility to couple diffuse plas- 
ticity or damage (describing the volumetric dissipation due to the homogeneous 
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micro-cracking which takes place in the FPZ) with surface dissipation at the macro 
cracks. The latest drives the stress to zero without any mesh dependency. Moreover 
no special precaution in order to take account for size effect have been taken except 
considering lognormal correlated random fields for the macroscopic quantities Oy 
and ej . 

Considering tensile tests, three different lengths have been treated under dis- 
placement control (0.01, 0.1 and 1 m truss), keeping the correlation length equal 
to Lc = 0.01 m. These three cases will be called respectively small, medium and 
large. It is worth to note that for the medium case, the bar is the same size as the 
correlation length. 

Computing a realization (evaluation of the random field at a given point in the 
stochastic domain) of y\ and y^ via the truncated Karhunen-Loeve expansion on 
each of these bars as described previously and using the relations (9) lead to an 
efficient computational way of representing each realization the fields Oy and ey. 
The normalized fluctuating part of one realization of Oy and ej for each of these 
bar is shown on Fig. 12. It is worth to note that the larger the bar is with respect to 
the correlation length Lc the more fluctuating the random fields are. Thus, the more 
these macroscopic properties are likely to have lower bounds. In terms of strength, 
such lower bounds obviously lead to a weaker behavior. 

Each of these independent realizations is used to perform Monte Carlo with 
10,000 integration points for each case using the coFeap CTL component. Figure 13 
presents the cumulative density functions for the maximum load. Considering a 
given percentile of broken bars, it is worth to note that the smaller the bar is, the 
bigger is its ultimate stress, respectively 3.68 MPa for the small truss, to 3.3 MPa 
for the medium one and to 2.87 MPa for the large one. In other words, the strength 
of the structure is directly linked to its size. The larger is the structure comparing 
to the correlation length, the weaker is the structure. Hence, this stochastic way of 
modelling quasi-brittle failure naturally reveals size effect. Figure 13 shows the 99% 
confidence interval with respect to the computations that have been made. For each 
bar, none of these error bars are overlapping. This point leads to the conclusion that 
the number of stochastic integration points used for the Monte Carlo process is large 
enough and thus that the results are accurate. 

Clearly, the correlation length here plays the key role. Comparable to the charac- 
teristic length which appears in the non-local theory, it can be linked to the size of 
the Fracture Process Zone (FPZ) where micro-cracking occurs. The more the size 
of the FPZ prevails on the global size of the structure (which is the case for the 
small bar), the more similar to Continuum Damage Mechanics (CDM) the struc- 
ture's behavior is. On the opposite, if the FPZ size is negligible with respect to the 
size of the structure (i.e. the large bar), its influence on the global behavior of the 
structure is small. Thus macro-crack occurs following Linear Fracture Mechanics 
(LFM). Modelling the behavior of quasi-brittle materials is an attempt to link these 
two limit behaviors (LFM and CDM). Figure 13 shows that one possible way is to 
consider correlated random fields to describe macroscopic quantities. 
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6 Concluding Remarks 



When dealing with Finite Elements modelling of civil engineering structures built 
of heterogeneous materials, we can develop very robust phenomenological macro- 
models adapted to large structures computations. To achieve robustness, such 
models are based on homogeneous material representation of real material hetero- 
geneities, introducing the key concept of RVE, to be determined depending on the 
chosen property and a prescribed relative error. Even though these macro-models 
can work well for a particular loading program, they lack the predictive value which 
is mainly due to their inability to correctly represent failure mechanisms at finer 
scales, neither their origin nor (even less) their evolution. 

In order to improve predictive modelling of failure, the meso-scale has been here 
chosen as the one being pertinent to describe failure mechanisms. At this scale, 
cement-based composite materials (concrete, mortar etc.) are properly interpreted 
as heterogeneous and a special structured mesh methodology has been developed. 
Any such structured mesh relies on a regular grid where elements are not constrained 
to the physical interfaces between the different phases and can also contain phase 
interface. For any element crossed by phase interface, as shown here in detail for 
the classical CST elements, we explained how to enhance the elements kinematics 
accordingly by using the Incompatible Modes Method providing two kind of discon- 
tinuities. The first one consists in a strain discontinuity inside the element in order 
to model different elastic properties of the two phases. The second discontinuity 
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corresponds to a displacement one and allows to model the interface failure (e.g. 
debonding) along with the two different mechanisms, normal and tangential. We 
also showed that no remeshing is needed with such two-phases elements and struc- 
tured mesh strategy. 

With such an efficient failure modelling tool in hand we presented how to take 
into account for the variability of the geometrical description of a heterogeneous 
material at the meso-scale level. Considering cement-based materials, macroscopic 
properties such as mechanical strength are known to be strongly dependent from the 
porosity (voids volume fraction). Hence meso-scale geometry has been modelled by 
using modified Gibbs points processes with circular voids inside a perfectly-plastic 
Drucker-Prager matrix. Although the material properties of the two phases are as- 
sumed to be deterministic, this variability leads to a stochastic problem to be solved. 
In this work we employed the classical Monte-Carlo method in order to produce 
the statistical moments of the desired quantities. Using the Components Template 
Library (CTL) and the Finite Elements code FEAP we produced 10,000 independent 
realizations leading to first and second order statistics of macroscopic properties like 
elastic modulus, yield stress and ultimate stress. Moreover we determined the 5% 
relative error morphological RVE for different voids volume fractions. 

Finally, based on the macroscopic properties (e.g. yield stress) covariance func- 
tion (namely the covariance length), we showed that the proposed macro-model 
might provide a straight-forward modelling for size effect. Such size effects are 
a major issue in modelling quasi-brittle failure like cement-based one and bridge 
two limit cases. Continuum Damage Mechanic and Linear Fracture Mechanics as 
in Weibull's theory. In between, several authors have proposed size effects laws 
corresponding to different kind of structures and loading paths, or tried to model 
this particular feature. One attempt consists in using nonlocal models and retrieve 
size effects through their characteristic lengths, although this length has no physical 
basis. Here, we showed that the use of macroscopic correlated random fields natu- 
rally leads to size effects. Namely, the correlation length appearing in the random 
fields covariance functions is acting like a length scale. Another key ingredient of 
our development pertains to a phenomenological model that can account for both 
the fracture process zone (FPZ) and the localized failure introducing the displace- 
ment discontinuity and softening. This particular feature leads to the possibility to 
retrieve the size effect governed response that remains valid anywhere between the 
two limit cases: the one described Continuum Damage Mechanics, where the FPZ 
is dominant failure mechanism, and another defined by Linear Fracture Mechanics, 
where the displacement discontinuity quickly takes over failure leaving a negligible 
FPZ. This method might be viewed as an extension of Weibull's theory which can 
be retrieved considering uncorrelated random field. 
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The Scatter of Eigenfrequencies in Beams 
Made of Metal Foam 

Daniel Schwarzer and Carsten Proppe 



Abstract Due to their useful properties, metal foams became an interesting, often 
utilized and investigated material. Recent applications are in areas, where dynamic 
processes play a significant role. In the huge amount of literature about metal foam, 
mainly the material properties like strength and stability are investigated but the dy- 
namic behavior is rarely the object of research. Therefore this work investigates 
the principal vibration behavior of heterogeneous metal foam by examining the 
eigenfrequencies of bending beams in dependence on the irregular microstructure 
of the foam. 

First of all the linear elastic properties of metal foam and their variations have 
to be investigated. Therefore, mesoscopic three dimensional stochastic volume 
elements are sampled including the effects of inhomogeneities like varying thick- 
ness along a ligament, pre-deformed ligaments, imperfections, partially closed cell 
faces or non-planar cell faces. In order to perform the step from the meso- to the 
macroscale, the mechanical properties are expressed as normally distributed ran- 
dom fields with a determined autocorrelation function or the power spectral density. 

These random fields are used to predict the eigenfrequencies of Timoshenko 
beams made of metal foam. Therefore the Karhunen-Loeve expansion and the Spec- 
tral Representation are derived analytically for the determined data of metal foam 
and used as two realization generators in Monte-Carlo-Simulations. The results are 
compared with experiments. 



1 Introduction 

In the last years metal foams became a frequently employed material. This devel- 
opment is due to the reason that metal foam can be used in mainly three special 
applications: Since metal foam has a relatively high stiffness compared to its mass. 
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it can be utilized as energy absorbing elements in crash mechanics. Some modern 
cars use side skirts made of foamed metal. The advantage of this property is also 
taken in dynamic tasks, where structures are often accelerated and decelerated on a 
large scale. Here the mass has to be reduced without a loss of stiffness. One appli- 
cation of this are the carriages in modern machine tools [12]. The second property, 
why metal foam became more and more interesting, is its capability to act as an 
isolator for vibrations. Therefore chucks of modern machine tools contain a layer of 
metal foam in order to damp the vibrations coming from the cutting process [12]. 
This can also be used in acoustic applications. The third argument for metal foam is 
the huge surface in a small volume, which is needed as a basis bearing in catalytic 
converters or in filters. All these applications have in common that a knowledge of 
the mechanical properties, especially of the properties in vibration tasks, must be 
developed. 

On the other hand, foams in general have the problem that their properties show - 
due to their irregular structure - a huge scatter yielding an uncertainty: It is quite 
important to know if a side skirt of car absorbs in a crash the amount of energy 
at a certain stress level or not. Thus also the scatter of the properties has to be 
investigated. 

Since the length scale of the microstructure of metal foam is on the order of 
magnitude of the real problems to be examined (this scale is called from now on 
mesoscale), homogeneous material theories can not be applied. Thus, the irregular 
structure has to be taken into account. As a result of the different manufacturing 
processes for foams [1], the mesoscopic structure varies [9]: Foams can consist of 
open or closed cells and the shape of the structure and therewith the lengths of 
the ligaments and the connectivity at the vertices vary in a huge manner. Further 
on, there exist mesoscopic inhomogeneities like imperfections, pre-deformed liga- 
ments, non-planar cell faces and others. All these points have an influence on the 
material properties and therewith on the behavior of metal foam parts. 

This paper is split into two parts: In the first part the linear elastic properties are 
investigated with the help of a mesoscopic model containing structural differences 
like different cross section shape or varying thickness along a ligament and inho- 
mogeneities like pre-deformed ligaments, imperfections, partially closed cell faces 
or non-planar cell faces. With the help of this model, the distributions of linear elas- 
tic properties of Aluminium foam are predicted. Afterwards the correlation function 
and other statistic characteristics for these properties, like the power spectral density, 
are calculated in order to describe the properties as random fields. In the second part 
of this paper the eigenfrequencies of beams made of metal foam and their scatter 
are predicted with the help of Monte-Carlo-Simulations. For these Monte-Carlo- 
Simulations different generators of the realizations, the Karhunen-Loeve expansion 
and the Spectral Representation, are compared and applied to the investigated prob- 
lem. Finally the results for the eigenfrequencies are compared to the results of 
experiments. 

The paper closes with some concluding remarks. 
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2 Determination of the Linear Elastic Properties 

In order to calculate the linear elastic properties of metal foam, mesoscopic volume 
elements are created randomly and loaded by boundary conditions yielding an upper 
(kinematic uniform boundary conditions KUBC) and a lower bound (static uniform 
boundary conditions SUBC) for the elastic properties. This procedure is often used 
in literature but mainly for the prediction of the volume size of a statistically rep- 
resentative volume element (RVE) used in homogenization schemes (for example 
[15, 16]). The sample size, for which these two bounds converge to the same value, 
defines the size of the RVE. Therefore the mechanical properties of the RVE are the- 
oretically deterministic - in the sense of being accurate enough to represent mean 
constitutive response [5]. 

On the other hand, these homogenization techniques are based on the condition 
that the scale of the microstructure and the scale of the observed mechanical compo- 
nents can be separated thanks to the huge difference in their characteristic lengths. 
Unfortunately, the characteristic length scale of metal foam is in many applications 
not much smaller than the characteristic length scale of the component to be inves- 
tigated. For these reasons, no RVE can be defined and the homogenization schemes 
cannot be applied. One has to use stochastic volume elements (S VE) instead. In this 
case the above mentioned method of loading different boundary conditions can still 
be adopted yielding so-called apparent properties [13], which are still the bounds 
of the effective properties of interest. For the stiffness tensor C and the compliance 
tensor S, the following condition holds: 

/oReussx-l ^ /oSUBC \-l < p < pKUBC < pVoigt 

v^ / — V'^apparent-' — ^effective — ^apparent — ^ ' 

where the upper and lower bounds are bounded themselves by the classical bounds 
of Voigt and Reuss. 

Since the mechanical properties of metal foam are estimated with the help of 
SVEs, not only their mean value but also their scatter can be calculated. Also the 
influence of mesoscopic inhomogeneities on the mechanical behavior can be mea- 
sured and evaluated. This is done in the following subsections. 



2.1 Generation of Structure 

Since the basic deformation mechanism of metal foams is bending dominated, the 
mesoscopic model is based on the idea of Gibson and Ashby [9] that foam consists 
of a network of connected Timoshenko type beams with the material properties of 
the solid structure and circular cross sections. These three dimensional networks are 
generated either in a regular manner with the help of Kelvin cells or irregularly by 
randomly perturbing the vertices positions of the Kelvin cells or with the help of 



318 



D. Schwarzer and C. Proppe 




Fig. 1 Regular and irregular (misaligned and Voronoi) structures 
Young's Modulus over volume size 
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Fig. 2 Size effect of Young's modulus 






cells generated by a Voronoi tessellation (Fig. 1). The latter method is based on the 
growth of grains from randomly chosen but uniformly distributed points. The input 
parameters to these generators are the number of cells in the S VE, the material prop- 
erties of the solid and the relative density, which is the density of the foam divided 
by the density of the solid. The relative density is the most important parameter for 
metal foams, since other quantities like for example the constant cross sections area, 
can be calculated from it and since there are some formulas for basic estimations in 
dependence on this parameter [9]. 

In order to predict the elastic material constants in each direction, each real- 
ization of the ligament network is loaded by different load cases of the boundary 
conditions mentioned above and solved with the help of the finite element method. 
Afterwards the apparent material parameters (here mainly Young's modulus in three 
directions) are calculated from the results. For each parameter set to be investigated, 
at least 50 realizations are simulated and the mean values and standard deviations of 
these realizations are calculated. The calculations are done by generating the SVE 
in MatLab® and solving the gained equations with the help of the commercial FE 
solver Abaqus® . The statistical evaluation is done again in MatLab®. 

In order to study the principal behavior of the SVE, macroscopic beamlike 
structures are considered and generated from a Voronoi tessellation. Starting from 
one end of these structures, smaller volume elements with increasing size in one 
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dimension are cut out and analyzed. From this, the Young's modulus can be plotted 
in dependence on the dimension of the volume element in the direction of the macro- 
scopic beam's length axis. 

As can be seen in Fig. 2, the upper and lower bound of the Young's modulus 
increase with increasing sample size until a certain size of the volume element (here 
about 40 mm) is reached. This behavior is due to a size effect of the model. For 
volumes larger than this size, the values remain approximately at the same level and 
only the difference between the two bounds becomes smaller. This means that the 
size of the volume element must be large enough to suppress the size effect. 

From similar calculations with cubic volume elements the same results can be 
obtained. Additional the shape of the compliance tensor S can be investigated. For 
this and from the calculation, S is written in the notation of Federov and Cowin 
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meaning that the material fulfills, depending on the structure generator and the size 
of the volume element, one of the following symmetries [2,3]: orthotropic, tetrago- 
nal, transversely isotropic, cubic or isotropic symmetry. 

As can be seen from the graphical representations [2] of the generalized Hooke's 
law (Fig. 3), where the Young's modulus is plotted in all direction of the space, 
the Young's modulus of the regular Kelvin cell model has a spherical shape and 
is therefore isotropic. Small disturbances of these regular cells yield also for quite 
small volume elements isotropic behavior. Interestingly, the symmetry group of the 
Voronoi cell generator changes with increasing size of the volume element. For 
small volume elements no symmetry group can be determined, while for bigger 
sizes a cubic symmetry turns out. Increasing the sample size further on, the Voronoi 
cells show an isotropic behavior as well. The size of the volume element is then in 
the same dimension as it is needed to suppress the mentioned size effect. Therefore 
metal foam can be treated as macroscopically isotropic. 



2.2 Modeling Different Foams 



In order to calculate the linear elastic properties of different foams, some prop- 
erties such as the cross section shape and area or the irregularity of the structure 
must be adjustable. Here, the influence of these different modelings will be shown. 
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Fig. 3 Symmetry of different cell structures and volume element sizes. The grey level shows the 
deviation of the Young's modulus from the isotropic case 




Fig. 4 Comparison of different cross section shapes 



The decision, which variant of the model to choose, depends on the geometry of 
the investigated foam. This geometry can be examined with the help of computer 
tomography. 

In a first step the shape of the cross section of one ligament is changed. The shape 
depends on the way of manufacturing the foam, on its relative density and on the 
material of which they exist. For example the cross section shape T+ in Fig. 4 is 
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close to the sections shape of an open-cell Aluminium foam (Duocel® ), the last one 
in Fig. 4 (T— ) is close to the shape of a polyurethane foam [14]. For comparability 
the relative density of the model is kept constant meaning a constant cross section 
area. From this condition the characteristic length t of each section is calculated. 
The change of the cross sections shape yields only a change of the foam stiffness, 
which is of the same size as the change of the area moment of inertia of the beams 
cross section itself and which is independent of the used type of network generator. 

In general, foams can be classified in two classes of topology: open and closed 
cell foams. For Aluminium as the solid material, Duocel® is an example for an open 
cell, while Alporas® is a closed cell foam. The open cell foams can be modeled as 
described above. To calculate the answer of closed cell models all faces are closed 
with the help of standard triangular shell-elements. The influence of this will be 
discussed in the next section. Here it is just mentioned that the adjustments in the 
following introduced hold for both types of foam: open and closed cell foams. 

In a next step the influence of the three network generators on the Young's modu- 
lus is studied. The Kelvin-cell network, which is a regular structure, shows only one 
deterministic value of the Young's modulus. Introducing disturbed vertices positions 
yield a weaker irregular structure with a standard deviation for Young's modulus of 
about 5%. The Voronoi-algorithm with uniform distributed grains and no further re- 
strictions (Poisson- or T^-Voronoi) predicts an even weaker structure with a standard 
deviation of 15% (Fig. 5). 

Introducing now as a restriction a minimum distance between the midpoints of 
two adjacent cells in the Voronoi algorithm (5-Voronoi), like it is commonly done 
in literature (e.g. [4]), the generated structure turns in an uniformer and stiffer ver- 
sion. The bigger this minimum distance is, the higher the Young's modulus will 
be, but with a nearly constant standard deviation. The limit of the increasing of the 
minimum distance is reached, when the grains for the Voronoi model have all the 
same distance from each other, which results in a structure with nearly the same 
Young's modulus as the Kelvin cell model. The Kelvin cell model has two char- 
acteristic distances between the midpoints (one diagonal and one horizontal) for a 
given number of grains and a given volume element size, while the Voronoi model 
has only one. This fact is responsible for the standard deviation of the Young's 
modulus for Voronoi model. The results can be seen in Fig. 5, which compares the 
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Fig. 6 Overview of some 
mesoscopic inhomogeneities 
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obtained results with respect to the variation of the minimum distance between the 
midpoints of two adjacent cells. In the following the Voronoi algorithm is used with 
no minimum distance. 

Figure 6 shows a picture of an open-cell metal foam. As can be seen, different 
mesoscopic inhomogeneities like varying ligament's thickness, pre-deformed liga- 
ments, closed cell walls or imperfections may occur. In the following part of this 
paper, the influence of these inhomogeneities is investigated. 

The first investigated mesoscopic inhomogeneity is the thickness of one liga- 
ment: It varies between the two vertices in such a way that there is more solid 
material close to the vertices than in the middle of the ligament. This is modeled 
by discretizing the ligament into several FEM-beam elements with different but 
constant thicknesses. The thickness of each (sub-) beam is calculated with the help 
of two mathematical approximations available in literature: Jang et al. [14] approxi- 
mate the thickness of an open-cell Aluminium foam by fitting a polynomial of order 
four to measured cross section area data and calculate from that the thickness of the 
beams. 

In contrast to that, Harders [11] models foam in two dimensions with rectangular 
cross sections shape and approximates the thickness by a simple quadratic function 
over the dimensionless length ^ = j; under the condition that the relative density 
remains constant. This yields two parameters: ?o for the average thickness of the 
beam and thus for the relative density and t,ei for the design of the curvature of 
the ligament (0 < t,ei because of minimum positive thickness in the middle of the 
beam, trei < 1 for realistic curvatures). Thus this approach can be fitted to different 
ligament shapes existing in different foams by adjusting the parameter t,ei. While 
extending this approach to three dimensions, it turns out that the calculated thickness 
is independent of the cross section shapes, which are examined in this work: 
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Comparing the model with varying ligament's thickness to the one without, the 
model of Jang et al. predicts a higher value of the Young's modulus. The same effect 
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Fig. 7 Varying the cross sections area on the Young's modulus 

can be achieved with the extended Harders' thickness for values of the curvature 
parameter trei between approx. 0.5 and 1 . Therefore any real stiffness can be approx- 
imated through the derived formula by comparing the stiffness of only one beam. 
Decreasing the curvature parameter under 0.5 yields beams having such small cross 
sections in the middle that they are unable to carry much load and therefore the 
Young's modulus decreases. 

The results are plotted for regular Kelvin cells in Fig. 7. For the other network 
generators the results are comparable: Only the mean value changes, while the 
scatter measured by the standard deviation remains at the same level. Even if the cur- 
vature parameter ?,f/ is randomly distributed in a small range, the level of the scatter 
remains the same. 



2.3 Including Random Inhomogeneities on the Mesoscale 



In this subsection the influence of different mesoscopic inhomogeneities like imper- 
fections, some closed cells and predeformed ligaments or non-planar cell walls are 
investigated. 

Figure 6 shows that some ligaments can be broken after the manufacturing pro- 
cess. These imperfections are modeled by randomly erasing nodes of the ligaments, 
which are discretized by more than one beam element. Since these ligaments do 
not contribute to the stiffness of the volume elements, they are erased and therefore 
the calculated relative density of the foam decreases. From this it follows that the 
calculated Young's modulus decreases as well. Already at a decrease of 15% of the 
relative density, the Young's modulus is reduced by 50%. Same results are obtained 
e.g. by Gan et al. [7]. The standard deviation of this model increases with more 
erased nodes. Also at 15% loss of the relative density, the influence of the irregular 
structure is no longer recognizable (Fig. 8). 

As mentioned before, foams can be classified in open and closed cell foams. 
But even for open-cell foams, there are closed cells coming from the manufacturing 
process (Fig. 6). In order to capture the influence of these closed cells, some cells of 
the open-cell model are chosen randomly and closed by introducing triangular shell 
elements. The number of closed faces can be adjusted by a parameter which stands 
for the percentage of closed related to all cell faces. 
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Fig. 8 Influence of imperfections on Young's modulus 
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Fig. 9 Influence of closed cell faces on Young's modulus 



In Fig. 9 the results are shown: for all three structure generators, the Young's 
modulus increases with a higher number of closed cells. But a percentage smaller 
than approx. 20% results in no difference of the Young's modulus. This means that 
some closed cells, coming from the manufacturing process, have no influence on 
the mean value of the Young's modulus, which is calculated for each percentage 
value out of 50 realizations. Increasing the percentage up to 100% yields a structure 
which is equivalent to a model for closed-cell foam. Hereby the Young's modulus 
is predicted approx. 1 1-12 times higher than the one for the open-cell foam for the 
to Kelvin structures and about 15 times higher for the Voronoi structure (Fig. 9, top 
right). 

Looking at the standard deviations occurring in these calculations (Fig. 9, down 
right), one can notice the influence of closed cells for the regular Kelvin cell model: 
Starting and ending at a deterministic model, the coefficient of variation increases 
quite fast and reaches its maximum value of approx. 30% at 50% closed cell faces. 
This result seems to be obvious. As in other investigations before, the disturbed ver- 
tex positions of the irregular Kelvin cells have nearly no influence. Only for models 
with less than 10% closed cells the influence can be noticed. In contrast to this be- 
havior, the Voronoi model starts at a higher value for the standard deviation and 
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Fig. 10 Influence of predeformed ligaments and non planar cell walls on Young's modulus 



reaches its maximum already at about 30% of closed cell faces. It is also remark- 
able that the values for the coefficient of variation for closed cell foams are smaller 
than the one for open cell foam. 

Until now the ligaments and the cell faces were straight or planar respec- 
tively. As can be seen in Fig. 6, this assumption does not hold in general. In order 
to model predeformed ligaments, the ligaments are discretized again into several 
(sub-) beams. The connection points of these (sub-) beams are then moved in a 
direction perpendicular to the ligaments axis, which is calculated with the help of 
Kardan angles. Thereby the third Kardan angle is chosen at random. To determine 
the absolute value of the movement for each node, different shapes like sine, halfsine 
and halfsine squared are assumed depending only on one parameter: its amplitude. 
Since the ligaments have different length, the amplitude is chosen as a percentage 
q of its length. These three shape forms are chosen, because the first and the sec- 
ond represent the real ligament's shapes while the last has no rotation at the vertex' 
position and therefore allows to study the influence of the cross section rotation. 
To model the non-planar cell faces, the open cell model with predeformed ligaments 
is taken and the cell faces are closed afterwards. 

The influence of these two inhomogeneities is the same (see Fig. 10): All shape 
forms decrease the Young's modulus dramatically while increasing the parameter 
for the amplitude. For an amplitude of 25% of the ligaments length, the Young's 
modulus of the open cell foam is reduced by 75%, the one of the closed cell foam by 
20% respectively. The influence is smaller for closed than for open cell foams. The 
same results can be seen comparing the coefficients of variation. As the difference 
between the results for the halfsine and the halfsine squared shape form is small, 
it can be concluded that the influence of the cross section rotation at the vertex is 
negligible when compared to the influence of the amplitude. 



2.4 Validation 



In order to validate the mesoscopic model for foam, one open cell (Duocel®) and 
one closed cell (Alporas® ) aluminium foam is used. The necessary data of Duocel® 
is taken from the homepage of the manufacturer "ERG Materials and Aerospace 
Cooperation" [6]. Unfortunately, there are no data of the standard deviation of the 
Young's modulus available. The data of Alporas® were measured: For this purpose 
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Table 1 Comparison Young's modulus 

of Young's modulus from 



experiments and of model Measured Simulated 

Duocel® Hi: = 93.08 MPa fig = 94.3 MPa 
Alporas® //£ = 1,089 MPa /i£ = 1,277 MPa 
CT£ = 330 MPa Ge = 285 MPa 



the eigenfrequencies and eigenforms for traction, bending and torsion of 20 beams 
(2,000 mm length and a quadratic cross section area with an edge length of 50 mm) 
are measured. From these eigenfrequencies the Young's and the shear modulus 
are calculated by assuming onedimensional vibrating structures (for example 
Timoshenko beams for the bending eigenfrequencies). 

From these data, models are created: The model for Duocel® is made with an 
irregular Kelvin cell structure with 10 PPl (pores per Inch), a relative density of 
8%, the varying thickness from Jang [14] and predeformed ligaments (amplitude 
equals 18% of length) with the cross section shape T+ from Fig. 4. The model for 
Alporas® is generated with the Voronoi structure generator with approx. 7.17 PPI, 
a relative density of 8,65%. It has non-planar closed cell faces. 

From the results in Table 1, it can be seen that the Young's modulus of both 
foams are predicted in the right order of magnitude. For Duocel®, the difference is 
less than 2%, for Alporas® less than 20%. The standard deviation are predicted for 
both models as too small, but the one coming from the Voronoi structure reflects the 
real standard deviation quite good. Both models include parameters, for example the 
amplitude of the predeformed ligaments or the number of broken ligaments, which 
are estimated by hand. More work has to be done to find values which are validated 
by experiments or CT-images. Anyhow, this presented model is good enough to be 
used in the prediction of the linear elastic material constants. 



3 Statistical Evaluation 

After building up the mesoscale model, investigating the influences of some inho- 
mogeneities and validating with the help of experiments, the model can be used to 
predict the mean value and the scatter of the linear elastic properties of metal foam. 
The goal of this section is the description of the elastic properties as a random field 
in order to be used in further applications. 



3.1 Determination of the Distribution Function 

The basis of the calculation done in this subsection are about 1,000 analyzed realiza- 
tions of a specific open and a specific closed cell foam each. From these calculations 
histograms of the upper and lower bound of the Young's modulus are plotted and 
compared to analytical distribution functions. To find the optimal parameter for 
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the analytical functions, the maximum likelihood estimate is used. Afterwards the 
Kolmogorov-Smirnov test is carried out in order to find the best distribution. The re- 
sult of the test is that the Young's modulus can be assumed as normally distributed 
for both bounds with the same standard deviation. Therefore, the pragmatic ap- 
proach that the searched material parameters are the mean values of the two bounds 
can be used [10]. Thus, the Young's modulus can be assumed as normally distributed 
for both open- and closed-cell foams, even if physically non reasonable values (neg- 
ative) may occur for the Young's modulus, since the Gaussian distribution is not 
bounded [17]. These values have to be cut of and the density function renormalized. 
With the same technique the distribution of the mass density p, the shear modulus 
G and the bulk modulus K can be estimated: they can also be treated as normally 
distributed. 



3.2 Determination of Correlations 



In order to find the autocorrelation function for Young's modulus, 25 beam struc- 
tures (100 X 10 X 10 mm) made of foam are generated with a Voronoi-network and 
analyzed by a method of moving cubes: Cubes of the same size are cut out of each 
of these beams at different positions along the beams length axis. For each cube the 
Young's modulus is calculated so that it is determined as a function of the position 
X on the beams length axis. This procedure is shown in Fig. 1 1. It is also repeated 
for different cube sizes and different resolution lengths d of the cubes position. 

In order to calculate the autocorrelation data, the 25 obtained fields E{x) are 
normalized assuming stationarity by 



Eo(x) = 



E{x) - jlE 
CfE 



(2) 



where ^ie and oe are the mean value and the standard deviation of the Young's 
modulus respectively. Afterwards for each field the autocorrelation data 



Ce{A) 



-f 

Jo 



Eo(x)Eo{x + A)dx 



(3) 



Varying Young's Modulus of length 



E 100 



E(x) 

^^ mean(E) 



100 




Fig. 11 Calculating the Young's modulus in dependence of position x 
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Autocorrelation function: Comparison 
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Fig. 12 Autocorrelation function: left for different material parameter, right comparison 



is calculated as a function of the distance A = xi — x\, normalized by 



Ce^{A) = 



CeeJ^) 
Cee(A = 0) 



(4) 



and the mean value over all 25 fields is taken at each distance A. The results are 
shown in Fig. 12. 

From these results it can be seen that the correlation data turns to zero when 
increasing the distance. This means that the random field can be treated as an ergodic 
random field, since the condition for ergodicity of a stationary Gaussian random 
field is lim Ce(A) = 0. 

4->oo 

For the description of the autocorrelation data with an analytical function, the 
function 

(5) 



C^{x) = e '^'^' (mcoswIxI + vsinwl.xl) 



is used in a first step. In order to determine the parameters c, u, v, w, different con- 
ditions have to be fulfilled: 

(1) The autocorrelation function must be equal to 1 atthedistanceO(C£'(:<:=0)=l), 
since the Young's modulus at one position is strongly correlated with itself. 
This condition yields u = I. 

(II) Since the data of the Young's modulus was normalized, the autocorrelation 
function must be mean free. Therefore the integral must be equal to zero: 



/ CeMcIx = 2 / CE{x)dx 

=— OO x = 



uc + vw 
2^ 7 = 0. 



(6) 



Thus V = — M-. 
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With these conditions the suggested autocorrelation function is: 

Csix) = e"'^'''' (cosw|x| - - sinw|x|) . (7) 

V w / 

Carrying out a least-square fit of this function to the given autocorrelation data, 
it turns out that w ^- and therefore the autocorrelation function degenerates to the 
one-parametric function 

C^^(x) = e-'^l^l(l-c|x|), (8) 

with the parameter c = 0.164. In Fig. 12, the autocorrelation data of the four 
material parameters, density p. Young's modulus E, shear modulus G and bulk 
modulus K, are compared to each other: The density, the Young's modulus and the 
bulk modulus behave in the same way so that their autocorrelation data is similar. 
Therefore the autocorrelation function can be fit by the same analytical function (8). 
In contrast, the shear modulus behaves in a different way and has to be investigated 
separately. 

Cross correlations: 

In the same manner the cross correlations between Young's modulus E, shear mod- 
ulus G, bulk modulus K and the density p are determined, for example by 



L 



Cep(A) = / Eo(x)po(x + A)dx. (9) 

The cross correlation functions are shown in Fig. 13. The Young's modulus, the 
mass density and the bulk modulus are quite strongly correlated, while the shear 
modulus G is uncorrelated to the latter ones. Therefore the autocorrelation function 
for the density is assumed to be the same with that of Young's modulus. 



3.3 Power Spectral Density 

The power spectral density (PSD) of the material parameters can be calculated by a 
Fourier- Transformation of the autocorrelation function C(x) (Wiener- Khintchine) 



S{a))= \ C(x)e-""^t/x, (10) 



/ 



where to is the angular space frequency with the unit [rad/mm]. For the suggested 
autocorrelation function with the sine and the cosine function C^ , the PSD results in 
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Fig. 13 Crosscorrelations between Young's modulus E, shear modulus G, bulk modulus K and 
the mass density p 
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while for the degenerated autocorrelation function C" the PSD is 



(11) 



(c2 + ^2)2 



(12) 



Since the PSD can also be calculated from the square value of the Fourier- 
Transform of the normalized and therewith mean-free material parameter over the 
position (for example Young's modulus Eo(x)), the PSD must be equal to zero at 
o) = 0. For the first autocorrelation function this yields the condition 



po = uc + ucw + wvc + w V = w{c + w )(uc + vw) = 0, 



(13) 
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which is the same condition Hke for zero mean value of the autocorrelation function 
in Eq. 6, since all parameter cm, v, w are real and different from 0. In contrast, 
the degenerated autocorrelation function C" fulfills this condition by definition, 
therefore S"{co = 0) = 0. 



3. 4 Conclusions of Statistical Evaluation 

Until now, the results can be summarized as follows: 

• The Young's modulus E, the density p, the shear modulus G and the bulk modu- 
lus K are normally distributed. Their mean /x and their standard deviation a are 
known. 

• The autocorrelation data of the Young's modulus E, the bulk modulus K and the 
density p is determined and expressed through an analytical function. Since the 
differences in their autocorrelation data are negligible and their cross correlation 
data shows a dependency on each other, the same parameter for this analytical 
function can be used. The associated PSD is known. 

• As a consequence of the last two items, the Young's modulus E, the density p 
and the bulk modulus K can be written as normalized random fields a(x, 9), 
where 6 denotes an element of the set of outcome of a complete probability 
space f2p. 

• The shape of the autocorrelation data of the shear modulus G is different to the 
other material parameters. Also the cross correlations show that it is uncorrelated. 
Therefore the shear modulus has to be treated separately. Since the correlation 
data was examined using a Voronoi model with a moderate volume element size, 
this independence of the shear modulus G is in agreement with the cubic sym- 
metry of the compliance tensor S e.g. in Fig. 3. 



4 Application 

In this section the previously obtained results are applied to the prediction of eigen- 
frequencies of metal foam structures. This information is important especially for 
those tasks, where vibrations play a significant role. Examples are the transmission 
behavior of foamed layers in drilling chucks, all sorts of vibrations in high accurate 
machine tools or in noise reduction tasks for the comfort in cars. The influence of 
metal foam is shown here with the help of simple, one dimensional problems: The 
calculation of bending eigenfrequencies of beams. 

In order to predict the eigenfrequencies, two steps are necessary: 

1. First of all, different realizations of the random fields for the Young's modulus 
E{x,9), the shear modulus G(x,6) and the density p(x,6) have to be com- 
puted. This is done in literature commonly in two different ways: With the 
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Karhunen-Loeve Expansion (KLE), starting with a spectral decomposition of the 
autocorrelation data and expanding the random field in a Fourier-type series with 
separated physical and stochastic domain, or with the Spectral Representation 
(SR) by a series of trigonometric functions with random phases. 
2. Afterwards these realizations are used as input material data in Monte-Carlo FE 
simulations (MCS). 



4.1 Generation of Realizations 

For the calculation of realizations of a random field a{x,0) representing one of 
the parameter fields E(x, 9), G{x, 9) or p(x, 9), different possible ways exist in 
literature. In this work the commonly used ways, the KLE and the SR, are used and 
derived in the following sections for the current random fields. Other ways, like for 
example a linear filter of white noise as a point process, are not utilized since they 
have the disadvantage that they do not allow further analytical or semi-analytical 
investigations like stochastic FEM or a perturbation method. 



4.1.1 Karhunen-Loeve Expansion 

With the help of the Karhunen-Loeve expansion it is possible to separate the 
physical domain f2 and the probability space f2p through a series of orthogonal 
functions. These functions are the eigenfunctions of a Fredholm integral equation 
of second kind with the autocorrelation data as kernel function. Therefore the KLE 
is a spectral decomposition of the autocorrelation function [8]. With this, the real- 
ization of the random field can be written as 

a(x,9) = J2VKfn{x)z„(9), (14) 

« = 

where Zn(9) are uncorrelated Gaussian random variables, since a(x,9) is a 
Gaussian field. Under a suitable assumption for the correlation function, the KLE is 
then almost surely convergent and one may truncate the series for n > N: 

N 
a{x, 6)^Y. ^f^nfn{x)Zn(9) = Zii9)Fiix), (15) 

n=0 

withz(0) = [zi(f?),Z2W,...,Z7v(^)]andF(x) = [VI7/i(x), VX^/zC^), . . . , 

\^^N fN(x)~\ ■ The necessary eigenvalues A„ and eigenfunctions /n(x) have to 
fulfill the Fredholm integral equation 

/ C(Xi,X2)fn{Xl)dXi = X„f„{X2). (16) 

J xi 
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In addition the eigenfunctions /„ (x) are normalized according to 



/. 



fnix) fm{x)dx = (5„,„, (17) 



where i5„m is the Kronecker delta function. In order to determine A„ and fn(x), the 
integral f^ ...dxy in Eq. 16 is split into the two integrals J^^ ...dxi + f^ ...dxy, 
where a is the lower and b the upper boundary of the physical domain Q respec- 
tively. Differentiating this equation four times with respect to X2 and introducing 
the lower differentiations into this fourth differentiation yield a ordinary differential 
equation for /„ (x) for the autocorrelation function C"(x) given in Eq. 8 

A/;"(x) + c(4 - 2cA)/;(x) + c^Xfnix) = 0. (18) 

The real solution of the differential equation for /„ (x) changes depending on the 
parameter c and the eigenvalue A. If cA < 1 the solution is 

//(x) = c{ cosvix + Cj sin Vix + c| C0SU2X + c^ sinu2X, (19) 



with u^,2 — ~<^^ "'" ^l(^ -'- Vl — cA), while in the other case (cA > 1) the solution 
degenerates to 

//(jc) = {c'le-"^'' + c'^e"^'') cos v^x + (^g-''^^ + c'le"^"") sin v^x, (20) 

with y| = |(cA — 1) and vj = j. 

The four necessary boundary conditions for the solution of this differential equa- 
tion can be computed in the same way like the differential equation was derived, 
and expressed by introducing the boundary of the physical domain fi at x = a or 
X = b respectively through the following equations 

= A/„"(a) - 2cA/„'(a) + c(cA + 4) Ma) (21) 

= A/;(Z,) + 2cA/„'(fo) - c(cA + 4)Mb) (22) 

= A/;'(fl) + c(4 - 3cA)/„'(a) + 2c'XMa) (23) 

= A/;'(/7) + c(4 - 3cA)/„'(Z.) - 2c'Xf„(b). (24) 

Introducing solutions //(x) or f"(x) respectively into these boundary condi- 
tions yield a homogeneous linear system of equations for the constants cj and cf 
((/ = 1, 2, 3, 4)). The condition for non-trivial solutions of this system of equa- 
tion results in the characteristic equation for A: g{c,a,b,X) = 0. The solutions 
A„ as the roots of g(c, a.b.X) have to be determined numerically since the char- 
acteristic equation is highly nonlinear in A. With the help of the normalization 
condition (Eq. 17), the constants cj and c" respectively and therewith the eigen- 
functions //(x) and f"{x) can be determined. 
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Fig. 14 KLE: Characteristic equations g{c,a, h,X) = for different beam lengths h {a = 0) and 
the first five eigenfunctions for b = 50 mm and h = 500 mm 



In Fig. 14 the characteristic equation is plotted for different beam lengths b 
(a = 0). Also the first associated eigenfunctions are shown. From these plots, it can 
be seen that (1) a longer beam has a characteristic equation with more significant 
roots X, which have to be taken into account, and (11) a A„ with a higher index n 
belongs to a eigenfunction /„ (x) with a higher frequency Vi {i = 1,2, 4). 

In order to determine the number of terms A^ in the expansion, the standard de- 
viation (Ja of Q!(x, 9) is calculated by 



a„ = ^/E[a(x,ef] = 



N N 
J2 E ^^nXmfnix)f^{x)E[z„ie)Zm{9)] 
\ n=0 m=0 



N 



\ «=0 



(25) 



Since the random field a(x, 6) is normalized, the standard deviation aa —^ I for 
N —• oo. Therefore the standard deviation of the truncated sum is a measure for 
the quality of the KLE and it is plotted in Fig. 1 5 for different beam lengths over the 
number of terms A^ in the KL expansion. 

From this figure, it can be seen that for longer beams more terms in the expansion 
have a significant influence. Since the ratio of the correlation length and the beam 
length turns to zero for longer beams, more and more terms belonging to eigenfunc- 
tions with higher frequencies have to be taken into account. The limit case of this 
tendency is that the autocorrelation function degenerates for huge beams to a func- 
tion close to the Dirac-delta-distribution, whose spectrum includes all frequencies 
up to infinity. As mentioned before, the higher frequency eigenfunctions belong to 
eigenvalues A„ with an increasing weight in the series expansion. 

A KLE for the autocorrelation function C^ can be derived in a similar way [19]. 
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Fig. 15 Convergence 
behavior of the KLE for 
different beam lengths 
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4.1.2 Spectral Representation 

The spectral representation (SR) expands the random field a{x, 6) as a sum of 
trigonometric functions within general random amplitudes and phases. Since this 
approach yields only weakly ergodic sample functions, the amplitudes are chosen 
to be deterministic. This change causes that the sampled functions are ergodic. The 
amplitudes are then only dependent on the PSD and the increment of the angular 
frequency [20,21]. All together the SR reads 



N-l 



N-1 



Q!o(x, 6) = V2 V" A„ cos{co„x + (pn) = v2 2_\ V'25(tt)„)^fti cos(c<;„x + i^„), 



«=0 



«=0 



(26) 

with the discrete angular frequencies a)„ = nAo), the frequency increment Am = 
^ and the angular cut-off frequency Wc, which defines the active region of the PSD. 
The phase angles are random variables uniformly distributed in the range [0, In]. 

From the condition S(cd = 0) = (see Eq. 13) follows that the simulated field 
is periodic with the period length I = ^. In order to compute the SR over a beam 
with a given length, this length is set equal to the period length I = b—a = ^. The 
resolution Ax of the calculated points of the random field is Ax < — , under the 
condition of avoiding aliasing. Therewith all necessary parameters can be expressed 
with the help of the two parameter cut off frequency cOc and beam length I. If a 
special resolution Ax is necessary for further calculations, the gained data points 
can be extrapolated linearly to the desired resolution. 

As for the KLE, the standard deviation of the SR, 



a„ = VE[«(x,(?)2] 



N-l 
\j «=0 



A^-l 



^(2S(«„)Z\«)2 



(27) 



\| «=o 



can be taken to measure the quality of the representation. In Fig. 1 6 left, the influence 
of the cut off frequency /e = ^ is shown for a beam with a length of 500 mm. 
In the right plot, the influence of the beam length for one constant angular cut-off 
frequency cOc = lOrad/s is shown. From the above mentioned dependency of the 
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Fig. 16 Convergence behavior of the SR for different cut off frequencies and different beam 
lengths 

number of terms N = j^cOc^ from the beam length and the cut off frequency, it can 
be seen that the computational effort increases fast for long beams with an adequate 
representation of the random field oi(x,9). 



4.2 Monte-Carlo Simulations 



In this sub chapter, the two realization generators are used to predict the bending 
eigenfrequencies of beams. The beams are modeled with the FE software Comsol® 
since Comsol® has the opportunity to start with the weak formulation of the prob- 
lem, discretize the physical domain with different types of shape functions and 
calculate the eigenfrequencies in dependence of over the physical domain varying 
material properties. Since Comsol® can be coupled with Matlab®, these realiza- 
tions of the material properties are calculated with the help of Matlab® files, which 
are called by the solver of Comsol®. The solver itself can also be controlled by 
Matlab®, which allows for MCS. Here 1,000 realizations are calculated for each 
examined case. 

The beams investigated in this work are modeled as Timoshenko beams with a 
square cross section of 50 mm side length and a shear correction factor of |. There- 
with all necessary geometric constants can be calculated. The beam is discretized by 
linear Lagrange shape functions with an element length of 0.25 mm. The integration 
is done using only on Gauss point in the middle of each element. In case of the SR, 
the data of the material properties is projected linearly to these positions. 

The three necessary material properties for a linear elastic and dynamic task are 
the Young's modulus E{x, 6) = jie + ciEEoix. 6), the shear modulus G{x, 9) = 
fJ-G + ogGo{x, 9) and the density p(x, 6) = [ip + OpPoix, 9). They are modeled 
with the help of the normalized random fields Ea(x,9), Go(x,9) and po(x, 9) gen- 
erated with the KLE or the SR respectively. Since the density p and the Young's 
modulus E are highly correlated with each other, the same realization of the gener- 
ators are utilized. In a first step also the normalized shear modulus Go is modeled 
in the same way like the normalized Young's modulus Eq and the normalized 
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Table 2 Linear elastic material properties of the utilized aluminium foam 

Mean value /i, Standard deviation cr, Coefficient of variation 
Young's modulus £ 1,100 MPa 300 MPa 27.3% 
Shear modulus G 423 MPa 150 MPa 35.5% 
Density p 232 kg/rn^ 48 kg/m'' 20.1% 

Table 3 Results: comparison of calculated values and values of experiments 
Bending Eigenfrequencies 



Beam length 


2.000 mm 








500 mm 


400 mm 


Number 


1. 


2 


3. 


4. 


5. 


1. 


1. 


Experiments 
















Mean value [Hz] 


26.80 


75.49 


147.89 


241.30 


359.92 


407.14 


648.54 


Std. dev. [Hz] 


1.79 


4.45 


7.93 


13.57 


19.97 


14.32 


45.20 


Coef of var. [%] 


6.69 


5.90 


5.36 


5.62 


5.55 


3.52 


6.97 


Homogeneous Material 
















Euler-BemouUi [Hz] 


27.97 


77.12 


151.19 


249.93 


373.35 


447.65 


699.46 


Timoshenko [Hz] 


27.91 


76.63 


149.31 


244.86 


362.24 


432.48 


663.70 


MCS with Karhunen-Loeve expansion 












Mean value [Hz] 


26.93 


73.95 


143.86 


235.90 


348.58 


411.53 


633.04 


Std. dev. [Hz] 


0.86 


2.28 


2.76 


6.56 


9.75 


22.31 


32.27 


Coef of var. [%] 


3.20 


3.08 


1.92 


2.78 


2.80 


5.42 


5.10 


MCS with Spectral representation 












Mean value [Hz] 


26.81 


73.47 


142.92 


234.52 


346.26 


414.04 


634.24 


Std. dev. [Hz] 


1.44 


3.44 


3.68 


8.73 


9.49 


30.49 


21.71 


Coef of var. [%] 


5.40 


4.68 


2.57 


3.72 


2.74 


7.36 


3.42 



density po ■ The chosen parameter for the KLE are the number of terms in the series 
A^ = 1,000 and for the SR a cut off frequency (Dc = 6 rad/s. The utilized mate- 
rial data, measured from a closed cell aluminium foam Alporas®, is summarized in 
Table 2. 

The results of the IVIonte-Carlo Simulations are compared to the results of a 
modal analysis of beams with different lengths: 20 beams of 2.000 mm length, 
40 beams of 500 mm length and 50 beams of 400 mm length. For the long beams 
the first five, for the shorter beams only the first bending eigenfrequencies were 
measured. The results of the experiments are summarized in Table 3 and they are 
compared to values of 1,000 MCS. 

From these results the following conclusions can be drawn: 

• Predicting the eigenfrequencies of heterogeneous material with the help of a ho- 
mogeneous theory yield a mean value of the frequencies, which is about 5% 
higher than the real value. Using instead methods of stochastic mechanics re- 
duces the predicted values to the same level or a little bit less than the real 
values. The difference between the homogeneous theory and the mean value of 
the experiments decreases with increasing sample size so that for huge beam 
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lengths the inhomogeneous material can be treated as homogeneous. These re- 
sults can be verified with three dimensional FE simulations in Abaqus® using 
user-subroutines to vary only the Young's modulus over the position [18]. 

• The standard deviation and the coefficient of variation of the eigenfrequencies 
is predicted by the MCS in the same order of magnitude than the ones of the 
measurement. This means that the utilized methods (both: KLE and SR) work 
well in this application. 

• Comparing the KLE with the SR shows that these two methods yield similar 
results for shorter beams. For longer beams the KLE predicts a smaller coefficient 
of variation. This is due to the representation of the random field through the KLE 
(see Fig. 15). 



5 Conclusions 

In this paper a procedure is introduced to predict eigenfrequencies of structures 
consisting of metal foam. The first step of the procedure is the calculation of the 
linear elastic properties depending on the irregularity of the beam network the foam 
consists of. The result is that the Young's modulus E, the shear modulus G and 
the density p can be treated as normally distributed. Also the influence of different 
mesoscopic inhomogeneities like varying thickness along the ligaments axis, pre- 
deformed ligaments, imperfections, closed cell faces and non-planar cell faces on 
these properties is shown. Further on, the autocorrelation function, the cross correla- 
tion data and the power spectral density of these material properties are determined. 
Thus, the linear elastic material properties can be expressed as normally distributed 
random fields. 

Further on, two common ways for generating realizations of random fields, the 
Karhunen-Loeve expansion and the Spectral Representation, are used in Monte- 
Carlo simulations of eigenvibration problems of bending beams of different length. 
The gained eigenfrequencies are compared to experimental data. From this compa- 
rison it can be concluded that the heterogeneity of the materials microstructure has 
an influence on the macroscopic properties: The mean values of the eigenfrequen- 
cies are smaller than the ones of beams with homogeneous material of similar mean 
material properties. Also, a scatter of the eigenfrequencies is observable. This effect 
has to be taken into account when using parts consisting of metal foam. 
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Space-frequency localization, 215, 217, 221, 

226, 227 
Sparse representation, 247-263 
Sparse tensor product, 248 



Spectral characteristics, 67-86, 173 
Spectral representation (SR), 210-212, 226, 

227,316,332,335-338 
Spectrum compatible ground motion process, 

89-108 
SR. See Spectral representation 
Stochastic dynamics, 48, 100, 232 
Stochastic mechanics, 172, 209, 230, 247-263, 

337 
Stochastic optimal control, 49, 64 
Stochastic seismic analysis, 89-108 
Structural dynamics, 1-22, 26, 156, 157 
SVD. See Singular value decomposition 



Time-variant failure probability, 70, 84, 85 
Timoshenko beam, 317, 326, 336, 337 
Tuned mass absorbers, 26, 28, 30, 33 



U 

Uncertain systems, 172, 175, 180, 184 
Uncertainties, 1-22, 76, 108, 113, 115, 

121-122, 130, 132, 140-141, 155-157, 
160, 162, 165, 172, 180, 184, 187-207, 
210, 214, 220, 221, 224, 226, 293, 306, 
316 



Vanmarcke approximation, 68, 76, 78, 84-86 



W 

Wind actions, 187-190, 193, 197, 207 



